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Abstract

The restoration of images degraded by spatially varying blurs is a problem of increasing
importance. It is encountered in many applications such as astronomy, computer vision
and fluorescence microscopy where images can be of size 1000 x 1000 x 1000 pixels.
Variable blurs can be modelled by linear integral operators H that map a sharp image
u to its blurred version Hu defined by

Hu(z) — /Q K(z,y)u(y)dy, VreQ=0,1]

where K : Q x  — R is called the kernel. After discretization of the image on a grid of
N pixels, H can be viewed as a matrix of size N x N. For targeted applications, matrices
contain 10'® coefficients. This simple observation illustrates the difficulties associated to
this problem: i) the storage of a huge amount of data, ii) the prohibitive computation
costs of matrix-vector products. This problems suffers from the challenging curse of
dimensionality. In addition, in many applications, the operator is usually unknown or
only partially known. There are therefore two different problems, the approximation
and the estimation of blurring operators. They are intricate and have to be addressed
with a global overview.

Most the work of this thesis is dedicated to the development of new models and
computational methods to address those issues.

In a first part, this work studied the approximation methods of integral operators.
Existing approaches in the literature can be separated in two classes. The most developed
approaches consists in constructing a low rank decomposition of the kernel K. Similarly
to the seminal work of Beylkin, Coifman and Rokhlin, we studied the representation
of blurring operators in wavelet bases. We showed that matrix-vector products can be
rapidly computed in O(Ne M/?) with a precision € in spectral norm where M is a scalar
describing the regularity of the kernel. This type of approximations can be used to design
restoration algorithms that are two orders of magnitude faster than current methods.

The second class contains methods, commonly used in the imaging community. They
consist in constructing a low rank decomposition of the Time Varying Impulse Response
(TVIR) T : Q© x Q — R defined by T'(z,y) = K(z + y,y). Until now, those meth-
ods were partially studied and this work bridges the gap in the comprehension of their
performances. Moreover, it allowed the identification of a representation that “super”
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compresses the operator. This representation appeals for the development of new iden-
tification strategies.

In a second part, this work addresses the challenging problem of the estimation of
operators. Recent theoretical works studied this problem but none of them can be im-
plemented in targeted applications. In the specific case where some scattered impulse
responses are observed, this work proposes the construction of an estimator of the oper-
ator that can be evaluated numerically in large dimensions. Theoretical guarantees on
the performances of the estimator are also provided.

In a third time, this thesis studied other imaging problems. Images from light-
sheet microscopy are degraded by stripe shaped attenuations. These phenomena can
be modelled by multiplicative structured noises. This work proposes to solve a convex
optimization and convincing results are obtained on real data.

The development of quantitative indices that measure the similarity of images is
a challenging question in imaging. The illumination of a scene can vary between two
moments. Most indices are non invariant to these variations and will fail to assess the
similarity of the same scene between the two instants. We proposed a similarity measure
that is invariant to illumination changes.
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Résumé

Le probléme de restauration d’images dégradées par des flous variables connait un attrait
croissant et touche plusieurs domaines tels que I'astronomie, la vision par ordinateur et
la microscopie a feuille de lumieére ou les images sont de taille 1000 x 1000 x 1000 pixels.
Les flous variables peuvent étre modélisés par des opérateurs intégraux qui associent a
une image nette u, une image floue Hu définie par

Hu(z) — /Q K(z,y)u(y)dy, VreQ=0,1]

ou K : Q x Q — R est appelé le noyau. Une fois discrétisé pour étre appliqué sur des
images de NN pixels, 'opérateur H peut étre vu comme une matrice de taille N x .
Pour les applications visées, la matrice contient 10'® coefficients. On voit apparaitre ici
les difficultés liées & ce probleme de restauration des images qui sont i) le stockage de
ce grand volume de données, ii) les coiits de calculs prohibitifs des produits matrice-
vecteur. Ce probleme souffre du fléau de la dimension. D’autre part, dans beaucoup
d’applications, 'opérateur de flou n’est pas ou que partialement connu. Il y a donc deux
problemes complémentaires mais étroitement liés qui sont I’approximation et ’estimation
des opérateurs de flou.

Cette these a consisté a développer des nouveaux modeles et méthodes numériques
permettant de traiter ces problémes.

Dans une premiere partie, ce travail a étudié les méthodes d’approximation des opé-
rateurs intégraux. Elles peuvent étre distinguées en deux groupes. Le plus étoffé contient
les méthodes qui construisent une décomposition de rang faible du noyau K. Similai-
rement aux travaux fondateurs du groupe de Beylkin, Coifman et Rokhlin, nous avons
étudié les représentations des opérateurs de flou dans des bases d’ondelettes. Nous avons
montré que les produits matrice-vecteur Hu peuvent étre appliqués en O(N e M/ 4) avec
une précision € ou M est un scalaire décrivant la régularité du noyau. Ces approxima-
tions peuvent donner lieu a des temps de restauration des images réduits de deux ordres
de grandeurs.

Les méthodes du deuxiéme groupe, couramment utilisées dans la communauté du
traitement d’image, construisent une décomposition de rang faible de la Time Varying
Impulse Response (TVIR) T': Q x Q — R définie par T'(z,y) = K(x + y,y). Elles sont
restées jusqu’a présent non-étudiées et ce travail a permis de combler un manque dans
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la compréhension de leurs performances. De plus, il a permis d’identifier des représenta-
tions qui compressent considérablement les opérateurs et rendent possible 'estimation
de l'opérateur.

Dans une deuxiéme partie, ce travail aborde le délicat probleme d’estimation des
opérateurs. Récemment, de nouveaux travaux théoriques s’y sont intéressés, cependant
aucun d’eux ne peut étre implémenté en pratique. Dans le cas ou quelques réponses
impulsionnelles arbitrairement réparties dans l’espace sont connues, ce travail propose
une construction d’un estimateur de l'opérateur qui soit numériquement applicable en
grande dimension. Nous donnons aussi des garanties théoriques sur ses performances.

Dans un troisieme temps, cette thése étudie d’autres types de dégradation. Les images
issues de la microscopie a feuille de lumiere sont altérées par des atténuations en forme de
raies. Ce phénomeéne peut-étre modélisé par un bruit multiplicatif structuré. Ce travail
propose un modele de résolution convexe qui rend le probléme soluble aisément et qui
donne des résultats probants sur des données réelles.

Les indices de comparaison de deux images consistent une question délicate. Entre
deux instants, une sceéne peut étre illuminée différemment. Beaucoup d’indices sont sen-
sibles a ces variations et échoueront a reconnaitre la similarité de la scene entre deux
instants. Nous avons proposé une mesure de similarité des images qui est invariante aux
changements d’illumination.
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Introduction

Les problématiques de ma these sont motivées par une nouvelle technique d’imagerie a
fluorescence appelée Selective Plane Illumination Microscope (SPIM) [234]. Ce nouveau
microscope permet d’imager des échantillons vivants en 3D et en temps réel. Ceci permet
de mieux comprendre les mécanismes cellulaires mis en ceuvre dans la croissance des
tumeurs, ’embryologie, 'action de médicaments, etc...

Les images produites par ce microscope sont tres grandes : une taille typique est
1000 x 1000 x 1000 voxels. Des phénomenes complexes de propagation de la lumiere
(diffusion, réfraction et atténuation) dégradent les images. Celles-ci souffrent notamment
de flous variables et de bruits multiplicatifs structurés. Voir Figure [I.I] pour quelques
exemples.

Figure 1.1 — Trois exemples d’images obtenues grace au SPIM. A gauche,
un plan XZ d’un sphéroide HCT116 dégradé par un flou variable. Au centre,
un plan XY d’un derme de peau humaine dégradé par un bruit multiplicatif
structuré (raies d’atténuation). A droite, un plan XZ d’un sphéroide HCT116
dégradé par un flou variable et un bruit multiplicatif structuré.

Ma theése comporte des contributions dans quatre domaines :

Approximation d’opérateurs linéaires intégraux : Les opérateurs de flou peuvent
étre modélisés par des opérateurs intégraux H qui, & une image nette u € L?(Q),
associent une image floue Hu € L?(Q), définie pour tout point 2 d’un domaine



d-dimensionnel 2 = [0,1]% par :

Hu(w) = [ K(o.)u(w)dy, (1.1)

ou K : Q2 x Q — R est appelé le noyau de 'opérateur intégral. Pour étre appliqué
sur des images de N pixels lopérateur doit étre discrétisé. Apres cette étape,
lopérateur H peut étre vu comme une matrice de taille N x N. Pour les applications
ciblées, la matrice contient 10'® coefficients et un produit matrice-vecteur peut étre
calculé en O(N?) opérations, ce qui est gigantesque ! On dit que le probléme souffre
du fléau de la dimension.

Dans cette these, nous cherchons a apporter des solutions pour faire face a ce
déluge de données et proposer des algorithmes de restauration rapides.

Estimation de opérateurs intégraux : Dans de nombreuses applications, ’opéra-
teur de flou est inconnu. Dans le cas de la microscopie a feuille de lumiere, les
dégradations sont tres souvent dépendantes de I’échantillon. En astronomie, les
turbulences atmosphériques varient au cours du temps. Avant toute tentative de
restauration, l'opérateur doit étre estimé a partir de quelques réponses impul-
sionnelles réparties de maniere arbitraire. A notre connaissance, la plupart des
algorithmes existants sont inutilisables du fait de la dimensionnalité du probleme.
Nous proposons une approche fonctionnelle avec de solides garanties théoriques.

Restauration d’images dégradées par des bruits multiplicatifs et structurés :
Les images issues du SPIM sont dégradées par des raies d’absorption qui peuvent
étre modélisées comme des bruits multiplicatifs structurés. Jusqu’a présent, cer-
tains auteurs avaient proposé des méthodes de restauration de bruits i.i.d. mul-
tiplicatifs, tandis que d’autres traitaient le cas de bruits structurés additifs. En
collaboration avec Pierre Weiss et Wenxing Zhang, nous avons proposé un nou-
veau modele de restauration convexe qui traite les deux problémes simultanément
et offre des résultats convaincants sur données réelles.

Mesure de similarité d’images invariante aux contrastes locaux : Les mesures
de similarité entre images couramment utilisées (SNR, SSIM, ...) sont sensibles
aux variations d’illumination. En collaboration avec Pierre Weiss et Yigiu Dong,
nous avons élaboré une mesure invariante a ces changements. Elle repose sur un
probleme d’optimisation convexe permettant de trouver une image possédant un
arbre de composantes fixé, la plus proche d’'une image de référence. L’arbre des
composantes permet de coder la relation d’inclusion entre les composantes connexes
des ensembles de niveau d’une image et de définir mathématiquement la notion de
changement de contraste local.

Les problématiques d’approximation et d’estimation d’opérateurs constituent le coeur
de cette these. Ces deux problemes peuvent paraitre orthogonaux mais ils doivent étre
pensés et résolus de maniere unifiée.



Dans cette introduction, nous présenterons d’abord quelques applications qui pour-
raient bénéficier de mes travaux de these. Ceci nous permettra aussi de justifier nos
choix de modélisation. Dans une deuxiéme phase, nous verrons quelles sont les méthodes
utilisées dans la littérature, leurs défauts et pourquoi nous avons élaboré de nouvelles
approches. Finalement, nous présenterons les contributions que cette thése a apporté
aux différents domaines. Les buts de cette introduction sont de donner une vue globale -
avec suffisamment de détails - des travaux menés et d’orienter le lecteur vers le chapitre
adéquat pour une description plus fine du propos.

1.1 Motivations de mes travaux : Imagerie, microscopie a
feuille de lumiere

Les origines de ma thése sont motivées par les problématiques associées a une nouvelle
technologie d’imagerie. Dans cette section, je détaille ces motivations.

1.1.1 Contexte

Pendant une longue période, les biologistes travaillaient avec des modeles cellulaires bi-
dimensionnels, les boites de pétri par exemple. Ces modeles arrivent a leurs limites lors
de I’étude d’ensembles plus complexes comme les tumeurs. Dans ces corps on observe no-
tamment un gradient de diffusion des nutriments et une hétérogénéité de 1’état cellulaire
(les cellules centrales sont en nécrose). Ces phénomenes ne peuvent pas étre reproduits
en 2D. Ainsi, & P'ITAV les biologistes ont mis au point un modele 3D de tumeur, appelé
sphéroide, qui rend compte de ces particularités.

Les modeles 3D sont plus délicats a imager car leur intérieur est difficilement ac-
cessible. Pour y remédier, plusieurs type de microscopes a fluorescence ont été mis au
point. Le principe général est d’exciter des fluorophores intégrés dans les cellules a I'aide
d’un laser et d’observer la réponse lumineuse de I’échantillon. Dans les années 1980,
les microscopes confocaux [174] ont fait leur apparition commerciale. Ces microscopes
reconstruisent une image a partir de ’excitation point par point de I’échantillon. Ils
ont plusieurs inconvénients, les plus importants étant le fait que le rayon laser traverse
I’échantillon jusqu’au point de focalisation et que les voies d’émission et d’excitation sont
identiques. Cela implique une photo-toxicité importante, une faible profondeur de péné-
tration et un grand étalement de la réponse impulsionnelle dans la direction axiale. Ces
effets peuvent étre partiellement réduits en utilisant une voie d’émission bi-photonique
[86]. Deux rayons lasers de faible énergie sont combinés pour exciter le fluorophore, il en
résulte une photo-toxicité plus faible, une profondeur de pénétration plus grande et une
réponse impulsionnelle d’étalement axial plus petit.

En 1993, 'idée du microscope a feuille de lumiere émerge [234]. Dans cette modalité
d’imagerie, les voies d’émission et de détection sont perpendiculaires et une feuille de
lumiere créée a ’aide d’une lentille cylindrique est utilisée pour exciter une coupe entiére
de I’échantillon. La photo-toxicité s’en trouve réduite et les temps de capture d’une
image sont accélérés par des facteurs allant de 100 & 1000. Ce microscope est donc bien
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plus adapté au suivi en temps réel d’un amas de cellules se développant sous ’action de
médicaments, contraintes mécaniques, etc... Les images produites souffrent cependant de
plusieurs défauts. Premiérement, la feuille de lumiére générée par la lentille cylindrique
n’est pas plane, elle est hyperbolique.

En son centre, la feuille de lumiere est fine alors que quand la distance au foyer
augmente, elle devient de plus en plus épaisse, voir Figure L’excitation d’un volume
de plus en plus grand de fluorophores contribue a créer un phénomene de flou variable
sur le plan XZ illustré Figure[I.I] Deuxiémement, la complexité des échantillons observés
et ’hétérogénéité des indices de réfractions induisent des dégradations de la feuille de
lumiere qui sont dépendantes de 1’échantillon observé.

Ces deux phénomenes font qu’il est impossible de connaitre I'opérateur de dégrada-
tion de fagon précise. Des stratégies peuvent étre élaborées pour obtenir des informa-
tions locales sur l'opérateur. Par exemple, des micro-billes (pouvant étre assimilées a
des diracs) peuvent étre ajoutées aux échantillons. Leur image permet alors d’obtenir la
réponse impulsionnelle de 'opérateur de flou a la position de bille [I142] voir Figure
L’insertion de micro-billes est néanmoins difficile & mettre en ceuvre et celles-ci peuvent
perturber le développement de 1’échantillon. D’autres méthodes plus avancées ont été
mises au point et consistent a exciter avec un laser certains fluorophores émettant dans
une fréquence différente. Ceci permet d’observer la réponse impulsionnelle a des positions
arbitraires [I1].

Ces problématiques se retrouvent aussi en astronomie. Les turbulences atmosphé-
riques perturbent la propagation de la lumiére et varient au cours du temps. Certaines
étoiles dites “étoiles guides” peuvent étre assimilées a des diracs et donnent une infor-
mation locale sur le flou, voir Figure

D’autres phénomenes apparaissent dans le cas particulier de la microscopie a feuille de
lumiere : les raies d’absorption. Lors de son trajet, la lumiére peut étre absorbée par des
éléments de 1’échantillon. Une ombre portée se crée sur le contenu suivant voir Figure
pour une illustration. Ces raies brident les performances des méthodes d’analyse
des images. Il convient alors de développer des méthodes permettant de corriger ces
phénomenes.

1.1.2 Modélisation

Flous variables

Les flous variables sont modélisés par des opérateurs linéaires continus qui - & une image
nette u € L?(Q2) - associent une image floue Hu € L%(Q). Le théoréme de Schwartz
implique que n’importe quel opérateur linéaire peut étre représenté par une équation
intégrale de la forme . Il est donc important de spécifier la classe de noyaux K
rencontrés en pratique, afin de développer des méthodes adaptées. Une grande partie
des flous de la microscopie ont des réponses impulsionnelles (abrégées RI dans la suite)
satisfaisant les propriétés suivantes :

Décroissance spatiale Bien souvent les réponses impulsionnelles ont un support borné
( indicatrice des capteurs CCD ) ou au moins ont une décroissance rapide (tache
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Figure 1.2 — Deux images illustrant le fonctionnement du SPIM. A gauche,
une schématisation de la feuille de lumiere en bleu se propageant dans le
sphéroide (schéma de Aurore Masson). A droite, une reconstruction 3D d’un
intestin imagé a l'aide d’'un SPIM. Cette image est issue d’une collaboration
entre StromalLab et la plateforme imagerie de 'I'TAV (Jacques Rouquette et
Lise Tesseydre).

de Airy, flou gaussien, ...)

Régularité des RI Les réponses impulsionnelles sont lisses, i.e. les fonctions K(-,y)
sont régulieres pour tout y € (2.

Régularité des variations des RI Les réponses impulsionnelles varient de maniere
réguliere. La taille de la réponse impulsionnelle dépend de la profondeur de I’échan-
tillon que la lumiere a di traverser, cette quantité est intrinsequement continue.

Ces trois propriétés permettent de proposer une classe de noyaux A(M, f) d’intérét.

Definition 1.1.1. Soient M € Net f : [0,1] — R4 une fonction bornée décroissante. La
classe A(M, f) est constituée des noyaux K € WM (Q x Q) qui satisfont les propriétés
de décroissance suivantes

Vie| < M, V(z,y) € 2 x Q, 07 K (2, y)| < f(llz = ylloo)
Vie| < M, V(z,y) € 2 x Q, 10y K (2, y)| < [l = ylloo)-

Tous les opérateurs intégraux admettant un noyau K € A(M, f) sont des opérateurs
linéaires continus de L2(2) — WM:>(Q). En effet, la définition de K permet d’appliquer
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Figure 1.3 — Des micro-billes sont insérées dans un sphéroide [142] et per-
mettent d’obtenir une information sur la réponse impulsionnelle a différentes
positions.

la convergence dominée puis I'inégalité de Holder qui donnent

o2 Hu(@) < [ 102K ) u(o)dy

< |10z K(z, - )|l llull L1 ()

pour |a| < M. Ainsi, [[0°Hul[p~q) < ]Q|1/2HKHWM,OC(QXQ)HuHLQ(Q). Cette propriété
décrit bien les opérateurs de flous qui sont des opérateurs régularisants et qui - a une
image quelconque de L?(Q) - associent une image dans W™->°(Q). Cet espace décrit des
fonctions tres régulieres : il est formé de fonctions dont les dérivées sont lipschitziennes
jusqu’a U'ordre M — 1.

Raies d’absorption

Les raies d’absorption peuvent étre modélisées comme des bruits a la fois multiplicatifs
et structurés. L’image observée ug peut étre modélisée comme ug = u®n ol u est I'image
“idéale”, ® est la multiplication entre deux fonctions et 7 le bruit. Ce dernier peut - dans
le cas de la microscopie - étre modélisé comme un processus stochastique stationnaire
n = ¥ * A ou A est un bruit i.i.d. d’une certaine loi et i est un filtre de convolution
tenant compte de la structure du bruit.

Le probleme de la restauration des images qui sont a la fois dégradées par des flous
variables et par des raies d’absorption est un probléme inverse complexe. Idéalement, il
faudrait développer des méthodes qui unifient ces deux problématiques. Dans le temps
imparti de cette thése, nous n’avons pu étudier ces probléemes que séparément.
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(a) (b)

Figure 1.4 — Simulation d’étoiles observées a l'aide du télescope Hubble
[180]. Chaque tache encadrée d’un carré est une étoile observée. On y observe
la variation de la réponse impulsionnelle.

1.1.3 Difficultés numériques

Pour étre appliqué a des images de N pixels 'opérateur doit étre discrétisé. Apres cette
étape, 'opérateur H peut étre vu comme une matrice de taille N x N. Pour les ap-
plications ciblées, la matrice peut contenir de 'ordre de 10'® coefficients et un produit
matrice-vecteur peut étre calculé de facon naive en O(N?) opérations.

La restauration des images floues est un probleme inverse mal posé. Les méthodes de
résolution sont souvent itératives et nécessitent d’appliquer 'opérateur H et son adjoint
H* a chaque itération. Le nombre d’opérations nécessaire est donc complétement prohi-
bitif avec des approches naives. Pour illustrer le propos, considérons une hypothétique
machine ayant un processeur calculant 3 milliards d’opérations par seconde (3GFlops).
Dans ces conditions, un produit matrice-vecteur est calculé en un temps de l'ordre de
la dizaine d’années. L’utilisation d’une architecture paralléle permet - dans une certaine
mesure - de réduire ce temps de calcul, mais pas suffisamment. Une des contributions
principale de cette these est le développement de nouvelles approches de compression et
de calcul de l'opérateur.

1.2 Applications similaires

Les problemes liés a ’approximation et a ’estimation des opérateurs intégraux en grande
dimension se retrouvent dans des applications tres variées. L’une des principales raisons
de cette omniprésence est le théoréeme de noyaux de Schwartz. Soit D(2) I'espace des
fonctions C*°(2) a support compact et D'(2) son dual, lespace des distributions. Ce
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théoréme affirme que toute application linéaire continue de D(Q2) — D’(Q) peut s’écrire
sous la forme , du moins si on autorise le noyau K a étre une distributions sur 2 x Q.
De plus, ce noyau K est déterminé de maniére unique [208]. En utilisant un argument
de densité, on peut étendre ce résultat a tous les espaces rencontrés en pratique : les
espaces de distributions, les espaces de Lebesgue, de Sobolev, etc... Un opérateur linéaire
intégral est 'analogue continu de la représentation matricielle des applications linéaires.

1.2.1 Systémes de communications

Les opérateurs linéaires intégraux de type apparaissent aussi dans les systémes
de communications. L’estimation de filtres linéaires variants temporellement est étudiée
depuis les années 1950 (voir e.g. [I143]). Ce probléme connait un regain d’intérét avec
I'OFDM (Orthogonal frequency-division multiplexing) [253], une technologie de trans-
fert de données qui est utilisée dans beaucoup de systémes de communications tels que
I’ADSL, certaines normes Wi-Fi [I59] ou les réseaux téléphoniques 4G [220)].

Dans les réseaux de communications sans-fil, les informations sont propagées sous
forme d’ondes électro-magnétiques dans I’environnement ambiant et sont sujettes a beau-
coup de dégradations :

Affaiblissement par trajets multiples les environnements complexes incluant les ba-
timents, montagnes ou océans réfléchissent les signaux et une antenne peut rece-
voir plusieurs versions retardées du signal émis. L’information regue est donc une
somme du signal d’intérét et de différentes versions retardées par les réflexions.

Parasites atmosphériques En grande partie, ce sont les décharges électriques pro-
duites par la foudre et en moindre mesure les rayonnements électromagnétiques
naturellement présents dans I’atmosphere.

Effet Doppler Lorsque les émetteurs et récepteurs sont en mouvement relatif, le signal
subit une distorsion fréquentielle.

Avant Parrivée de 'OFDM, les signaux étaient transportés sur une seule onde por-
teuse d’une unique fréquence. Ce fonctionnement était tres sensible aux dégradations
évoquées précédemment. L’OFDM est un systeme qui transporte les données sur plu-
sieurs sous-porteuses et permet de réduire les effets dus aux dégradations. Pour ces
raisons, cette technologie est un domaine de recherche en effervescence, notamment dans
le domaine des mathématiques appliquées [219, 17, [136]. L’idée de base de 'OFDM
est de construire un ensemble de fonctions sous-porteuses qui sont des translations et
modulations d’une seule fonction de référence 1) :

Yyn(t) = Ut — T

Dans cette équation, T est la période du symbole et F' est la séparation fréquentielle.
L’orthogonalité du systeme de fonctions 1;,,(t) dépend des choix de 1, de T et de F.
On voit apparaitre un lien entre 'OFDM et les trames de Gabor et on en déduit que
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pour obtenir une reconstruction parfaite, la condition TF > 1 doit étre satisfaite [148)].
Le signal envoyé par le systeéme est alors décomposé comme

s(t) = Z cimWims (1.2)
jm

et le signal regu est r = Hs + € ou € est une perturbation stochastique de moyenne
nulle i.i.d. et H est 'opérateur décrivant le systeme de communication. Il a été modélisé
comme étant un opérateur dispersif temporellement et fréquentiellement, voir [22] pour
différentes modélisations. Ces opérateurs ont des noyaux qui sont la somme de diracs et
d’autres fonctions bornées ayant une décroissance hors-diagonale [17]. Ce sont donc des
noyaux tres similaires a ceux rencontrés en microscopie a la différence qu’une somme de
diracs peut apparaitre, ceci est exprimé par la condition

esssup | K (z,y)|v(x —y) < 00 (1.3)
z,y€R?

ott v : R* — R, est une fonction de poids. Ces fonctions de poids sont choisies avec
précaution de sorte que ’espace des opérateurs de noyaux K satisfaisant , muni
d’une norme appropriée, forme une algébre unitaire d’opérateurs continus de L?(R%)
dans L%(R%).

1.2.2 Opérateurs pseudo-différentiels

Des opérateurs similaires apparaissent dans ’étude des équations aux dérivées partielles :
les opérateurs pseudo-différentiels. Ces opérateurs ont été initialement introduits dans
I’étude des EDPs elliptiques. Un exemple typique est I’équation de Poisson qui décrit
le potentiel ¢ d'un champ causé par une densité de charge ou de masse f connue :
A¢ = f ou A est opérateur Laplacien. Elle apparait par exemple en électrostatique et
en astronomie.

Une EDP peut s’écrire sous la forme

Pu= Z aq - 0% = f, (1.4)

lal<m

ol les aq : R4 — R et P est un opérateur différentiel d’ordre m. Sur R et sous certaines
conditions de régularité sur les fonctions a,, il possible d’écrire P sous la forme :

Pu(a) = [ a(a,€a(€)e ™ de, (15)
R
ou 4 est la transformée de Fourier de u définie par
(&) :/ u(z)e?™ T d, (1.6)
Rd

et a est le symbole de 'opérateur différentiel P défini par

a(z,&) = Y aa(x)(2imE)". (1.7)

la<m
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qui est déduit de I’expression des dérivées dans le domaine de Fourier. L’idée directrice
de la théorie des opérateurs différentiels est d’étudier les propriétés de P & partir des
propriétés de son symbole a, qui est polynomial en la variable de Fourier ¢ € R?. Par
exemple, on dit que l'opérateur est elliptique [227] si le cone

Cz) = EER! D aq(x)(2ind)* =0 (1.8)

laf=m

contient au plus un point, l'origine. C’est-a-dire que P est elliptique si tous les opérateurs
a coefficients constants obtenus en fixant une valeur de x sont elliptiques. On remarque
que dans le cadre d’'une EDP elliptique d’ordre 2, de forme canonique

Pulz)
> an(®) gp e = F (1.9)

%,J

on retrouve bien la condition que les matrices A(z) = (a;,j(x)), ; soient définies positives
pour tout x.

Les opérateurs pseudo-différentiels sont des outils qui ont été introduits pour géné-
raliser les opérateurs différentiels pour plusieurs raisons :

e Les opérateurs différentiels avec des coefficients a, € C* bornés peuvent étre vus
comme des opérateurs pseudo-différentiels.

e L’inverse d’un opérateur différentiel elliptique d’ordre m est un opérateur pseudo-
différentiel d’ordre —m [227]. Ces outils permettent donc de traiter les opérateurs
et leurs inverses sous le méme point de vue.

e Ils généralisent les opérateurs singuliers.

Par analogie a (1.7]), on définit la classe des opérateurs pseudo-différentiels d’ordre m -
classiquement notée par \IIZ?(S avec 0 < p,d < 1 - qui contient tous les opérateurs de la
forme ((1.5) qui ont des symboles a € C*° tels que :

(0807 a(x,€)] < Cap(1+ [¢])" P01, (1.10)

pour tout multi-indice «, 3, et tout couple (z,&). La constante C, g est indépendante de
x et &.

En vertu du théoréme de Schwartz, les opérateurs pseudo-différentiels de classe \I/;’?(;
ont un lien tres étroit avec les opérateurs intégraux de la forme . On peut montrer
[217, 227] que les distributions K associées aux opérateurs de Wi, coincident avec une
fonction qui est C* en dehors de la diagonale et qui a une décroissance de type :

0505 K (2, y)| < Aqpallw — yl| = rlel=0l01, (1.11)

pour tout multi-index «;, 8. On remarque alors que 'opérateur est un opérateur singulier
avec une singularité d’ordre m sur la diagonale. Ainsi, les opérateurs pseudo-différentiels
généralisent les opérateurs intégraux singuliers.
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Le formalisme d’opérateurs pseudo-différentiels permet d’étudier plus facilement la
continuité d’un opérateur. En effet, les opérateurs de 75 peuvent étre prolongés en
des opérateurs linéaires continus de H*(RY) — H*~™(R%) pour tout € R [227]. Un
autre résultat permet de donner des conditions d’extension des W75 par des opérateurs
continus de L?(RY) — L2(RY) [225]. Les indices doivent satisfaire m < 0, 0 < p < 1,
0<d<letp—3d—"72>0. Cerésultat est en défaut des que 6 = 1, en effet la classe
UT", contient des membres qui ne peuvent pas étre étendus par des opérateurs continus
L*(RY) — L*(RY) [134].

Cette classe tres particuliere 111(1)’1 contient la classe des opérateurs dit de Calderén-
Zygmund [41], 42| [I71] qui ont un noyau satisfaisant 'inégalité :

05 K (2, y)| + |0y K (2, 9)| S l|l= — yl| 71, (1.12)

pour tout multi-indice |a| < 1. Pour assurer la continuité des opérateurs de cette classe,
le théoreme T'(1) [80] requiert trois hypotheéses supplémentaires : i) 'opérateur est fai-
blement continu, ii) la distribution H(1) doit étre dans BM O, l'espace des fonctions a
oscillations moyennes bornées, iii) H*(1) doit étre aussi dans BMO. Ce résultat peut
aussi se généraliser par le T'(b) théoreme [RI]. L’étude de cette classe d’opérateurs a
motivé Yves Meyer a construire des bases orthonormales d’ondelettes. Ces travaux sont
un outil central de cette these.

1.2.3 Equations aux dérivées partielles hyperboliques — Géophysique

Les phénomeénes de propagations sont modélisés généralement par des EDPs hyperbo-
liques. L’exemple récurrent concerne la propagation des ondes. L’étude des sols est un
probleme de grande importance pour toutes les sociétés pétrolieres en recherche d’un
nouveau gisement a exploiter, et dans une moindre mesure pour les études scientifiques
nécessaires a la compréhension des mécanismes internes de la Terre [66], 250]. La surface
de la planéte est stratifiée en couches géologiques de différentes natures (sable, argile,
calcaire, marnes, granite,...) qui ont chacune une densité spécifique et donc une vitesse de
propagation des ondes différentes. Les réservoirs de pétrole potentiels sont des volumes
piégés par une couche imperméable (argile par exemple) et qui contiennent une roche
poreuse. Les géophysiciens s’intéressent a la localisation de ces gisements en étudiant
la réponse du sol a des ondes de chocs. Suivant la géométrie du sol, les ondes vont se
réfléchir et se réfracter aux changements de couche et seront recueillies a la surface par
des capteurs sismiques, voir Figure A partir de ces informations, les géophysiciens
sont en mesure de repérer les gisements potentiels.
La physique de propagation des ondes est modélisée par ’équation différentielle

0?u 9
@(t,x) —c“(z)Au(t,z) + f(t,x),
u(0,x) = up(x), (1.13)
ou 0.2) —
o 0,2) = i)
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Figure 1.5 — Schématisation d’un prospection géophysique sur Terre. Les
couches de différentes couleurs représentent la stratification de la crofite ter-
restre. Des chocs ou des vibrations sonores sont générés (étoile rouge) et se
propagent dans les couches géophysiques. Les ondes peuvent étre réfractées ou
réfléchies et sont recueillies en surface par les capteurs en vert.

que l'on regarde par simplicité dans un domaine sans bord. L’équation des ondes est une
EDP linéaire hyperbolique. Quand c est une fonction lisse, les solutions de cette équation
sont des ondes se propageant a la vitesse ¢(x) au point x. L’existence et I'unicité des
solutions sont garanties dans le cadre trés général ou logc € L™ [156].

Lors de la prospection, des capteurs sont placés a la surface du sol, disons en (z;)i,
et mesurent la solution u apres la sollicitation du sol & une stimulation. Afin d’identifier
les gisements, I'idée est de retrouver la fonction ¢ & partir des fonctions (u( -, x;))i; qui
peuvent étre bruitées. On note F l'opérateur ¢ — (u(-,x;)) . Les géophysiciens sont
donc en présence d’un probléme inverse mal posé et non linéaire [222]. Les méthodes
de résolution sont itératives et mettent en ceuvre les calculs avec F et son adjoint F*.
En sismique 3D, les fonctions ¢ sont typiquement de taille 10? et les données collectées
(u(-,2;))™, de taille 10'2. On voit apparaitre ici aussi le grand nombre d’opérations
nécessaires a la résolution du probléme inverse, puisque chaque calcul F(c) ou F*(c)
nécessite la résolution d’une EDP de trés grande dimension. Il devient alors crucial
de trouver des méthodes de calcul qui permettent de déterminer la solution de 'EDP

rapidement. Le calcul de ces solutions font intervenir des opérateurs Fourier intégraux
(FIO) de la forme :

Hf@) = [ ala, e f(¢) de (1.14)

ou ¢ est la fonction de phase et a le symbole de 'opérateur. Ces opérateurs sont fré-
quemment rencontrés dans la théorie des EDP, I'analyse et le calcul numérique. Ils
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ont été largement étudié théoriquement [133], mais des algorithmes rapides de produits
matrice-vecteur ont été développés que récemment [84], 44]. Les FIOs apparaissent dans
une grande classe d’EDP hyperbolique, les conditions standards sur les phases et sym-
boles sont [217] :

e ® est C"°°, 1-homogene en ¢ et satisfait la condition de non dégénérescence
| det V,V¢®| > 0 uniformément sur x et &.

e a est un symbole d’ordre M i.e. a est C™ et satisfait \8?85@(56,5)\ < Cop(l+
€M =lel.

Les FIO généralisent les opérateurs pseudo-différentiels et intégraux : pour obtenir un
opérateur pseudo-différentiel il suffit de choisir la fonction de phase ®(z,§) = z-&.

1.2.4 Résumé

Les opérateurs linéaires intégraux considérés dans cette theése sont des opérateurs assez
simples faisant partie de classes d’opérateurs largement étudiées (Pseudo-différentiels,
Calderén-Zygmund, Fourier intégraux). De nombreux résultats existent pour ces classes
tres larges. Dans cette these, nous exploiterons certaines propriétés spécifiques des noyaux
de la classe A(M, f) pour construire des méthodes plus adaptées.

1.3 Un horizon des méthodes de calcul rapides des opéra-
teurs intégraux

Beaucoup de méthodes ont été développées pour évaluer des intégrales de type .
Apres discrétisation le probléme revient a évaluer des produits matrice-vecteur Hu.
L’idée générale est de s’autoriser une petite erreur contrélée sur le résultat, qui permet
de réduire grandement le nombre d’opérations nécessaires. Ces méthodes de calculs sont
donc tres liées a la théorie de I'approximation. On peut catégoriser ces méthodes en trois

types :

e celles qui sont trop spécifiques et qui ne peuvent pas étre utilisées dans nos appli-
cations pratiques.

e celles qui construisent des approximations de rang faible des noyaux K,
e celles qui construisent des approximations de rang faible de la “Time Varying
Impulse Response” (TVIRs) T': 2 x 2 — R définie par T'(z,y) = K(z +vy,y),
1.3.1 Discrétisation de 'opérateur

Pour pouvoir appliquer I'opérateur numériquement il faut au préalable le discrétiser. Les
méthodes de Galerkin forment une classe de méthodes qui permettent d’approcher un
probléme en dimension infinie par un probléme en dimension finie. Elles sont utilisées
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notamment dans les méthodes d’éléments finis et éléments finis de frontiére. L’idée est de
choisir une base (¢;)1<i<n d’un sous espace vectoriel Vi de l'espace de L?(2). Un opé-
rateur H : L?(Q) — L%(Q) peut alors se discrétiser en une matrice HY € RV*N définie
par Hf\g = (H¢j, ¢;). Notons SN . H — HY Papplication qui discrétise Popérateur. A
partir d’une matrice HY on peut reconstruire un opérateur H" en utilisant par exemple
la pseudo-inverse SV+ de SV. On note HY = SN+ (HY). Dans le cas particulier d’une
base orthonormale (¢;)1<i<n, I'opérateur H N est donné par :

HYu= " H (i, u)¢;. (1.15)
1<4,j<N
La base (¢;)1<i<n peut-étre choisie de maniere & obtenir de bonnes propriétés d’approxi-
mation, ou pour décrire le systeme d’acquisition. Par exemple, les images sont souvent
acquises sur une grille de pixels et dans ce cas les ¢; seront les indicatrices de carrés
pavant le domaine ). Tout I’enjeu est maintenant d’étre capable de calculer rapidement
un produit matrice-vecteur Hu ott u € RY est un vecteur arbitraire.

1.3.2 Opérateurs invariants par translation : convolutions

Dans le cas particulier ot 'opérateur est invariant par translation, i.e. K (z,y) = k(x—y),
on peut utiliser la transformée de Fourier pour évaluer rapidement des produits matrice-
vecteur Hu. En effet, Hu = kxu = F*(k-1), ot F € CV*N est la transformée de
Fourier discréte et k = Fk. En utilisant la transformée de Fourier rapide (FFT), la
matrice H pourra donc étre appliquée en O(N log N') opérations [74].

Deés que 'opérateur a des réponses impulsionnelles qui varient dans le champ, cette
méthode n’est plus applicable et il faut trouver d’autres stratégies.

1.3.3 Quelques méthodes d’approximation

Dans cette partie, je décris quelques méthodes couramment utilisées en imagerie pour
approcher des produits matrice-vecteur. J’ai étudié ces méthodes en début de these
et elles se sont avérées trop peu précises ou trop spécifiques pour étre utiles dans les
probléemes qui nous intéressaient.

Matrices creuses et largeur de bande

Les opérateurs de flous de la classe A(M, f) ont des réponses impulsionnelles qui ont
une décroissance connue ou des supports compacts. Cette derniere propriété peut étre
modélisée en choisissant la fonction f = 1jg,) ou k € (0,1] est le rayon maximal des
réponses impulsionnelles de 'opérateur et de ’adjoint.

L’approche la plus simple qui permet de réduire les cofits de calculs des produits
matrice-vecteur est d’exploiter cette propriété de support compact en utilisant une ma-
trice creuse. Cela permet d’obtenir une complexité de O(k?N) opérations. C’est une
méthode qui est tres simple & mettre en place, mais elle devient tres vite inutilisable
quand la taille de I'image et des réponses impulsionnelles deviennent grandes, c’est a
dire dans beaucoup de cas pratiques.
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Composition d’un difféomorphisme et d’une convolution

L’une des premiéres alternatives proposée permettant de réduire la complexité des pro-
duits matrice-vecteur consiste a appliquer un difféomorphisme au domaine de I'image
Q suivi d’'une convolution implémentée avec des FFTs et le difféomorphisme inverse
[203], 204) [168|, 223]. Le difféomorphisme est choisi de sorte a transformer 'opérateur de
flou variable en une convolution. Cette approche souffre de deux inconvénients impor-
tants :

e premicrement, il a été montré que tous les opérateurs de flou variable ne pouvaient
étre approchés de cette fagon [168],

e deuxiémement, cette méthode nécessite des techniques d’interpolations précises sur
des grilles euclidiennes tres fines pour correctement coder les difféomorphismes.

Approximations séparables des noyaux

Les approximations séparables des noyaux ont été décrites par exemple dans [5] T44].
L’idée est d’approcher le noyau K par un noyau séparable K de la forme :

d
K(z,y) = [ Kr(ze,u) (1.16)
k=1

ol chaque K, : [0,1] x [0,1] — R est un noyau agissant dans une seule dimension. Sous
cette hypothese, 'opérateur approchant H peut-étre décomposé comme le produit de d
opérateurs agissant sur une dimension Hy comme H : Hy o...0 H; avec

Hju(x) :/ ?k(xk,yk)u(xl,...,yk,...,xd) dyp, (1.17)
yke[ovl]

pour tout x € . En discret maintenant, cette structure séparable des noyaux permet
de calculer Hu en O(dxN1/4),

L’hypothese de séparabilité implique que les réponses impulsionnelles ainsi que leurs
variations sont séparables. Malheureusement, la plupart des réponses impulsionnelles
rencontrées en pratique ne sont pas séparables voir Figure[3.3] Néanmoins, en microscopie
a fluorescence des travaux utilisent ce type d’approximation [2511 [195] 158 24].

1.3.4 Changement dans une base fixe

Le principe des méthodes décrites ici est d’exprimer la matrice H dans une autre base,
ce qui permet de concentrer 'information sur peu de coefficients. Un seuillage adapté
permet alors de coder une approximation de H sous forme creuse.

Principes et enjeux

Soit ¥ € RV*N une matrice orthonormale. La matrice H peut s’écrire sous la forme
H = PO¥* ou ® ¢ RVXN gt le représentant de H dans la base . Si la base ¥ est
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bien choisie, la majorité de I'information peut étre concentrée sur un petit nombre de
coefficients de ®. On rend de cette manieére le noyau compressible. Par exemple, il est
bien connu que les ondelettes ont de trés bonnes propriétés d’approximation linéaires ou
non linéaires de grandes classes de fonctions.

Ce changement de base peut aussi s’interpréter comme une approximation de rang
faible du noyau. En effet, H = YOW¥* se traduit par

Hfi,jl= > O\ u®,[i]¥,[] (1.18)
(Apm)eN?

ou W), est la colonne indexée par A\ de la matrice ¥ et A est un ensemble d’indices
pouvant étre identifié a {1,..., N}. Construire une approximation de rang faible du
noyaux consiste a trouver un ensemble Z C A? de faible cardinalité, de sorte que

Hli,jl = > O\ u]W[i]®,[j]. (1.19)
(AR)EE

La matrice ¥ A‘IIZ est une matrice de rang un et si le cardinal de = est faible, la forme
correspond & une approximation de rang faible de H. De plus, si les fonctions
W, sont a support compact, cette décomposition peut étre interprétée comme une ap-
proximation locale de rang faible. Cette idée - illustrée sur la Figure [I.6] - constitue le
fondement des méthodes parmi les plus efficaces a 'heure actuelle.

Quelques questions interviennent naturellement lors de 1’étude de ces décomposi-
tions :

1. Quel est le nombre d’opérations a réaliser pour obtenir une précision € sur une
norme matricielle ||H — H||? Peut-on relier cette erreur d’approximation a une
norme d’opérateur ||H — SN+ (H)|| ?

2. Quelle est la meilleure base ¥ pour approcher un opérateur donné? Une classe
d’opérateurs ?

3. Comment choisir la base ¥ pour obtenir simultanément une bonne compression et
pouvoir effectuer des produits matrice-vecteur rapidement ?

Toutes ces questions sont étroitement liées et doivent étre prises en compte simultané-
ment. La difficulté est d’obtenir un bon compromis entre temps de calcul et capacité de
compression.

Décomposition en bases d’ondelettes

Les bases d’ondelettes sont des bases inconditionnelles de nombreux espaces fonctionnels.
Elles permettent d’approcher efficacement les éléments de nombreuses classes de fonc-
tions, telles que les espaces de Sobolev, I'espace BV, les espaces de Besov,... Elles sont
par exemple au coeur du standard de compression Jpeg2000. Bien que leur utilisation
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dans le domaine de I'imagerie se limite actuellement a ’analyse des images, nous mon-
trons dans cette these qu’elles présentent aussi un grand intérét pour la représentation
des opérateurs.

Les idées explorées remontent aux travaux fondateurs de Yves Meyer [169]. Dans
ce livre, 'auteur montre de fagon élégante la continuité des opérateurs de Calderdn-
Zygmund grace aux bases d’ondelettes orthonormales. En 1D, un opérateur de Calderon-
Zygmund est un opérateur intégral dont le noyau K satisfait les conditions

02 K (2, y)| + [0, K (2, 9)] S [l =y =Y, (1.20)

pour tout = # y. Soit (1j,m)jmez une base d’ondelettes a M moments nuls et & support
compact de L?(R) . Les coefficients Ojmkn = (Hjm,Vrn) de la matrice © satisfont -
sous la condition ([1.20]) et sous les hypotheses du Théoréme T'(1) - 'inégalité suivante :

277 9k )M“

. : 1.21
277 + 27k 4+ |27Im + 27 Fn| (1.21)

[CIEES 9—li—kl(M+1/2) (
La continuité des opérateurs de Calderon-Zygmund peut étre démontrée assez facilement
en utilisant cette inégalité et le test de Schur [207].

Les travaux de Gregory Beylkin, Ronald Coifman et Vladimir Rokhlin [29] ont ensuite
ouvert la voie sur le développement de méthodes numériques efficaces reposant sur la
décomposition d’opérateurs dans des bases d’ondelettes. L’inégalité permet de
construire une e-approximation H de H - au sens ou |IH — ﬁ|]2a2 < € - pour laquelle
des produits matrice-vecteur peuvent étre évalués en O(N log N e~d/M ) opérations. Cette
approximation est obtenue en seuillant de maniere astucieuse les coefficients de ©.

Ces résultats ont été utilisés dans beaucoup de domaines d’applications ou les opé-
rateurs singuliers et pseudo-différentiels sont rencontrés. Ils ont été affinés dans de nom-
breux ouvrages [140, [3, [77, [69] 67]. En plus de la parcimonie, les décompositions des
opérateurs dans les bases d’ondelettes permettent de construire des préconditionneurs
diagonaux efficaces qui sont trés importants pour la résolution des systémes linéaires par
méthodes itératives. Ces deux avantages ont contribué au succes des ondelettes dans la
compression des opérateurs et dans la résolution de problémes essentiellement rencontrés
dans le domaine des EDP. Elles n’ont pas connu un tel succes dans la communauté du
traitement des images.

Dans notre cas d’opérateurs de flous de la classe A(M, f) les ondelettes paraissent
avoir un bon potentiel : les images sont fortement compressibles dans le domaine des
ondelettes et elles sont en général définies sur des grilles cartésiennes qui sont le cadre
idéal pour la discrétisation des ondelettes. Plusieurs points doivent étre investigués :

e Les noyaux des opérateurs de A(M, f) ne sont pas singuliers le long de la diagonal,
est-ce que l'estimation ([1.21]) peut étre améliorée ?

e Quelle est le nombre d’opérations nécessaires pour un produit matrice-vecteur de
précision €?
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Figure 1.6 — Illustration de I'interprétation en approximation multi-échelle de
rang faible dans des bases d’ondelettes. Pour générer cette image, le noyau d’un
opérateur a été décomposé dans une base d’ondelettes, puis les coefficients ont
été seuillés a un certain niveau. Les rectangles rouges représentent les supports
des ondelettes ¥y ® 1, correspondant aux coeflicients ©) , non-seuillés. On
remarque que les zones de variations lentes sont approchées par un grand bloc
de rang faible et que la diagonale est fortement décomposée.
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1.3.5 Approximations locales de rang faible des noyaux : méthodes

SVD
Soit H € R¥*N une matrice. On peut effectuer une décomposition en valeurs singuliéres
de celle-ci de la forme H=UXV* ou U = [uy,...,un] et V = [vy,...,vy] sont deux
matrices orthogonales et ¥ = diag(oy,...,0n) est une matrice diagonale. Les valeurs

01 > 09 > ... > 0 sont les valeurs singulieres de H.

Il est bien connu que la meilleure approximation de rang faible d’une matrice - au
sens de la norme spectrale - peut étre obtenue grace a une décomposition en valeurs
singulieres. Le minimiseur du probléeme variationnel suivant :

_min ||H — H|j2_0. (1.22)
HeRM N
rang(H)<m
est
_ m
H= Zakuk®vk. (1.23)
k=1

Bien qu’elle soit optimale au sens décrit ci-dessus, cette décomposition souffre de plu-
sieurs problemes pour ’analyse numérique. Premiérement, méme si les opérateurs étudiés
ici sont compacts, leur rang peut étre grand et il faut donc choisir de grandes valeurs de
m pour obtenir une bonne approximation. Deuxiemement, les vecteurs singuliers ne sont
généralement pas localisés en espace et un produit matrice-vecteur est donc calculé en
O(mN) opérations, ce qui peut étre prohibitif. Pour faire face a ces difficultés, plusieurs
méthodes ont été développées.

L’idée de base est de faire des approximations locales de rang faible du noyau. Une
des premieres méthodes de ce type est probablement les méthodes multipolaires de Leslie
Greengard et Vladimir Rokhlin [I99] IT9]. C’est I'un des dix algorithmes les plus im-
portants du xx¢ siecle selon la Society for Industrial and Applied Mathematics (STAM).
Initialement développée dans le cas du probléme a n-corps et vite généralisée aux équa-
tion d’Helmhotz, ot des matrices pleines apparaissent, son principe est de grouper les
contributions des champs lointains et de mieux détailler les contributions voisines. Cette
construction hiérarchique permet de réduire les cotits de stockage et des produits matrice-
vecteur qui peuvent se calculer en O (N log(1/€)) opérations pour une précision € sur un
vecteur de R, au lieu de O(N?).

Cette idée de hiérarchisation de l'information a été exploitée ensuite dans les ap-
proches du type panel clustering [125], hierarchical matrices H-matrices [124], mosaic-
skeleton method [230] et d’autres [44].

L’hypothese exploitée dans ces approches est la notion de régularité asymptotique
du noyau de 'opérateur intégral qui est souvent exprimée sous la forme

050) K (. y)| S [l =y~ (1.24)

pour une constante m > 0, pour tout multi-indices a et [ et pour tout z,y € R?
en dehors de la diagonale = # y. C’est une condition similaire & la décroissance des
opérateurs pseudo-différentiels W7, .
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Les méthodes de panel clustering exploitent cette propriété de la fagon suivante :
pour un z € et un sous-ensemble w C Q donnés qui satisfont dist (z,w) > Cdiam(w),
on remplace K(x,y) par son développement de Taylor en un point yo € w tronqué a
lordre k :

k
K(x,y) =Y pu(2)a(y). (1.25)
v=1

Cela se traduit par une approximation de rang k au point z. Les ensembles w peuvent étre
construits de maniére hiérarchique. Il a été remarqué que les coefficients p, (x) peuvent
étre utilisés pour un voisinage du point . On construit ainsi des approximations de rang
faible des blocs de la matrice.

La force de ces méthodes est de construire un arbre de blocs de la matrice discréti-
sée par Galerkin H; ; = (H¢;, ¢;j), ot (¢i)icr est une base d’'un sous-espace vectoriel
de L?(Q), bien souvent éléments finis ou éléments de frontiere. On cherche & iden-
tifier les blocs d’indices o x 7 tels que les matrices (H[i,j])|icojer soient de rangs
faibles. Dans le cas d’une régularité asymptotique , la condition d’admissibilité
min(diam$),, diam{2,) < ndist (2, Q) ot Q; = Ujer supp ¢;, permet de “prédire” quels
seront les blocs susceptibles d’avoir une approximation de rang faible. Ce sont les blocs
qui sont suffisamment séparés. Les approximations de rang faible peuvent ensuite étre
calculées par différentes méthodes comme les SVD tronquées, Adaptive Cross Approxi-
mation (ACA), etc.. Finalement, on obtient des arbres de décomposition en blocs de
rangs faibles tres similaires a celui présenté Figure [L.6

Les méthodes de H-matrices permettent de réduire les cotits de stockage des matrices
a O(Nklog N) ou k est le rang maximal de chaque blocs. Pour obtenir une précision € sur
les produits matrice-vecteur, le rang doit étre de I'ordre de loge~!. Le produit matrice-
vecteur avec une e-approximation s’obtient donc en O(log(e~1)N log N). Ces taux sont
meilleurs que ceux présentés dans cette these, mais reposent sur une régularité C'°° du
noyau - en dehors de la diagonale.

De plus, méme si la dépendance de la complexité en loge™! est intéressante, elle
nécessite de connaitre le noyau K de facon analytique, et ne semble donc pas adaptée a
I'identification d’opérateurs.

1.3.6 Approximations de rang faible des TVIRs

On va maintenant s’intéresser a des méthodes qui sont largement utilisées dans la com-
munauté du traitement d’images et qui consistent a décomposer la TVIR T : € x
définie par T'(z,y) = K(x +y,y) plutdt que le noyau K. On se place dans le cadre d'un
opérateur Hilbert-Schmidt, i.e. K € L?(£2 x ).

Sous des hypotheses de petites variations des réponses impulsionnelles, il est naturel
d’approcher localement H par une convolution. Cette idée est - de loin - la plus exploitée
en imagerie [228, [I80} 112] 114, 135] 132, [I75] 85] et elle apparait sous beaucoup de
noms différents : sectional methods, les méthodes overlap-add et overlap-save, piecewise
convolutions, anisoplanatic convolutions, filter flow, windowed-convolutions,...
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Le principe de ces méthodes est de décomposer le domaine de 'image en sous-régions
et de considérer que l'opérateur restreint a chaque région est approximativement une
convolution. Les résultats sur chaque sous-domaine sont ensuite assemblés pour obtenir
I'image floue. Dans sa version la plus simple, on forme une partition du domaine en
carrés mais des discontinuités apparaitront aux changements de sous-régions lors de
la restauration de l'image. Les sous-régions peuvent se recouvrir pour permettre des
interpolations entre elles.

Mathématiquement, ces méthodes consistent a construire une approximation H,, de
H de la forme

Hpu= Z hi * (wg, © u) (1.26)
k=1

que nous appellerons produit-convolution en référence a [39] ou de la forme

Hpu=> wp® (hg*u). (1.27)
k=1

Les questions qui nous sont venues en étudiant ces approches sont :
1. Comment choisir les fonctions h; et wy 7
2. Quelle est la complexité du calcul de H,,u?

3. Quelle est l'erreur d’approximation ||H — H,,||? Et combien d’opérations sont
nécessaires pour appliquer cette approximation ?

Les deux premieres questions ont été bien étudiées dans la littérature. A notre connais-
sance, il n’existe pas de travaux abordant le troisieme point, et un chapitre de la these
y sera dédié.

Une observation faite dans [I12] permet d’interpréter les méthodes de produit-convo-
lution comme une approximation de rang-faible de la TVIR de H. En effet, la TVIR de
H,, que 'on note T,,, s’écrit :

T(ey) = 3 halw)wn(y). (1.28)
k=1

Dans ces méthodes on cherche & construire une approximation de rang faible de T" qui est
en général de rang numérique plus faible que le noyau K voir Figure Tout comme les
approximations creuses dans des bases, on peut choisir hj et wy en utilisant une SVD de
maniére & minimiser la norme de Hilbert-Schmidt || H — H,, || izs. Cependant, les fonctions
wj n’ont aucune raison d’étre & support compact et le cotit d’un produit matrice-vecteur
devient trop grand. Comme décrit précédemment, nous verrons qu’il est préférable de
faire des décompositions multi-niveau de la TVIR. La Figure [L.8]illustre une décomposi-
tion multi-niveau de la TVIR. Cette illustration permet d’interpréter géométriquement
le comportement de la méthode et de la comparer au décomposition multi-niveau des
noyaux.
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Figure 1.7 — Différents noyaux K (ligne du haut) avec leur TVIR T associées
(ligne du bas). On observe que le rang de la TVIR est plus faible que celui du
noyau K.

1.3.7 Résumé

Le probléme de I'approximation d’opérateurs a été étudié depuis de nombreuses années
dans les domaines de I’analyse numérique, des EDP (ondes, diffusion, ...) ou de la phy-
sique computationnelle. De facon surprenante, ces techniques ne semblent pas avoir été
exploitées dans le domaine du traitement des images - et en particulier des opérateurs
de flou variable.

Les méthodes les plus efficaces pour effectuer rapidement des produits matrice-
vecteur sont probablement les H-matrices qui reposent sur une connaissance parfaite
de l'opérateur. Dans cette thése, nous avons délibérément évité ce type de méthode,
dans l'optique de pouvoir traiter des problemes de défloutage aveugle ot un probléme
central est I'identification de I'opérateur.

Les méthodes reposant sur la décomposition d’une classe d’opérateurs dans une base
fize (e.g. les ondelettes) semblent plus pertinentes dans les problemes d’identification et
c’est donc 'approche que nous avons privilégiée. Nous verrons de plus que cette approche
permet d’exploiter le fait que I'opérateur et les images sont parcimonieux dans la méme
base, ce qui aura des conséquences importantes pour 'analyse numérique.

1.4 Méthodes d’estimation

Nous nous sommes intéressés dans cette these a des problemes inverses dits aveugles ou
semi-aveugles : on souhaite reconstruire un opérateur H et une image u a partir d’une
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Figure 1.8 — Illustration d’une décomposition multi-échelle de rang faible de
la TVIR visualisée sur le noyau. Ici, une bases d’ondelettes a été utilisée pour
décomposer les lignes de la TVIR. Les rectangles rouges représentent les sup-
ports des fonctions hr @ wy. qui ont été pivotés pour obtenir une représentation
similaire a la Figure
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observation
uy = Hu+ b, (1.29)

ou b est une perturbation inconnue.

Nous dirons que le probleme est aveugle, lorsque 'on n’a aucune information sur
I'opérateur H en dehors d’hypothéses de régularité. Il sera dit semi-aveugle lorsqu’une
informations partielle sur 'opérateur est disponible. Par exemple, on peut dans certaines
applications avoir acceés & son action sur quelques fonctions test.

1.4.1 Méthodes aveugles

La majorité des méthodes de résolution de problémes inverses aveugles reposent sur la
résolution d’un probléme variationnel non convexe de la forme suivante [21], 55 154, 11§] :

(H*u) e argmin  ~|[Hu— o2+ Ri(H) + Ra(u), (1.30)
(H* ,u*)eRN XN xRN 2
ou R; et Ry sont des fonctions qui codent les connaissances a priori sur 'opérateur et
I'image. C’est un probléme non-convexe (il est dit bi-convexe, car convexe dans chaque
variable séparément). Il est généralement résolu de fagon approximative en utilisant des
algorithmes de type minimisations alternées. Les récents progrés en optimisation non
convexe donnent des garanties de convergence vers des points critiques [8], 33].

Malgré les difficultés liées a la non-convexité et au coilit calculatoire important, ces
méthodes peuvent donner de bons résultats d’estimation et de restauration dans cer-
tains cas comme la déconvolution avec des noyaux spécifiques (dont la transformée de
Fourier ne décroit pas trop rapidement). Nous avons utilisé une technique de ce type
pour résoudre un probléme concret dans le dernier chapitre de cette these. Nous pensons
cependant que ces techniques sont encore trés mal comprises au niveau théorique. Des
travaux ont néanmoins étudié ce probleme et montrent en particulier que les formules va-
riationnelles couramment choisies ont des solutions triviales d’aucun intérét pratique[25].

Nous n’avons pas vraiment essayé d’exploiter cette stratégie dans le cas des flous
variables, car il nous a semblé plus pertinent de d’abord améliorer 'identifiabilité du
probleme, en réduisant au maximum le nombre de coefficients & estimer. Nous pensons
que les contributions de cette thése devraient permettre de faire avancer ce domaine de
recherche.

1.4.2 Meéthodes semi-aveugles

Dans cette these, nous étudions le probléeme d’estimation d’un opérateur a partir de
quelques réponses impulsionnelles réparties arbitrairement dans ’espace. C’est un pro-
bléeme de longue date qui a commencé dans le domaine des télécommunications [143].
Quand lopérateur de dégradation dépend de trés peu de parametres (e.g. la variance
d’une gaussienne), une méthode d’estimation paramétrique peut étre mise en ceuvre
pour identifier le noyau K. Ces méthodes s’appliquent cependant dans des cadres assez
limités. Elles peuvent difficilement étre utilisées en microscopie a feuille de lumiére ou les
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dégradations ont de grandes variations suivant les échantillons. De nombreuses méthodes
exploitent plutdt une hypothese de compressibilité (e.g. symbole de Kohn-Nirenberg a
bande limitée, parcimonie dans une base,...) [149, [192] 45 [62], 191] et c’est cette approche
que nous suivrons dans cette these.

Sondage de matrices

Les travaux [192, [62] considérent I’estimation d’une matrice A € RM*N représentée par

une combinaison linéaire de peu d’atomes d’un dictionnaire de matrices B = (Bj)ézl :

l
A=) ¢;B;. (1.31)
j=1

ol ¢ € R! est un vecteur p-parcimonieux. Afin d’estimer la matrice, il “suffit” d’estimer
le vecteur c¢. Ces deux travaux développent des méthodologies différentes mais partent
tous les deux de la connaissance d’un vecteur u € RY et de I’action de A sur ce vecteur
Au € RM_ 1ls tentent de résoudre le systéme linéaire :

P
Au = ch(Bju) = Lc, (1.32)
j=1

ot L € RM*! a4 pour colonnes les vecteurs (Bju).

Dans [62], les auteurs étudient le conditionnement de L dans le cas ou les vecteurs
u sont aléatoires Gaussiens i.i.d. Ils montrent notamment que si la matrice de Gram
((Bi, Bj) F)1<i,j<1 est bien conditionnée et que les B; ont un haut rang numérique, alors
choisir N o< plog?(N) permet d’avoir une matrice L bien conditionnée avec grande pro-
babilité. Les résultats peuvent étre améliorés en considérant I’action de A sur plusieurs
vecteur (ui)lgigq-

Dans [192], les auteurs utilisent d’autres idées issues de ’échantillonnage compressé
[46, 92] 31, 37] et proposent de résoudre le probleme d’optimisation

min |c|;. (1.33)
cER!
Lc=Au

Ce probléme est résolu avec un algorithme de basis pursuit [60] et des garanties de
reconstruction exactes sont données cette fois-ci sous des conditions de cohérence et pour
différents choix de matrices B;. Nous pensons que cette stratégie est probablement mal
adaptée aux dimensions auxquelles nous sommes confrontés. De plus, nous verrons que
I’on peut souvent avoir une bonne connaissance du support a priori, et son identification
n’est donc pas nécessaire.

Approches de type Shannon

Les travaux [I49] considérent lestimation d’opérateurs d’Hilbert-Schmidt qui ont un
symbole de Kohn-Nirenberg & une largeur de bande limitée. Ce symbole N : R¢xR¢ — R
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est défini :
N(o,€) = [ T(w.y)e ™ € dy, (1.34)
R

qui est la transformée de Fourier de la TVIR T selon la variable y. Cette transforma-
tion est aussi appelée la transformée de Fourier symplectique du noyau K. L’hypothese
de travail est une largeur de bande B > 0 telle que V|| > B, N(z,§) = 0. Cette
hypothese signifie que les fonctions T'(z, - ) sont C'°. Sous cette hypothese, les varia-
tions des réponses impulsionnelles sont lisses. Des théoremes de reconstruction exacte
sont développés lorsque 'action de 'opérateur sur un peigne de diracs est connue. Ces
résultats sont généralisés dans [I91] & des opérateurs qui ne sont plus nécessairement
Hilbert-Schmidt.

Dans ce travail, les auteurs supposent connues la somme de réponses impulsionnelles,
ce qui est particulierement pertinent pour les applications (e.g. on observe simultané-
ment plusieurs étoiles). Cependant, les méthodes développées dans [149, [191] semblent
particulierement lourdes termes de temps de calculs pour étre exploitées en tres grande
dimension. De plus les hypotheses de régularité sont inadaptées aux problemes d’image-
rie.

Interpolation dans des bases

Dans le cas ou quelques réponses impulsionnelles sont connues il possible d’interpoler
les coefficients des réponses impulsionnelles dans une base, ce qui permet de réduire
le nombre de parametres a estimer. Cette méthode d’estimation est trés courante en
astronomie, voir [I13] qui propose un survol de toutes ces méthodes.

Soit (¢ )rea une base orthonormale de dimension N d’un sous espace de L?(€2). Le
principe de ces méthodes est d’estimer la fonction F': A x €2 — R définie par

a partir de la donnée de quelques réponses impulsionnelles connues F; € RY définies
par Fi[\] = F(\, y;) + €;[A\] aux positions (y;)1<i<n. Les vecteurs €; sont aléatoires i.i.d.
de moyenne nulle. Une fois l'estimateur F' de F établi, un estimateur 7' de la TVIR
peut-étre construit par :

T(x,y) =D F(\y)oa(x). (1.36)

A€A

Le point épineux de ces méthodes est de construire un estimateur de F. De nom-
breuses méthodes ont été proposées. Beaucoup d’entre elles fonctionnent par interpola-
tion ligne par ligne de F par différentes méthodes : interpolation polynomiale, splines,
fonctions radiales, etc... [I13]. Ces méthodes ont de nombreux avantages : elles peuvent
étre appliquées numériquement en grande dimension (contrairement aux méthodes citées
plus haut) et fournissent des résultats convaincants. Cependant, beaucoup de questions
sont actuellement ouvertes :

e Comment gérer le bruit dans la méthode d’estimation tout en gardant des méthodes
rapides ?
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e Quels sont les propriétés de 'estimateur de T' ainsi reconstruit ?

e Pouvons nous donner une vitesse d’approximation du genre E|H — H||3 .57 ot H
est 'opérateur exact et H I'opérateur de TVIR H.

e Quelle est I'influence de la distribution des positions (y;)1<i<n dans l'estimation ?

Nous fournirons des réponses a ces questions dans cette these.

1.5 Contributions

Dans cette section, nous allons aborder les contributions de cette these.

1.5.1 Approximation parcimonieuse des flous variables
Modélisation des flous — Chapitre

On considére des images d-dimensionnelles définies sur ’hypercube Q = [O,l}d, vues
comme des fonctions u : {2 — R. Les flous variables peuvent étre modélisés comme des
opérateurs linéaires intégraux qui, & une image nette u € L?(Q) associent une image
floue Hu € L?(€2) de la forme

Hu(z) = /Q K (2, y)uly)dy, (1.37)

ou K : Q x 2 — R est appelé le noyau de 'opérateur intégral. En microscopie ou plus
généralement dans les systemes d’acquisition des images les flous apparaissant peuvent
étre caractérisés comme des opérateurs de la classe A(M, f), voir définition [1.1.1]

Erreur d’approximation et complexité — Chapitre

La classe d’opérateurs A(M, f) partage des similarités avec les opérateurs de Calderén-
Zygmund. Nous avons donc eu 'idée d’étudier la décomposition des opérateurs de flou
dans des bases d’ondelettes.

On considére un base orthonormale d’ondelettes de L?(2) que I'on note (1)) )xea ol
A est un ensemble d’indices générique. Comme H est un opérateur linéaire entre deux
espaces de Hilbert, il peut s’écrire H = WOU* ou ¥* est la transformée en ondelettes,
¥ son inverse et © est une matrice infinie, qui représente 'opérateur dans le domaine
des ondelettes. Ses coefficients sont définis par :

Oy = (Ha,u), VA peA. (1.38)

Nous pouvons aussi obtenir une borne supérieure sur les coefficients de 0, ,,, tout
comme ceux des opérateurs de Calderén-Zygmund, voir Lemme [1.5.1
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Lemma 1.5.1 (Décroissance des 6 ,). Supposons que H soit un opérateur de noyau
K € A(M, f). Supposons de plus que l’ondelette mére de la base (1\)rep S0it 4 support
compact et possede M moments nuls. Alors

0] < 2 (DNl g min(NL kDM ) £, (1.39)

ou |\| désigne l’échelle de l'ondelette 1y et fx, = f (dist (supp ¢y, suppy)).

L’estimation proposée dans le lemme [1.5.1] est plus fine que celle proposée par Yves
Meyer . En effet, elle exploite la non-singularité des noyaux et leur caractere WM.
afin d’obtenir un terme de décroissance supplémentaire 2~ ™(ALLD(M+d) - Ce terme as-
sure une décroissance des coefficients dans les hautes échelles. C’est un résultat nécessaire
a l'obtention des résultats d’approximation et de complexité, ainsi qu’au développement
de préconditionneurs diagonaux.

Theorem 1.5.1. Soit ® la matrice de taille N x N obtenue par troncature de © a
’échelle logy(N)/d—1. Notons la matrice H = ¥OW* ou O* et W sont les transformées
en ondelettes discreétes.

En utilisant une régle de seuillage appropriée sur ®, on peut construire une matrice
H. qui est une e-approzimation i.e. ||H—IfIEH2_>2 < € qui peut étre appliquée d un vecteur
de RN arbitraire en O(Ne= M) opérations.

Si l'on suppose en plus que les réponses impulsionnelles sont a support compact de

rayon mazimal K, i.e. que f a un support compact sur [0,k], le nombre d’opérations
devient O(N ke~ 4/M),

Ce théoreme permet de distinguer l'influence de chaque parametre dans la vitesse
d’approximation, on remarque notamment que :

e La méthode d’approximation se comporte en ¢ %M ot M est la régularité de

I'opérateur. Elle est capable de capter cette régularité automatiquement.

e La dépendance en k - la taille du support des réponses impulsionnelles - apparait
dans ce théoréme, ce qui est particulierement important en traitement d’images.
On pourrait obtenir des résultats similaires en utilisant la transformée de Fourier,
mais la complexité serait indépendante de k.

Structure de parcimonie — Chapitre

Les résultats d’approximation et de complexité du Théoréme [I.5.1] sont obtenus en uti-
lisant une regle de seuillage particuliere exploitant le lemme de Schur, qui est utile pour
controler la norme spectrale. En pratique, cette reégle de seuillage ne donne pas des
résultats d’approximation satisfaisants dans le domaine du traitement des images. Ceci
explique probablement le fait que les décompositions des opérateurs dans des bases d’on-
delettes ne soient pas plus populaires en imagerie E Nous nous sommes donc intéressés
plus précisément a la sélection des coefficients dans les matrices ©.

!'De nombreux chercheurs nous ont rapporté avoir essayé de décomposer les opérateurs dans des bases
d’ondelette, sans succes.
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Figure 1.9 — Une illustration de la compression d’'un opérateur de flou va-
riable dans le domaine des ondelettes. Nous considérons un opérateur agis-
sant sur des signaux 1D avec un noyau défini sur [0,1] par K(z,y) =

m exp (7%> ol o(y) = 4+ 10y. Toutes les réponses impulsionnelles
sont des gaussiennes de variances croissant linéairement. En haut : a gauche
H, a droite H en échelle log;,. En bas : & gauche ® obtenue en utilisant des
ondelettes de Daubechies a 10 moments nuls et un niveau de décomposition
J =7; a droite © en échelle log;,. On remarque que la représentation en on-
delettes est bien plus parcimonieuse que dans le domaine spatial. On observe

de plus la décroissance capturée par le Lemme

29

-3.5

45



Les images peuvent étre décrites comme étant des éléments d’un espace de Besov
B 1(Q) ou de BV (£2) I'espace des fonctions a variations bornées. Cette observation nous
b
a motivé a introduire une norme d’opérateur de la forme suivante :

IH|x»2 = sup [[Hulj, (1.40)

ullx<1

qui permet de mesurer I'erreur d’approximation uniformément sur une classe d’intérét
décrite par || - || x.

On souhaite donc trouver une matrice H;, = ¥S; ¥* qui approche H au sens || - || x 2
et ou Sy, contient au pire L coefficients non-nuls. La matrice est obtenue en résolvant :

min HH—HLH (1.41)
SLGRNXN
L—parcimonieuse

X2

La solution de ce probleme donne la meilleure matrice L-parcimonieuse Sy, sur la boule
unité définie par la norme |- |x. Les espaces BV (Q) et de Besov Bj; peuvent étre
décrits par des normes ¢! & poids sur les coefficients d’ondelettes [7Z, [164]. Ceci nous
a amené & considérer une norme ||ul|x = ||E¥*u||; ou ¥ = diag(o1,...,0n) est une
matrice diagonale. En utilisant le fait que la norme || - ||x définie sur les coefficients en
ondelettes et que les opérateurs sont représentés eux aussi en ondelettes, nous avons pro-
posé un algorithme glouton qui permet de calculer la solution de (1.41]) en O(N?log N)
opérations. Moralement, les coefficients des basses échelles ont plus de poids que ceux
des hautes fréquences.

Cette complexité est trop importante pour pouvoir utiliser ce résultat en pratique.
Il permet néanmoins d’obtenir des résultats bien plus intéressants. Comme on connait
a priori la décroissance des coefficients ) , pour la classe de noyaux dans A(M, f), on
peut trouver la meilleure structure de parcimonie uniformément sur la classe A(M, f).
On définit ‘H I'ensemble des matrices H = ¥OW* ou O vérifie la décroissance corres-
pondante, voir Lemme [I.5.1] Notons = un ensemble d’indices de N x N de cardinalité
L, et H(Z) 'ensemble des matrices de H qui ont pour support =. Nous avons développé
un algorithme glouton de complexité O(N log N) qui permet d’obtenir la solution de

min sup _ inf ’H - ﬁL" (1.42)

IEl=L HeH HycH(2) X2

La réduction de la complexité de cet algorithme vient de I’exploitation des invariances
dans l'estimation de la décroissance des coefficients du Lemme On note ici que
I’obtention d’estimations plus fines permet d’obtenir des structures de parcimonie plus
adaptées aux matrices issues des noyaux de la classe A(M, f). Notons que la sortie de
notre algorithme dépend explicitement de M, la régularité du noyau et de f qui code sa
décroissance. Le résultat est optimal, uniformément sur la classe A(M, f). De plus, les
coefficients qui seront significatifs dans le codage des matrices sont identifiés a priori et
cela permet de réduire la dimension du probléme d’estimation des matrices de flous.

Ces travaux ont permis d’améliorer significativement les résultats d’approximation
sur le probléme direct et sur le probléme de restauration, voir Figure [I.10}
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Figure 1.10 — Un exemple de déconvolution montrant 'importance de
la méthode de seuillage. En haut I'image dégradée avec un flou de mouvement
et un bruit Gaussien i.i.d. de niveau 5.1072 le pSNR = 17.85dB. Les deux
matrices © ont été construites avec le méme nombre de coefficients (qui cor-
respond a 57 opérations par pixels). Au milieu : la méthode de seuillage simple
PSNR = 23.71dB. En bas : le seuillage pondéré 7 pSNR = 24.07dB. Au
dela de 'augmentation du pSNR, on observe que les artefacts de restauration
sont réduits significativement.
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Résolution temps-réel de probleémes inverses — Chapitre

En utilisant les différents ingrédients présentés précédemment, nous avons ensuite illustré
I'intérét de ces méthodes d’approximation dans le cas de la restauration des images. Dans
beaucoup d’applications, les images sont observées suivant le modele ug = Hu + n ou
1 est un bruit i.i.d. Gaussien de moyenne nulle. Dans ce contexte, une procédure de
restauration usuelle consiste a trouver le minimiseur de

' = W arg min - [H®x — ug||2 + x|, (1.43)
x€RN 2

ou W* est la transformée en ondelette et A > 0 est un parametre de régularisation.

Beaucoup de méthodes ont été développées pour résoudre ce genre de probleme. Un

exemple typique est la descente de gradient proximale accélérée qui - dans le cas de la

norme | - |1 - est plus connue sous le nom de FISTA (Fast Iterative Soft Thresholding

Algorithm). Ces méthodes nécessitent d’appliquer W*H*HW a chaque itération.

Dans le cas d’une convolution H = h x -, I'idée la plus répandue est d’utiliser la
transformée de Fourier afin de diagonaliser la matrice H = FDF™* ou F* est la trans-
formée de Fourier et D = diag(ﬁ) est la matrice diagonale formée avec la transformée
de Fourier de h. Dans ce cas W*H*HW = ¥*F|D|>?F*¥. Numériquement, pendant la
restauration environ 95% du temps de calcul est utilisé pour faire des aller-retours dans
les domaines Fourier/ondelettes.

Ces aller-retours entre les domaines peuvent étre évités en exprimant entiere-
ment dans le domaine des ondelettes :

" = W arg min - | ©x — xo|2 + A1, (1.44)
xeRN 2

ol xg = P*uy. Comme présenté précédemment, les matrices @ ont beaucoup de co-

efficients négligeables. En utilisant une regle de seuillage adaptée, ou , on

peut construire une matrice C) approchant @. Il devient alors raisonnable de résoudre

le probléme approché suivant

1 -
u* = Wargmin ~||@x — xo||3 + A||x||1, (1.45)
XERN 2

qui peut étre résolu uniquement avec des produits matrice-vecteur avec CNC) qui est tres
creuse.

Nous avons montré que la résolution de , au lieu des implémentations utilisant
des FFTs, accélérait les temps de restauration par des facteurs allant de 30 a 200 pour
un résultat équivalent. A titre d’exemple, une image 1024 x 1024 peut étre restaurée en
0.15 secondes, ce qui correspond a du temps-réel, voir Figure Ces résultats, qui de
notre point de vue constituent une petite révolution dans ce domaine, ont été rendus
possibles par deux autres éléments :

La structure ®*® : Comme H est une convolution, nous avons montré que ®*© avait
des blocs circulants. La matrice ®*@ peut donc étre calculée en O((2¢ — 1)JN)
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opérations, ou J est le niveau de décomposition de la transformée en ondelettes,
au lieu de O(N?) pour une matrice H quelconque.

Les préconditionneurs Les parameétres influant dans la vitesse de convergence des al-
gorithmes comme FISTA sont encore peu connus - mais des travaux intéressants
proposent des explications [I55]. De la méme maniére que pour les méthodes ité-
ratives de type gradient conjugué, nous avons proposé des préconditionneurs qui
améliorent la répartition des valeurs propres de la matrice ®*®. Les précondi-
tionneurs doivent étre diagonaux pour préserver le calcul explicite de 'opérateur
proximal associé & la norme ¢'. Ils permettent d’accélerer la convergence de I’algo-
rithme par des facteurs allant de 2 a 6.

Finalement, tous les ingrédients qui rendent ces avancées possibles sont :
e la structure particuliere de ®*® : parcimonie et blocs circulants,
e la parcimonie des opérateurs et des ondelettes dans le méme domaine,
e des stratégies de seuillage adaptées,

e des préconditionneurs diagonaux efficaces.

1.5.2 Etude des approximations des produit-convolutions — Chapitre

Les méthodes d’approximation par produit-convolutions permettent d’approcher H par
un opérateur Hy, de la forme

Hpu="> hy* (wy ®u). (1.46)
k=1

La condition de régularité pour pouvoir décomposer un noyau K sous la forme d’une H-

matrice est qu’il soit asymptotiquement régulier (voir définition ) Cette hypothese

implique que K (z, ) et K(-,y) soient réguliers pour tout x et y. Nous avons montré que

la condition de régularité utile pour étudier les erreurs d’approximation des méthodes

de produit-convolution porte uniquement sur les fonctions T'(x, - ). Intuitivement, cette

hypothese se traduit par le fait que réponses impulsionnelles varient régulierement.
Dans notre travail, nous avons considéré la classe suivante d’opérateurs :

Definition 1.5.1 (Classe de TVIR 7°). Soit 7*° I’ensemble des fonctions 7': 2 x Q — R
satisfaisant la condition de régularité : T'(z, -) € H*(Q), Vo € Q et ||T(z, - )|| s () est
uniformément bornée en z i.e. :

sup IT(x, )lgs) < C < +oo. (1.47)
S
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(b)

(d)

Figure 1.11 — Un exemple de déconvolution d’une image issue d’un micro-
scope confocal. En haut : I'image dégradée par un flou gaussien anisotrope
et par un bruit Gaussien i.i.d. de niveau 5.1073, pSNR = 23.94dB. En bas :
I'image restaurée pSNR = 26.33dB. La méthode classique utilisant la FFT
obtient I'image en 25 secondes, la méthode proposée en 0.15 secondes (accélé-
ration x166).

34



Une premiére analyse théorique de ces méthodes

Sous ces faibles hypothéses de régularité, nous avons montré que la plupart des méthodes
décrites dans la littérature ont des vitesses d’approximation de type |H — Hp,||gs =
O(nd/ 2m s/ d) ou 0 < k < 1 désigne le coté du plus petit hyper-cube contenant le
support des réponses impulsionnelles. Cette erreur d’approximation ne peut pas étre
améliorée uniformément sur la classe de fonctions 7. Nous avons de plus montré que
la complexité de ces méthodes pour atteindre une précision e sur la norme d’Hilbert-
Schmidt d’opérateur était :

e O (K%N log(N )e_d/ S) si les fonctions wy n’avaient pas de contrainte de support.
Par exemple, SVD, Fourier, ...

e O (md(%)Nlog(/@dN)e_dN) si les fonctions wy ont un support compact. Par
exemple, B-splines, ondelettes,... On remarque que le nombre d’opérations théo-

riques est plus faible d’un facteur .

Pour illustrer ces méthodes, considérons que les fonctions wy sont choisies parmi
les éléments d’une base d’ondelettes. La TVIR de l'opérateur est décomposée sur cette
base :

T(x,y) =Y cul@)tuly), (1.48)

HEA

ou ¢, est appelé le symbole ondelette et est défini par c,(z) = (T'(x, -),¢u). L'ap-
proximation de rang faible 7,, est obtenue en choisissant m indices p. On obtient des
représentations de ces symboles Figure [[.12]

Proposition d’une représentation indépendante de la discrétisation

Pendant I’étude des approximations par produit-convolution nous avons étudié une autre
représentation de la TVIR qui permet de représenter un opérateur avec tres peu de
coefficients. Cette idée avait été suggérée dans [28], sans analyse théorique précise. Dans
le paragraphe précédent, nous n’avions supposé aucune régularité des fonctions 7'( -, y).
Pour appliquer cette stratégie, nous avons introduit ’hypothese T € H™*(£2 x ), ou

H™(Qx Q) = {T:Qx Q> RNT € LX(Qx0),V]a| <r, VB <s}.  (1.49)

Cette espace semble naturel pour décrire les différences de régularité entre les réponses
impulsionnelles et leurs variations. La TVIR peut se décomposer sous la forme :

T(x7y): Z C)\,;ﬂ,b)\(x)wu(y)a (1'50)

A LEA

ot1 1/ est une ondelette meére générant une base orthonormale de L?(Q). En utilisant cette
représentation, nous avons montré qu’il était possible de construire une méthode d’ap-
proximation H,, de H s’approchant en |H — H,,||zs = O(m~%/%) et qui contient seule-
ment O(m?) coefficients - au lieu de O(Nm) pour les méthodes de produit-convolution
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Figure 1.12 — Représentation des “symboles ondelettes”. Ligne du haut les
TVIR T'. Ligne du bas : les ¢, associés. Les barres rouges indiquent le change-
ment entre les échelles. Pour la TVIR de gauche, on remarque que les coeffi-
cients en ondelettes décroissent tres rapidement quand les échelles augmentent.
La décroissance est plus lente pour les deux autres TVIR, car moins réguliéres.
L’adaptabilité des ondelettes peut se visualiser sur la TVIR de droite ou 'on
voit quelques coefficients non nuls dans les hautes échelles, ils sont concentrés
autour des discontinuités. Il n’y aura que quelques couples (c,,1,,) nécessaires
pour coder cette discontinuité, ce qui n’est pas le cas pour les décomposition
en Fourier ou B-splines.
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existantes. Ce nombre de coefficients est indépendant de la dimension de la discrétisation
N. Cette représentation trés compacte ouvre la voie a de nouvelles méthodes innovantes
d’estimation de 'opérateur, cependant, nous n’avons pas eu le temps de les explorer dans
cette these. Voir Figure [1.13] pour une illustration de la compacité de la représentation.

(a) Nnz = 6195 (b) Nnz = 16712 (c) Nnz = 32592

(d) Nnz = 436 (e) Nnz = 2398 (f) Nnz = 2037

Figure 1.13 — Illustration de la représentation compacte (en bas) de l'opéra-
teur en comparaison avec les symboles ondelettes (en haut). Les nombres de
coefficients non-nuls sont affichés (Nnz) pour chaque combinaison TVIR/re-
présentation. On remarque que la représentation compacte contient treés peu
de coefficients significatifs.

1.5.3 Estimation des opérateurs a partir de réponses impulsionnelles
éparpillées — Chapitre

Le cadre d’estimation choisi est le suivant. Soit (¢))rea une base orthonormale d’un sous-
espace de L?(Q) de dimension N. Nous avons mis au point une méthode d’interpolation
de la fonction F': A x €2 — R définie par

F()‘)y) = <T( : 7y)7¢>\>a (151)

a partir de la donnée de quelques réponses impulsionnelles connues F; € RN définies par
Fi[\] = F(\ %) + €[\ aux positions (y;)1<i<n. En notant 7' I'estimateur obtenu, on
construit un estimateur de 7' comme suit :

T(x,y) =Y F(\y)oa(x). (1.52)

AEA

Le probleme d’interpolation des coeflicients d’un opérateur a été formulé avec la TVIR
car - comme nous l’avons vu - cette représentation permet de coder les régularités des
variations des réponses impulsionnelles de maniére trés simple.
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Dans la suite, nous allons supposer que la TVIR T appartient & 'espace 7™° défini
par toutes les fonctions 7" : 2 x © — R telles que T'(z, -) € H*(?) uniformément pour
tout x € Q et T'(-,y) € H"(2) uniformément pour tout y € €.

Algorithme numériquement réalisable en grande dimension

Une observation récurrente qui explique I'utilisation des ondelettes est leur capacité de
compresser une grande classe de signaux. Notamment, les ondelettes compressent les
réponses impulsionnelles en trés peu de coefficients. C’est une des raisons qui nous a
amené a choisir de décomposer les réponses impulsionnelles dans une bases d’ondelettes

(¥a)ren-

Nous avons proposé un estimateur T de la forme
T = argmin ~ Z | (T i)y ¥r)) aen — i”%+ﬂ((l - ) /Q T (, ‘)’%{S(Q)dx

T:QxQ—=R 1 7
+a [ (- \\Hr(mdy)

Le terme d’attache aux données permet de trouver une TVIR qui est proche des ré-
ponses impulsionnelles connues. Le premier terme de régularisation permet d’interpoler
les données manquantes, tandis que le deuxieme terme lisse le bruit introduit dans les
données. Le parametre a € [0,1) permet de pondérer les deux régularisations. Ce pro-
bléeme d’estimation peut étre vu comme un probléme d’apprentissage multi-taches qui
fait intervenir des Reproducing Kernel Hilbert Spaces (RKHS) & valeurs vectorielles.
Les espaces de Sobolev peuvent étre caractérisés par une norme & poids sur les
coeflicients d’ondelettes. Cette propriété permet d’écrire le probleme comme

(1.53)

A

F = argmin — Z 1F () = Fill3 + pll D°Fllp  p2(0) + YILF gy ey, (1.54)
FAAXQ—-R TV 7

ou D* = 375, 0P est 'opérateur différentiel codant la semi-norme H*(), L est une

matrice diagonale N x N de coefficients L[\, \] = 2" et || - R~ x£2() décrit la norme

IF IRy xz2@) = D0 IIFO )72 (1.55)
AeA

La solution de ce probleme a peut étre obtenue en construisant F (A -) = f>\ ou f>\ :
2 — R est solution du probleme

n

A . 1 S T
fr=argmin = >~ (Fi[\ = f(y:))? + plD* 11720y + V27N £l 720 (1.56)

Chacun de ces sous problémes peuvent étre résolu a l’aide de fonctions radiales, en
résolvant un systeme linéaire de petite taille n x n. Le noyau des fonctions radiales est
déterminé de maniere explicite.
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Les ondelettes sont encore ici cruciales pour construire une méthode d’estimation
rapide. Elles sont utiles pour plusieurs raisons :

e Elles compressent les réponses impulsionnelles : 'ensemble A est de petite dimen-
sion.

e FElles permettent de décomposer le probléme d’estimation sous la forme d’une in-
terpolation indépendante ligne par ligne. Chacune de ces interpolations se fait
rapidement par la résolution d’un systeme linéaire de petite taille.

La figure illustre la méthode.

(a) Opérateur exact (b) Réponses connues (c) Opérateur interpolé
| )

(d) Image nette (e) Image dégradée (f) Image restaurée
256 x 256 pSNR = 19.17dB pSNR = 21.14dB

Figure 1.14 — Un résultat d’interpolation d’un opérateur défini sur des images
256 x 256. Les opérateurs exact et interpolé sont appliqués a un peigne de
dirac supporté sur une grille cartésienne. Le noyau de 'opérateur est une
gaussienne de matrice de covariance X(y1, y2) = diag (02(y1, y2), 02 (y1, yg)) ol
o(y1,y2) = 1+ 2max (1 — y1,v1) for (y1,92) € [0,1]%. Dans cette expérience
64 PSFs ont été utilisées et dégradées par un bruit additif gaussien d’écart-
type 1073, En bas, une image a été dégradée en utilisant 'opérateur exact et
dégradée par un bruit additif gaussien d’écart-type 1073, L’image restaurée a
été obtenue en utilisant 'opérateur interpolé.
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Taux de convergence

La vitesse de convergence de l'estimateur a été étudiée théoriquement. Sous I’hypo-
these de quasi-uniformité de I’ensemble {y1, ..., y,}, nous montrons que l'estimateur H
construit par la méthode décrite ci-dessus satisfait :

A r 2s
E|H - A3, SN™T +(Nnt)zia (1.57)
2s
pour un choix du parametre p oc (Nn=1)2z+d,

Résumé
Au final, nous avons proposé une méthode d’estimation qui :

e permet de lisser le bruit introduit par les données tout en maintenant des al-
gorithmes d’interpolation ligne a ligne qui sont résolus par des petit systémes
linéaires,

e permet d’obtenir un estimateur avec une interprétation variationnelle dans le do-
maine spatial.

De plus, nous avons étudié la vitesse d’estimation en risque quadratique de I'opérateur
ainsi estimé. Il nous semble que celle-ci est optimale, bien que ce point reste a élucider.
Les résultats développés dans le Chapitre [f] s’appliquent a un choix plus large de
base (¢x)ren- Ills permettent de comprendre le comportement de certaines méthodes
d’interpolation des coefficients dans des bases utilisées couramment en astronomie.

1.5.4 Bruits multiplicatifs structurés — Chapitre @

J’ai eu la chance de collaborer avec Pierre Weiss en Wenxing Zhang sur le probleme de
restauration d’images dégradées par des bruits multiplicatifs structurés.

En microscopie a fluorescence, les images sont dégradées par des bruits qui sont a
la fois structurés et multiplicatifs. Ceci est principalement di aux effets d’absorption
de la lumiere. Les bruits structurés additifs ont été étudiés dans [106], et les bruits
indépendants multiplicatifs dans [210, 9 216, ©95]. Nous avons proposé une méthode
originale combinant ces deux aspects.

En microscopie a fluorescence, le bruit n peut étre modélisé comme un processus
stochastique stationnaire de type 17 = 1+ X ot A € RY est un vecteur positif indépendant
et ¥ est un filtre de convolution qui dépend de la structure du bruit. L’image observée
est alors reliée a l'image “idéale” par ugp = u @ n. Utiliser une division (au lieu d’une
multiplication standard) est essentiel afin d’obtenir un probléme d’optimisation convexe.
Nous avons proposé de résoudre le probléme d’optimisation :

min |[V(ug ® (¥ xA))||; + (X —log A, 1). (1.58)
AeRr¥Y

Ce probléme peut étre justifié d’un point de vue probabiliste en utilisant le principe du
maximum a posteriori. Nous le résolvons a ’aide d’un algorithme primal-dual et nous
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I’avons implémenté sur GPU. Les résultats numériques sur des images réelles démontrent
Iutilité de la méthode qui est maintenant utilisée en routine par les biologistes, voir

Figure [[.15]

Figure 1.15 — Expérience de débruitage sur données réelles 1040 x 1390. A
gauche : I'image dégradée est un plan XY d’un derme de peau imagé a ’aide
du SPIM. On observe les raies d’atténuation sur I'image. A droite : 'image
restaurée par notre méthode, la plupart des raies ont été supprimées.

1.5.5 SNRs invariants aux contrastes locaux — Chapitre EI

Dans le but de comparer efficacement des images issues de différents algorithmes de
débruitage, nous avons proposé une mesure de qualité qui est invariante aux changements
de contrastes locaux. Ce travail est issu d’une collaboration avec Pierre Weiss et Yiqiu
Dong (DTU Denmark).

La performance des algorithmes de traitement d’images repose souvent sur l'inva-
riance aux changements de contrastes locaux, qui constituent un modele simple de chan-
gement d’illumination. La plupart des travaux traitant de ce probleme consistent a dé-
composer 'image en petites zones, et a normaliser les moyennes et les variances sur
chaque zone. Nous avons développé une nouvelle approche tres différente.

C’est une méthode d’optimisation convexe permettant de trouver une image possé-
dant un arbre de composantes fixé, la plus proche d’une image de référence. L’arbre des
composantes permet de coder la relation d’inclusion entre les composantes connexes des
ensembles de niveau d’une image et de définir mathématiquement la notion de change-
ment de contraste local. A partir d’'une image de référence ug et d’une image cible w1,
notre algorithme permet de trouver I'image u la plus proche de ug, qui differe unique-
ment d’un changement de contraste local de u1. Ce probléme s’exprime sous la forme :

1 2
min — — 1.
ue%ll 2Hu U()H2 ( 59)

ou U; est 'ensemble des images qui partagent le méme arbre de composantes que u;.
Il peut étre décrit par un arbre ou de fagon alternative par un graphe dirigé acyclique.
Notre algorithme repose sur cette deuxieme représentation qui permet d’identifier notre
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probleme a celui d’une régression isotonique. Ce probléme a regu une attention considé-
rable dans la littérature, mais les approches actuelles ne permettent pas de traiter les
graphes a plusieurs millions de sommets apparaissant en traitement des images. Nous
avons mis en ceuvre un algorithme d’optimisation du premier ordre que nous avons ana-
lysé théoriquement. Notre algorithme a de nombreuses applications potentielles telles que
la mesure de qualité image, la détection de changement, le traitement d’images couleurs
ou le recalage d’images. Voir Figure [1.16| pour une illustration.

(a) Référence uy (b) Changement d’illumination uy
SNR(uO, ul):11.3dB

(c) Changement de contraste global vy, (d) Changement de contrastes locaux vy,
SNR 1 (g, u1)=18.9dB SNRye (10, u1)=32.12dB

Figure 1.16 — Un exemple de correction de changement d’illumination. On
remarque que la méthode est capable d’identifier la similarité de la scene.

1.6 Perspectives

Des questions ont émergé au cours de cette theése, mais n’ont pas été traitées - en partie
par manque de temps. Je détaille quelques problémes que j’aimerais continuer & explorer
ci-dessous.
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1.6.1 Approximation des opérateurs
Décomposition rapides des opérateurs dans des bases d’ondelettes

Comme nous ’avons vu, les ondelettes sont des outils pertinents pour représenter des
opérateurs intégraux dans le but de restaurer des images dégradées par des flous va-
riables. Une des difficultés a surmonter pour les rendre plus populaires est la réduction
du cotit de calcul de la représentation ®. Une approche naive permet de calculer cette
représentation en O(N?3) opérations, ce qui est prohibitif!

Nous avons développé quelques algorithmes pour calculer cette matrice efficacement,
cependant, leurs performances pratiques sont encore trop mauvaises et nous avons choisi
de ne pas les présenter dans cette these. Notons tout de méme que le probleme est
résolu de facon efficace dans le cadre des convolutions, ou la structure de la matrice ©
nous a permis d’élaborer des algorithmes en O(NN). Nous pensons continuer & étudier ce
probléme par la suite.

Structure de parcimonie adaptée au probléme inverse

Les méthodes développées pour déterminer a priori une structure de parcimonie (|1.41)
ou ([1.42)) sont optimales pour le probléme direct i.e. le calcul de Hu. Notre but est en
fait de résoudre un probléme inverse du type

1
1) € argmin —||Hu — upl|3 + AR(u). (1.60)
ueRN 2
Les résultats numériques obtenus au Chapitre [3| laissent penser que déterminer une
structure optimale pour ce probléme inverse permettrait d’obtenir des résultats de res-
tauration meilleurs. Une telle structure de parcimonie = de cardinalité L pourrait étre
obtenue en résolvant le probléme :
min sup E|ay — ul3, (1.61)
IEI=L jux <1
ou ’espérance est prise sur la perturbation stochastique et 1) est la solution du probléeme
d’optimisation obtenue avec I'opérateur H = ¥©;¥*, la matrice ®;, est supportée sur
=. La structure de parcimonie = serait plus adaptée au probléme inverse et au parametre
de régularisation X\. Nous avons a peine effleuré ce probleme pendant la these. Il semble
particulierement complexe a résoudre, mais aussi particulierement pertinent.

Décomposition des opérateurs dans des trames

La restauration du probleme ((1.43]) utilise une régularisation promouvant la parcimo-
nie des images dans une base d’ondelettes orthogonales. Numériquement, ces bases sont
connues pour ne pas étre invariantes aux translations. Des artefacts peuvent apparaitre
sur 'image restaurée. L’utilisation de trame d’ondelettes invariantes par translations
permet de réduire significativement ces artefacts. Cependant, les temps de transforma-
tion sont beaucoup plus longs et la méthodologie développée dans le Chapitre 4] pourrait
étre d’'un grand intérét. Des questions doivent néanmoins étre étudiées préalablement :
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e La représentation d’un opérateur dans une trame n’est pas unique, comment choi-
sir une représentation adaptée? Sur quels critéres? On peut imaginer tenter de
trouver la représentation la plus parcimonieuse de sorte & minimiser le cotit d’un
produit matrice-vecteur. Des résultats numériques préliminaires obtenus dans le
cadre d’opérateurs de convolution sont particulierement encourageants : on peut
obtenir des représentations d’opérateurs beaucoup plus parcimonieuses dans des
trames d’ondelettes que dans des bases orthogonales.

e La méthode développée dans le Chapitre [4] repose sur le fait que $¥* = ¥*¥ =1,
ce qui n’est plus le cas pour une trame. Est-il tout de méme possible d’élaborer un
algorithme rapide de restauration ?

L’idée de représenter des opérateurs dans des trames n’est pas nouvelle [109} 108, 93].
Ces travaux étudient I’approximation d’opérateur par des multiplicateurs de Gabor, qui
sont des opérateurs diagonaux dans la trame du méme nom.

Optimalité de la décomposition en ondelettes

Comme nous 'avons vu dans ces travaux, le choix de la base qui permet de décomposer
les opérateur est crucial. Elle doit permettre de compresser une classe d’opérateurs tout
en fournissant des produits matrice-vecteur rapides. Nous avons fait le choix des bases
d’ondelettes pour beaucoup de raisons expliquées précédemment. On peut se demander
si ce choix est optimal et se rapprocher de la théorie des Kolmogorov n-widths pour le
montrer de fagon formelle [193].

Apprentissage de représentation

Enfin, notons que la tendance actuelle est plus ’apprentissage de représentations adap-
tées & des classes restreintes de probléemes [161), [50] [160]. Ces idées ont un bon potentiel
dans le domaine de I’approximation d’opérateurs et sont probablement une bonne piste
de recherche. Nous avons choisi des bases “universelles” dans cette these, qui permettent
de représenter simultanément beaucoup d’objets différents (matrices et vecteurs). Il est
cependant probable que de bien meilleures représentations puissent étre apprises en pre-
nant en compte simultanément la structure de I'opérateur et celle de la classe d’images
a traiter.

1.6.2 Meéthodes de produit-convolution

Nous avons étudié les performances théoriques des approximations par produit-convolu-
tions sous I’hypothese de régularité T'(x, - ) € H*(Q2) pour tout z € 2. Il est intéressant
pour certaines applications d’étudier les vitesses de convergence de ces méthodes dans le
cas d’espace plus généraux. Par exemple 'hypothese T' € BV (2 x Q) pourrait étre trai-
tée en utilisant les résultats de la théorie de I’approximation non-linéaire. Ce cadre est
pertinent par exemple, dans le cadre de la vision par ordinateur, ou des objets peuvent
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se déplacer a différentes vitesses. Dans ce cas, une modélisation approximative du flou
est constant par morceaux H

Les qualités d’approximation des ces méthodes ont été mesurées en utilisant la norme
Hilbert-Schmidt d’opérateur || - || zg. Comme nous I’avons vu, il est souvent plus intéres-
sant de considérer des normes de type

[H|[x—y = sup [Hully, (1.62)

lJullx <

ou |- ||x et || - ||y sont des normes caractérisant des espaces fonctionnels. Pour le moment,
la démarche a adopter pour controler ce genre de norme n’est pas claire. C’est d’ailleurs
un des grands avantages des représentations en ondelettes proposées dans le Chapitre
[B] : Padaptation & différentes normes est bien plus facile.

1.6.3 Estimation des opérateurs

Dans le chapitre [5] nous avons considéré le cadre de l'estimation d’un opérateur & partir
de quelques réponses impulsionnelles. Dans quelques applications, comme la prospection
pétroliere, l'action de l'opérateur est connu sur un ensemble de fonctions test (u;)1<i<n
quelconques. Il me semble intéressant d’étudier une méthode d’estimation plus générale
que celle proposée dans ces travaux. Plusieurs questions sont a étudier :

e Comment élaborer une méthode d’estimation réalisable en tres grande dimension ?
e Il y a-t-il une interprétation spatiale de I’estimateur ?
e Quel est le risque de l'estimateur E||H — H||x_y ?

e Comment choisir les n meilleures fonctions qui permettent de minimiser ’erreur
d’estimation ?

Ces questions sont assez liées a la théorie récente de ’échantillonnage compressé.
De mon point de vue, la dimensionnalité du probleme rend cependant l’identification
du support difficile. Il me semble plus pertinent de fixer le support en faisant des hypo-
theses de régularité du noyau, puis d’utiliser des techniques d’estimation sur un ensemble
de petite dimension. Les techniques de super-compression évoquées dans le Chapitre
semblent étre un outil particulierement adapté a ce probléme.

1.7 Organisation de la these

Cette these est divisée en trois parties. La premiere est consacrée a 1’étude des approxi-
mations des opérateurs de flou et a leur utilisation dans la résolution des problemes
inverses. La deuxiéme concerne le probleme d’estimation des opérateurs. Enfin, la troi-
sieme regroupe les différents problemes d’imagerie traités au cours de cette these.

2En fait cette approximation est imparfaite, car elle ne tient pas compte des occlusions
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Partie I : Approximation of operators

Chapitre 2| : Approzimation of integral operators using convolution-product expansions

Ce chapitre est issu de [I01], soumis en mai 2016 en collaboration avec Pierre Weiss.
On y consideére une classe d’opérateurs linéaires intégraux de réponses impulsion-
nelles variant régulierement dans le temps ou ’espace. Ces opérateurs apparaissent
dans un grand nombre d’applications allant du traitement des signaux/images a la
biologie. Evaluer leurs actions sur des fonctions est un probléme intensif numéri-
quement. Il est cependant nécessaire pour beaucoup d’applications. On analyse une
technique d’approximation appelée développement en produit-convolution dans la-
quelle 'opérateur est approché localement par une convolution. Cette hypothese
permet de construire des algorithmes rapides reposant sur la transformée de Fou-
rier. Nous avons construit différents types de développements, étudié leur vitesse
d’approximation et leur complexité en fonction de la régularité des variations des
réponses impulsionnelles. Cette analyse suggere de nouvelles implémentations re-
posant sur des ondelettes. Elles présentent plusieurs atouts : une vitesse d’approxi-
mation optimale, de faibles cofits de calculs et de stockage et une adaptivité a la
régularité du noyau. Les méthodes proposées dans ce chapitre sont des alterna-
tives aux méthodes plus standards comme panel clustering, cross approximations,
développement en ondelettes, H-matrices.

Chapitre 3| : Sparse wavelet representation of spatially varying blurring operators

Ce chapitre est issu de [I00] publié dans SIAM Journal on Imaging Science 2015
en collaboration avec Pierre Weiss. La restauration d’images dégradées par des
flous variables est un probleme rencontré dans beaucoup de disciplines comme
I’astrophysique, la vision par ordinateur et I'imagerie médicale. L’un des plus gros
challenges dans la résolution de ce probleme est d’élaborer des algorithmes numéri-
quement efficaces qui permettent d’approcher des opérateurs intégraux. Nous intro-
duisons une nouvelle méthode reposant sur des approximations parcimonieuses des
opérateurs de flou dans des bases d’ondelettes. Cette méthode requiert O(Ne~%/M)
opérations pour produire une e-approximation ou N est le nombre de pixels d’une
image d-dimensionnelle est M > 1 est une scalaire décrivant la régularité du flou.
De plus, nous proposons une idée originale qui permet de définir a priori une struc-
ture de parcimonie quand seulement la régularité de 'opérateur est connue. Les
expériences numériques nous montrent que notre algorithme fournit des résultats
significativement meilleurs que les méthodes de 1’état-de-1’art.

Chapitre @] : Accelerating ¢ — ¢? deblurring using wavelet expansions of operators

Ce chapitre est issu de [99] soumis en décembre 2015 en collaboration avec Pierre
Weiss. La restauration d’images dégradées par des flous est un probleme fonda-
mental en traitement d’image. Il est généralement résolu en utilisant des procé-
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dures d’optimisation gourmandes en calculs. Le but de ce chapitre est de proposer
de nouvelles stratégies efficaces permettant de réduire les temps de calculs pour
des modeles de restauration simple utilisant des régularisations basées sur des
transformées en ondelettes orthogonales. Nous montrons que la minimisation peut
étre accélérée significativement en utilisant le fait que les images et les opérateurs
sont compressibles dans la méme base orthonormale d’ondelettes. La méthodo-
logie proposée repose sur trois ingrédients : i) une approximation parcimonieuse
de 'opérateur dans une base d’ondelettes, ii) un préconditionneur diagonal et iii)
une implémentation massivement parallele. La combinaison de ces trois ingrédients
donne lieu a des facteurs d’accélération variant de 30 a 250 sur une station de tra-
vail standard. Par exemple, la restauration d’une image 1024 x 1024 est effectuée
en 0.15 secondes.

Partie II : Estimation of operators

Chapitre [5| : Identification of linear operators from scattered impulse responses

Ce chapitre est issu de [98], un article en préparation et en collaboration avec Jéré-
mie Bigot et Pierre Weiss. Préalablement a la restauration d’images dégradées par
des flous variables, les opérateurs de flou doivent étre estimés. Nous considérons
donc le probleme de 'estimation d’un opérateur intégral régulier a partir de la
connaissance de n réponses impulsionnelles éparpillées dans le domaine. Nous pro-
posons un estimateur H de lopérateur H calculable en tres grande dimension. La
méthode repose sur une interpolation ligne par ligne des coefficients en ondelettes
de la Time Varying Impulse Response (TVIR). L’estimateur a une interpréta-
tion spatiale sous forme variationnelle. Nous avons obtenu la vitesse d’estimation
E|H - H|}_, S N2/ 4 (Nn_l)ﬁﬁ ou N est la dimension de la discrétisation
et r et s sont des scalaires décrivant la régularité des réponses impulsionnelles et
de leurs variations. Cette méthode est illustrée numériquement sur des problémes
d’interpolation d’opérateurs.

Partie III : Imaging problems

Chapitre [6] : A variational model for multiplicative structured noise removal

Ce chapitre est issu de [104], accepté en Juin 2016 pour publication dans Journal
of Mathematical Imaging and Vision (JMIV). 1l est le fruit d’une collaboration
avec Pierre Weiss et Wenxing Zhang. Nous considérons le probleme d’estimation
d’images dégradées par des bruits qui sont a la fois structurés et multiplicatifs.
Notre premiere motivation a été les images issues du Selective Plane Illumination
Microscope (SPIM) qui souffrent souvent d’inhomogénéités d’intensité dues a 1’ab-
sorption et la réfraction de la lumiere lors de sa propagation dans 1’échantillon.
Ce type de dégradations apparait aussi dans d’autres modalités d’imagerie comme
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I’échographie. Nous avons modélisé les bruits multiplicatifs comme des processus
stationnaires avec une distribution connue. Cette modélisation donne lieu & un
nouveau probléeme de restauration convexe reposant sur le principe du maximum
a posteriori. Apres I'étude de quelques propriétés analytiques des minimiseurs,
nous proposons finalement des méthodes d’optimisation rapides implémentées sur
GPU. Les expériences numériques sur des images 2D issues de la microscopie a
fluorescence démontrent 1’utilité pratique de ce modele.

Chapitre [7| : Contrast Invariant SNR

Ce chapitre est issu de [244], en cours de préparation et en collaboration avec Pierre
Weiss et Yiqgiu Dong. Dans ce chapitre nous concevons une mesure de similarité
d’images qui est invariante aux changements de contrastes locaux, qui constituent
un modeéle simple de changement d’illumination. A partir de deux images, I’algo-
rithme construit une image qui est la plus proche de la premiere mais qui partage
le méme arbre de composantes que la deuxiéme. Ce probléme peut-étre vu comme
un probléme d’optimisation spécifique appelé régression isotonique. Nous donnons
quelques propriétés analytiques de la solution de ce probleme. Nous avons aussi éla-
boré une procédure d’optimisation de premier ordre adaptée ainsi qu'une analyse
complete de sa complexité. La méthode proposée se montre en pratique plus efficace
et fiable que les méthodes existantes basées sur la méthode des points intérieurs.
L’algorithme a aussi des applications potentielles en détection de changements,
traitement des images couleurs et fusion d’images.

Chapitre [8| : High-resolution in-depth imaging of optically cleared thick samples using
an adaptive SPIM

Cette article est issu de [165] publié dans Nature Scientific Reports en Novembre
2015. 11 est le fruit d’une collaboration les équipes d’imagerie et de biologie de
I'ITAV : Aurore Masson et Corinne Lorenzo; Céline Frongia et Bernard Ducom-
mun ainsi que la société d’Imagine Optic représentée ici par Grégory Clouvel. De
nos jours, les microscopes a feuille de lumiére permettent d’imager des échan-
tillons sur plusieurs centaines de microns de profondeur. Les images produites par
ce microscope sont dégradées par de la diffusion, des absorptions et des aberra-
tions optiques. Les variations spatiales des indices de réfraction dans 1’échantillon
perturbent grandement le parcours de la lumiere. Cela conduit a une perte de si-
gnal et de contraste dans les régions profondes. Ces effets sont particulierement
marqués lors de I’étude d’échantillons complexes inhomogenes. Récemment, des
traitements chimiques ont été développés et permettent d’homogénéiser les indices
de réfraction. Bien que ce traitement réduise les dégradations liées aux variations
d’indices de réfraction dans I’échantillon, il crée une discontinuité entre les indices
de I’échantillon traité et le milieu utilisé pour les objectifs. Une nouvelle dégrada-
tion apparalt que nous proposons de corriger avec un systeme d’optique adaptative
qui peut étre couplée a un algorithme de déconvolution aveugle.
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Part 1

Approximation of operators
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Approximation of integral operators using
convolution-product expansions

Résumé : Ce chapitre est issu de [I01)], soumis en mai 2016 en collaboration avec Pierre Weiss.
On y considére une classe d’opérateurs linéaires intégraux de réponses impulsionnelles variant réguliére-
ment dans le temps ou ’espace. Ces opérateurs apparaissent dans un grand nombre d’applications allant
du traitement des signauz/images d la biologie. Evaluer leurs actions sur des fonctions est un prob-
léeme intensif numériquement. Il est cependant nécessaire pour beaucoup d’applications. On analyse une
technique d’approximation appelée développement en produit-convolution dans laquelle 'opérateur est
approché localement par une convolution. Cette hypothése permet de construire des algorithmes rapides
reposant sur la transformée de Fourier. Nous avons construit différents types de développements, étudié
leur vitesse d’approzimation et leur complexité en fonction de la régularité des variations des réponses
impulsionnelles. Cette analyse suggére de nouvelles implémentations reposant sur des ondelettes. FElles
présentent plusieurs atouts : une vitesse d’approximation optimale, de faibles cotts de calculs et de
stockage et une adaptivité a la régularité du noyau. Les méthodes proposées dans ce chapitre sont des
alternatives aux méthodes plus standards comme panel clustering, cross approximations, développement

en ondelettes, H-matrices.

Abstract: We consider a class of linear integral operators with impulse responses varying reqularly
in time or space. These operators appear in a large number of applications ranging from signal/image
processing to biology. Evaluating their action on functions is a computationally intensive problem nec-
essary for many practical problems. We analyze a technique called product-convolution expansion: the
operator is locally approximated by a convolution, allowing to design fast numerical algorithms based
on the fast Fourier transform. We design various types of expansions, provide their explicit rates of
approximation and their complexity depending on the time varying impulse response smoothness. This
analysis suggests novel wavelet based implementations of the method with numerous assets such as op-
timal approximation rates, low complexity and storage requirements as well as adaptivity to the kernels
regularity. The proposed methods are an alternative to more standard procedures such as panel clustering,

cross approrimations, wavelet expansions or hierarchical matrices.
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2.1 Introduction

We are interested in the compact representation and fast evaluation of a class of space
or time varying linear integral operators with regular variations. Such operators appear
in a large number of applications ranging from wireless communications [198], 135] to
seismic data analysis [I21], biology [I14] and image processing [203].

In all these applications, a key numerical problem is to efficiently evaluate the action
of the operator and its adjoint on given functions. This is necessary - for instance - to
design fast inverse problems solvers. The main objective of this paper is to analyze the
complexity of a set of approximation techniques coined product-convolution expansions.

We are interested in bounded linear integral operator H : L*(Q) — L?(2) defined
from a kernel K by:

Hu(e) = [ K(,y)uly) dy (2.1)

for all u € L?(Q), where Q C R?. Evaluating integrals of type is a major challenge in
numerical analysis and many methods have been developed in the literature. Nearly all
methods share the same basic principle: decompose the operator kernel as a sum of low
rank matrices with a multi-scale structure. This is the case in panel clustering methods
[125], hierarchical matrices [34], cross approximations [I88] or wavelet expansions [29].
The method proposed in this paper basically shares the same idea, except that the time
varying impulse response T of the operator is decomposed instead of the kernel K. The
time varying impulse response (TVIR) T of H is defined by:

T(z,y) = K(z +y,y). (2.2)

The TVIR representation of H allows formalizing the notion of regularly varying in-
tegral operator: the functions 7'(z, - ) should be “smooth” for all x € €. Intuitively,
the smoothness assumption means that two neighboring impulse responses should only
differ slightly. Under this assumption, it is tempting to approximate H locally by a
convolution. Two different approaches have been proposed in the literature to achieve
this. The first one is called convolution-product expansion of order m and consists of
approximating H by an operator H,, of type:

Hpu = Z wi, @ (hg * u), (2.3)
k=1

where ® denotes the standard multiplication for functions and the Hadamard product
for vectors, and * denotes the convolution operator. The second one, called product-
convolution expansion of order m, is at the core of this paper and consists of using an
expansion of type:

m
Hpu =" hp* (wy ®u). (2.4)

k=1
These two types of approximations have been used for a long time in the field of imaging
(and to a lesser extent mobile communications and biology) and progressively became
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more and more refined [228) 180}, 112} 114, 135} [7), 132} 175, 85]. In particular, the re-
cent work [85] provides a nice overview of existing choices for the functions hj and wy,
as well as new ideas leading to significant improvements. Many different names have
been used in the literature to describe expansions of type and depending
on the communities: sectional methods, overlap-add and overlap-save methods, piece-
wise convolutions, anisoplanatic convolutions, parallel product-convolution, filter flow,
windowed-convolutions... The term product-convolution comes from the field of mathe-
matics [39] D We believe that it precisely describes the set of expansions of type
and therefore chose this naming. It was already used in the field of imaging by [7]. Now
that product-convolution expansions have been described, natural questions arise:

i) How to choose the functions hy and wy?
ii) What is the numerical complexity of evaluating products of type H,u?

iii) What is the resulting approximation error ||H,, — H||, where ||-|| is a norm over
the space of operators?

iv) How many operations are needed in order to obtain an approximation H,, such
that ||Hy,, — H|| < €?

Elements i) and ii) have been studied thoroughly and improved over the years in the
mentioned papers. The main questions addressed herein are points iii) and iv). To the
best of our knowledge, they have been ignored until now. They are however necessary in
order to evaluate the theoretical performance of different product-convolution expansions
and to compare their respective advantages precisely.

The main outcome of this paper is the following: under smoothness assumptions
of type T(z, -) € H*(Q) for all x € Q (the Hilbert space of functions in L?(Q) with s
derivatives in L?(€2)), most methods proposed in the literature - if implemented correctly
- ensure a decay of type ||H,, — H||gs = O(m™?%), where || - ||gs is the Hilbert-Schmidt
norm. Moreover, this bound cannot be improved uniformly on the considered smoothness
class. By adding a support condition of type supp(7'(z, - )) C [—£/2, k/2], the bound be-
comes | Hy,, — H||gs = O(y/km~*). More importantly, bounded supports allow reducing
the computational burden. After discretization on n time points, we show that the num-
ber of operations required to satisfy ||H,, — H||gs < € vary from O (ninlogz(n)e*1/5>

to O (K%nlogQ(mn)e_l/s> depending on the choices of wy and hi. We also show that
the compressed operator representations of Meyer [170] can be used under additional
regularity assumptions.

An important difference of product-convolution expansions compared to most meth-
ods in the literature [125, 34, 188 29, 100] is that they are insensitive to the smoothness

'With the terminology of [39], the name product-convolution would have been convolution-product
and vice-versa. The name product-convolution seems more appropriate to describe a product followed
by a convolution.
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of T(-,y). The smoothness in the = direction is a useful property to control the dis-
cretization error, but not the approximation rate. The proposed methodology might
therefore be particularly competitive in applications with irregular impulse responses.

The paper is organized as follows. In section we describe the notation and
introduce a few standard results of approximation theory. In section [2.3] we precisely
describe the class of operators studied in this paper, show how to discretize them and
provide the numerical complexity of evaluating product-convolution expansions of type
. Sections and contain the full approximation analysis for two different kinds
of approaches called linear or adaptive methods. Section [2.6] contains a summary and a
few additional comments.

2.2 Notation

Let a and b denote functions depending on some parameters. The relationship a =< b
means that a and b are equivalent, i.e. that there exists 0 < ¢; < ¢ such that cia <
b < caa. Constants appearing in inequalities will be denoted by C' and may vary at each
occurrence. If a dependence on a parameter exists (e.g. €), we will use the notation
C(e).

In most of the paper, we work on the unit circle = R\Z sometimes identified with
the interval [—%, %} This choice is driven by simplicity of exposition and the results
can be extended to bounded domains such as Q = [0,1]¢ (see section . Let L*(Q)
denote the space of square integrable functions on 2. The Sobolev space H*(£2) is defined
as the set of functions in L?(Q2) with weak derivatives up to order s in L?(Q2). The k-th
weak derivative of u € H*(Q) is denoted u(®). The norm and semi-norm of v € H*(Q)
are defined by:

ullgsy = O Iu® 2y and  [ulgs9) = [|u™] 12(q)- (2.5)
k=0

The sequence of functions (ex)rez Where ey : @ — exp(2imkx) is a Hilbert basis of L2()
(see e.g. [145]).

Definition 2.2.1. Let u € L?(Q) and ej : © +— exp(2inkx) denote the k-th Fourier
atom. The Fourier series coefficients 4[k] of u are defined for all k& € Z by:

alk] = /Qu(:c)ek(x) dx = /Qu(x) exp(—2irkz) dzx. (2.6)

The space H*(2) can be characterized through Fourier series.

Lemma 2.2.1 (Fourier characterization of Sobolev norms).

7y = D [alk]P(1+ [k]*)*. (2.7)
keZ
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Definition 2.2.2 (B-spline of order a). Let o € N and m > a+ 2 be two integers. The
B-spline of order 0 is defined by

Bom = L_1/(2m),1/(2m))- (2.8)
The B-spline of order a@ € N* is defined by recurrence by:

Ba,m = mBo’m * Bafl?m =m" BO,m * ..ok BO,m . (29)

a times

The set of cardinal B-splines of order « is denoted B, and defined by:
m—1
Bom = {f(-) =Y Bam(- —k/m), ¢, €R, 0<k<m— 1}. (2.10)
k=0

In this work, we use the Daubechies wavelet basis for L?(R) [78]. We let ¢ and 1
denote the scaling and mother wavelets and assume that the mother wavelet ¢ has «
vanishing moments, i.e.

V0 <m < a, / t"(t)dt = 0. (2.11)
[0,1]
Daubechies wavelets satisfy supp(v)) = [—a + 1,a], see [163, Theorem 7.9, p. 294].
Translated and dilated versions of the wavelets are defined, for all j > 0 by
i(w) = 2% (22— 1) (2.12)

The set of functions (;;)jen ez, is an orthonormal basis of L*(R) with the convention
Yoy = ¢(x — ). There are different ways to construct a wavelet basis on the interval
[~1/2,1/2] from a wavelet basis on L?(R). Here, we use boundary wavelets defined in
[71]. We refer to [79, 163] for more details on the construction of wavelet bases. This
yields an orthonormal basis (1y)xea of L?(Q2), where

A={G1,jeN0<I< 2} (2.13)

We let I, = supp(¢y) and for A € A, we use the notation |A\| = j.
Let v and v be two functions in L?(Q), the notation v ® v will be used both to
indicate the function w € L?(Q2 x Q) defined by

w(z,y) = (u@v)(z,y) = u(@)o(y), (2.14)
or the Hilbert-Schmidt operator w : L?(2) — L%(Q) defined for all f € L%(Q) by:
w(f)=(u®v)f = (u, fv. (2.15)

The meaning can be inferred depending on the context. Let H : L?(Q) — L%(2) denote
a linear integral operators. Its kernel will always be denoted K and its time varying
impulse response T'. The linear integral operator with kernel 7" will be denoted J.

The following result is an extension of the singular value decomposition to operators.
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Lemma 2.2.2 (Schmidt decomposition [193, Theorem 2.2] or [129, Theorem 1 p. 215]).
Let H : L*(Q) — L%*(Q) denote a compact operator. There exists two finite or countable
orthonormal systems {e1,...}, {f1,...} of L2(Q) and a finite or infinite sequence o1 >
o9 > ... of positive numbers (tending to zero if it is infinite), such that H can be
decomposed as:

szak'ek®fk' (2.16)
k>1

A function v € L?(12) is denoted in regular font whereas its discretized version u € R"
is denoted in bold font. The value of function v at x € Q is denoted u(x), while the i-th
coefficient of vector u € R™ is denoted w[i]. Similarly, an operator H : L?(Q) — L?() is
denoted in upper-case regular font whereas its discretized version H € R™*" is denoted
in upper-case bold font.

2.3 Preliminary facts

In this section, we gather a few basic results necessary to derive approximation results.

2.3.1 Assumptions on the operator and examples

All the results stated in this paper rely on the assumption that the TVIR T of H is a
sufficiently simple function. By simple, we mean that i) the functions T'(x, - ) are smooth
for all x € © and ii) the impulse responses T'(-,y) have a bounded support or a fast
decay for all y € Q.

There are numerous ways to capture the regularity of a function. In this paper, we
assume that T'(z, - ) lives in the Hilbert spaces H*(Q2) for all z € Q. This hypothesis is
deliberately simple to clarify the proofs and the main ideas.

Definition 2.3.1 (Class 7°). We let 7° denote the class of functions T': 2 x Q& — R
satisfying the smoothness condition: T'(z, -) € H*(Q), Yo € Q and || T(z, - )| gs(q) is
uniformly bounded in x, i.e:

sup IT(x, ) s < C < +o0. (2.17)
FAS

Note that if T'€ 77, then H is a Hilbert-Schmidt operator since:

”HH%{S:/Q/QK(Ly)zd:cdy (2.18)
:/Q/QT(x,y)2dxdy (2.19)
:/QHT(J;, N2 do < +oo. (2.20)

We will often use the following regularity assumption.

Assumption 2.3.1. The TVIR T of H belongs to T?®.
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In many applications, the impulse responses have a bounded support, or at least a
fast spatial decay allowing to neglect the tails. This property will be exploited to design
faster algorithms. This hypothesis can be expressed by the following assumption.

Assumption 2.3.2. T'(z,y) =0, V|z| > k/2.

2.3.2 Examples

We provide 3 examples of kernels that may appear in applications. Figure [2.1] shows
each kernel as a 2D image, the associated TVIR and the spectrum of the operator J
(the linear integral operator with kernel T") computed with an SVD.

Example 2.3.1. A typical kernel that motivates our study is defined by:

_ 1 -y
K(z,y) = Varo(s) exp < 202(y) > . (2.21)

The impulse responses K(-,y) are Gaussian for all y € Q. Their variance o(y) > 0
varies depending on the position . The TVIR of K is defined by:

1 72
T(z,y) = m exp (W(y)) . (2.22)

The impulse responses T'(-,y) are not compactly supported, therefore, Kk = 1 in As-
sumption [2.3.2, However, it is possible to truncate them by setting £ = 3sup,cq o(y)
for instance. ]

This kernel satisfies Assumption [2.3.1] only if ¢ : © — R is sufficiently
smooth. In Figure left column, we set o(y) = 0.08 + 0.02 cos(27y).

Example 2.3.2. The second example is given by:

2
T(z,y) = —— max(1 — 20(y)|z|,0). (2.23)
(@.1) = s max(1 = 20 ()l
The impulse responses T'(-,y) are cardinal B-splines of degree 1 and width o(y) > 0.
They are compactly supported with x = sup,cq o(y). This kernel satisfies Assumption

2.3.2l only if ¢ : © — R is sufficiently smooth. In Figure [2.1] central column, we set
o(y) = 0.1 +0.3(1 — |y|). This kernel satisfies Assumption with s = 1.

Example 2.3.3. The last example is a discontinuous TVIR. We set:

T(x,y) = goy () V1 /4,1/2) (V) + Gou () (1 = L1 /4,1 /4)(y)), (2.24)

where g,(x) = \/% exp (_%> This corresponds to the last column in Figure with

o1 = 0.05 and o2 = 0.1. For this kernel, both Assumptions 2.3.1] and [2:3.2] are violated.
Notice however that 1" is the sum of two tensor products and can therefore be represented
using only four 1D functions. The spectrum of J should have only 2 non zero elements.
This is verified in Figure [2.11 up to numerical errors.
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Figure 2.1 — Different kernels K, the associated TVIR T and the spectrum
of the operator J. Left column corresponds to Example[2.3.1] Central column
corresponds to Example @ Right column corresponds to Example @
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2.3.3 Product-convolution expansions as low-rank approximations

Though similar in spirit, convolution-product (2.3) and product-convolution (2.4]) ex-
pansions have a quite different interpretation captured by the following lemma.

Lemma 2.3.1. The TVIR of the convolution-product expansion Ty, in (2.3) is given by:

Tly) = 3 eyl + ) (225)
k=1

The TVIR of the product-convolution expansion T,, in (2.4) is given by:
m
To(z,y) = > ha(z)wi(y). (2.26)
k=1

Proof. We only prove (2.26]) since the proof of ([2.25) relies on the same arguments. By
definition:

(Hpu)(z) = <Z hi * (wy, © U)> () (2.27)

k=1

= /Q i hi(x — y)wr(y)u(y) dy. (2.28)

k=1
By identification, this yields:
k=1
so that .
Tn(2,y) = Y hi(a)wy(y). (2.30)
k=1

O]

As can be seen in , product-convolution expansions consist of finding low-
rank approximations of the TVIR. This interpretation was already proposed in [85] for
instance and is the key observation to derive the forthcoming results. The expansion
does not share this simple interpretation and we do not investigate it further in
this paper.

2.3.4 Discretization

In order to implement a product-convolution expansion of type the problem first
needs to be discretized. We address this problem with a Galerkin formalism. Let
(©1,...,%n) be a basis of a finite dimensional vector space V™ of L?(). Given an
operator H : L?(2) — L2(f)), we can construct a matrix H" € R™" defined for all
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1 <i,j <nby H"(i,j] = (Hypj,pi). Let S* : H — H" denote the discretization oper-
ator. From a matrix H", an operator H™ can be reconstructed using, for instance, the
pseudo-inverse S™* of S™. We let H™ = S™*(H™). For instance, if (p1,...,¢,) is an
orthonormal basis of V", the operator H" is given by:

H"=S"Y(H") = Y H"[i,jle; ® ¢;. (2.31)

1<ij<n

This paper is dedicated to analyzing methods denoted A,, that provide an approx-
imation H,, = A,,(H) of type , given an input operator H. Our analysis provides
guarantees on the distance ||H — H,,||gs depending on m and the regularity properties
of the input operator H, for different methods. Depending on the context, two different
approaches can be used to implement A,,.

e Compute the matrix H], = S™(H,,) using numerical integration procedures. Then
create an operator H" = S™%(H ). This approach suffers from two defects. First,
it is only possible by assuming that the kernel of H is given analytically. Moreover
it might be computationally intractable. It is illustrated below.

m Sn Snit
H A H, H H?

m m

e In many applications, the operator H is not given explicitly. Instead, we only
have access to its discretization H™. Then it is possible to construct a discrete
approximation algorithm A4,, yielding a discrete approximation H}, = A,,(H").
This matrix can then be mapped back to the continuous world using the pseudo-
inverse: H" = S™*(H ). This is illustrated below. In this paper, we will analyze
the construction complexity of H, using this second approach.

Sn Sn,Jr
H g A Hy,

m

Ideally, we would like to provide guarantees on ||H — H) || zs depending on m and
n. In the first approach, this is possible by using the following inequality:

I1H — Hy\lus < |H = Hullus + || Hm — Hy, |l 1, (2.32)

€a(m) ea(n)

where €,(m) is the approximation error studied in this paper and €4(n) is the discretiza-
tion error. Under mild regularity assumptions on K, it is possible to obtain results
of type €4(n) = O(n~7), where v depends on the smoothness of K. For instance, if
K € H"(Q x Q), the error satisfies ¢4(n) = O(n~"/2) for many bases including Fourier,
wavelets and B-splines [65]. For K € BV (Q x ), the space of functions with bounded
variations, eg(n) = O(n~Y*), see [I63, Theorem 9.3]. As will be seen later, the ap-
proximation error €,(m) behaves like O(m™*%). The proposed approximation technique
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is valuable only in the case m < n, so that the discretization error can be considered
negligible compared to the approximation error most practical applications. In all the
paper, we assume that eg(n) is negligible compared to €,(m) without mention.

In the second approach, the error analysis is more complex since there is an additional
bias due to the algorithm discretization. This bias is captured by the following inequality:

I1H — Hyllos < |H = H"[|gs + || H" — An(H") || s + | Am(H") — Hpyllas - (2.33)

eq(n) €a(m) ep(m,n)

The bias e,(m, n) = | A (ST (S™(H)))— S (A, (S"(H)))||zs accounts for the differ-
ence between using the discrete or continuous approximation algorithm. In this paper,
we do not study this bias error and assume that it is negligible compared to the approx-
imation error €.

2.3.5 Implementation and complexity

Let F,, € C"*" denote the discrete inverse Fourier transform and F';, denote the discrete
Fourier transform. Matrix-vector products Fpu or F'; u can be evaluated in O(nlogy(n))
operations using the fast Fourier transform (FFT). The discrete convolution product
v = hx u is defined for all i € Z by v[i] = >_7_ u[i — jlh[j], with circular boundary
conditions.

Discrete convolution products can be evaluated in O(nlogs(n)) operations by using
the following fundamental identity:

v=F, (F,h)© (F,u)). (2.34)

Hence a convolution can be implemented using three FFTs (O(nlogy(n)) operations)
and a point-wise multiplication (O(n) operations). This being said, it is straightforward
to implement formula with an O(mnlogy(n)) algorithm.

Under the additional assumption that wy and hj are supported on bounded intervals,
the complexity can be improved. We assume that, after discretization, h; and w; are
compactly supported, with support length g, < n and pi < n respectively.

Lemma 2.3.2. A matriz-vector product of type (2.4)) can be implemented with a com-
plexity that does not exceed O (371, (pr + qi) logy(min(py, qr))) operations.

Proof. A convolution product of type hy*(wr®u) can be evaluated in O((px+qx) log(pr+
qx)) operations. Indeed, the support of hy*(wi ®u) has no more than py+ ¢ contiguous
non-zeros elements. Using the Stockham sectioning algorithm [218], the complexity can
be further decreased to O((px+qi) logs(min(pg, gx))) operations. This idea was proposed
in [132]. O
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2.4 Projections on linear subspaces
We now turn to the problem of choosing the functions h; and wy in equation (2.4)). The

idea studied in this section is to fix a subspace E,, = span(eg, k € {1,...,m}) of L*(Q)
and to approximate T'(z, -) as:

k=1

For instance, the coefficients ¢ can be chosen so that T,,(x, -) is a projection of T'(z, -)
onto E,,. We propose to analyze three different different family of functions e;: Fourier
atoms, wavelets atoms and B-splines. We analyze their complexity and approximation
properties as well as their respective advantages.

2.4.1 Fourier decompositions

It is well known that functions in H*(€2) can be well approximated by linear combination
of low-frequency Fourier atoms. This loose statement is captured by the following lemma.

Lemma 2.4.1 ([89, 88]). Let f € H*(?) and fp, denote its partial Fourier series:

fm = f: FlKler, (2.36)

k=—m

where e (y) = exp(2imky). Then
[fm = fllzz) < Cm™°|[ f (- (2.37)
The so-called Kohn-Nirenberg symbol N of H is defined for all (z,k) € Q x Z by
Nz, k) = /Q Tz, y) exp(—2irky) dy. (2.38)
Ilustrations of different Kohn-Nirenberg symbols are provided in Figure 2.2
Corollary 2.4.1. Set ei(y) = exp(2inky) and define T, by:

Tu(z,y) = D> N(z,k)er(y). (2.39)
k[ <m

Then, under Assumptions[2.3.1] and[2.5.2

| Hyp — H| s < Cv/rm™. (2.40)
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Proof. By Lemma and Assumption [T (2, ) = T(x, - ) r200) < Cm™ for
some constant C' and for all x € Q. In addition, by Assumption Tz, - ) —

T(z, )|l2(q) = 0 for |z| > r/2. Therefore:

H = Hlss = [ [ (Tul.y) = Ty dody (241)
= [ 1T, ) = T, )l do (2.42)

< KC?m ™% (2.43)

Ul

As will be seen later, the convergence rate (2.40) is optimal in the sense that no
product-convolution expansion of order m can achieve a better rate under the sole As-

sumptions and

Corollary 2.4.2. Under Assumptions|2.3. 1} and lete >0 and setm = (0671/3#/231.
Then H,, satisfies ||H — Hy,||gs < € and products with Hy, and H}, can be evaluated
with no more than O(k'/*nlogne='/*) operations.

Proof. Since Fourier atoms are not localized in the time domain, the modulation func-
tions wy, are supported on intervals of size p = n. The complexity of computing a matrix
vector product is therefore O(mnlog(n)) operations by Lemma [2.3.2 O

Finally, let us mention that computing the discrete Kohn-Nirenberg IN costs O(xn? logy(n))
operations (kn discrete Fourier transforms of size n). The storage cost of this Fourier
representation is O(m#sn) since one has to store kn coefficients for each of the m vectors
hy.

In the next two sections, we show that replacing Fourier atoms by wavelet atoms or
B-splines preserves the optimal rate of convergence in O(y/km™*), but has the additional
advantage of being localized in space, thereby reducing complexity.

2.4.2 Spline decompositions

B-Splines form a Riesz basis with dual Riesz basis of form [63]:

(Baum (- — k/m))ock<m—1- (2.44)

The projection f,, of any f € L?(2) onto Ba,m can be expressed as:

fn = argmin ||f — fI3 (2.45)
fEBa,m
m—1
= > (fs Bam(- = k/m))Bam(- —k/m). (2.46)
k=0
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4

(a) Kernel 1 (b) Kernel 2 (c) Kernel 3
Figure 2.2 — Kohn-Nirenberg symbols of the kernels given in Examples m

and in log,, scale. Observe how the decay speed from the center
(low frequencies) to the outer parts (high frequencies) changes depending on

the TVIR smoothness. Note: the lowest values of the Kohn-Nirenberg symbol
have been set to 10~ for visualization purposes.

Theorem 2.4.1 ([30, p. 87] or [89, p. 420]). Let f € H*(Q2) and o > s, then

If = fmll2 < CVERT| fl1=(Q). (2.47)

The following result directly follows.

Corollary 2.4.3. Set a > s. For each x € Q, let (cx(z))o<k<m—1 be defined as

ck(x) = (T(x, ),Eam( —k/m)). (2.48)
Define T,, by:
m—1
Tn(z,y) = ) ci(@)Bam(y — k/m). (2.49)
k=0

If a > s, then, under Assumptions[2.3.1] and|2.53.3,

VHyn — Hlis < Cy/rm™, (2.50)
Proof. The proof is similar to that of Corollary (2.4.1)). O

Corollary 2.4.4. Under Assumptions|2.3.1and|2.3.4, let e > 0 and set m = [Ce™V/*k1/257,
Then H,, satisfies |H — Hp||ps < € and products with H,, and H}, can be evaluated
with no more than

0 ((8 + /£1+1/28671/S) nlogQ(Fm)) (2.51)

operations. For small ¢ and large n, the complexity behaves like

O (/@Hl/QSnlogQ(/in)e*l/s) . (2.52)
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Proof. In this approximation, m B-splines are used to cover ). B-splines have a compact
support of size (a4 1)/m. This property leads to windowing vector wy with support
of size p = [(a + 1);7-]. Furthermore the vectors (hx) have a support of size ¢ = xn.
Combining these two results with Lemma and Corollary yields the result for
the choice oo = s. O

The complexity of computing the vectors ¢ is O(kn?log(n)) (kn projections with
complexity nlog(n), see e.g. [231]).

As can be seen in Corollary , B-splines approximations are preferable over
Fourier decompositions whenever the support size k is small.

2.4.3 'Wavelet decompositions

Lemma 2.4.2 ([163, Theorem 9.5]). Let f € H*(Q) and fy, denote its partial wavelet
series:

Jm = Z C;ﬂ/{m (2.53)

| <Tlogs(m)]

where ) is a Daubechies wavelet with o > s vanishing moments and c,, = (1, f). Then

1fm = fllz2@) < Cm”°(| fll s (e)- (2.54)
A direct consequence is the following corollary.

Corollary 2.4.5. Let ¢ be a Daubechies wavelet with o = s + 1 vanishing moments.
Define T, by:

To(z,y) = > cul@)uly), (2.55)

|n|<[ogy (m)]

where cy(x) = (Y, T(x, -)). Then, under Assumptions|2.3.1] and (2.5.2

|Hy — H|lgs < CVEm™®. (2.56)
Proof. The proof is identical to that of Corollary (2.4.1)). O

Proposition 2.4.1. Let ¢ > 0 and set m = [Ce '/*xY/25]. Under Assumptions m
and(2.3.3 Hy, satisfies ||H — Hy,||ns < € and products with Hy, and H}, can be evaluated
with no more than

O ((sn logsy (6_1/8,‘/{,1/28) + HlH/QSne_l/S) logQ(/-m)) (2.57)
operations. For small €, the complexity behaves like

O (/ﬁHl/anlogQ(Fm)e*l/s) : (2.58)
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(a) Kernel 1 (b) Kernel 2 (c) Kernel 3

Figure 2.3 — “Wavelet symbols” of the operators given in Examples [2.3.1]
[2:3:2)and 2:3:3]in log, scale. The red bars indicate separations between scales.
Notice that the wavelet coefficients in kernel 1 rapidly decay as scales increase.
The decay is slower for kernels 2 and 3 which are less regular. The adaptiv-
ity of wavelets can be visualized in Kernel 3: some wavelet coefficients are
non zero at large scales, but they are all concentrated around discontinuities.
Therefore only a few number of couples (c,,1,,) will be necessary to encode
the discontinuities. This was not the case with Fourier or B-spline atoms.

Proof. In (2.55)), the windowing vectors wy, are wavelets 1), of support of size min((2s +
1)n27 1 n). Therefore each convolution has to be performed on intervals of size |1 ul +
kn. Since there are 27 wavelets at scale j, the total number of operations is:

Y (%l + sn)logy(min(|sp,|, kn)) (2.59)
# | |nl<loga(m)
< > ((2s+1)n27 ¥ 4 kn) logy(rn) (2.60)
f] |p|<logz(m)
logy(m)—1 ' '
= Z 2) ((23 +1)n277 4+ /m) logy (kn) (2.61)
=0
logy (m)—1 '
= > ((23 +1)n+ 23/m) logy (kn) (2.62)
§=0
<((2s + 1)nlogy(m) + mkn) logy(kn) (2.63)
= ((25 + 1)nlogy (e V/ok1/2%) + 6_1/5m1+1/25n> logsy (Kkn). (2.64)
O

Computing the vectors ¢, costs O(ksn?) operations (kn discrete wavelet transforms
of size n). The storage cost of this wavelet representation is O(mxn) since one has to
store kn coefficients for each of the m functions hy.

As can be seen from this analysis, wavelet and B-spline approximations roughly have
the same complexity over the class T*°. The first advantage of wavelets compared to
B-splines is that the coefficients ¢, (x) have a simple analytic expression, while B-splines
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coefficients ¢ are found by solving a linear system. This is slightly more complicated to
implement.

The second significant advantage of wavelets compared to B-splines with fixed knots
is that they are known to characterize much more general function spaces than H*(£2).
For instance, if all functions 7T'(z, - ) have a single discontinuity at a given y € €2, only a
few coefficients ¢, () will remain of large amplitude. Wavelets will be able to efficiently
encode the discontinuity, while B-splines with fixed knots - which are not localized in
nature - will fail to well approximate the TVIR. It is therefore possible to use wavelets
in an adaptive way. This effect is visible on Figure despite discontinuities, only
wavelets localized around the discontinuities yield large coefficients. In the next section,
we propose two other adaptive methods, in the sense that they are able to automatically
adapt to the TVIR regularity.

2.4.4 Interpolation VS approximation

In all previous results, we constructed the functions wy and hj in by projecting
T(z, -) onto linear subspaces. This is only possible if the whole TVIR T is available.
In very large scale applications, this assumption is unrealistic, since the TVIR contains
n? coefficients, which cannot even be stored. Instead of assuming a full knowledge of T,
some authors (e.g. [I80]) assume that the impulse responses T'( -, y) are available only
at a discrete set of points y; = i/m for 1 <i < m.

In that case, it is possible to interpolate the impulse responses instead of approxi-
mating them. Given a linear subspace E,, = span(eg, k € {1,...,m}), where the atoms
ey are assumed to be linearly independent, the functions ci(z) in are chosen by
solving the set of linear systems:

m

Z ck(@)er(yi) = Tn(x,y;) for 1<i<m. (2.65)
k=1

In the discrete setting, under Assumption this amounts to solving [kn] linear
systems of size m x m. We do not discuss the rates of approximation for this interpo-
lation technique since they are usually expressed in the L°°-norm under more stringent
smoothness assumptions than 7' € T°. We refer the interested reader to [206, 89, 91] for
results on spline and wavelet interpolants.

2.4.5 On Meyer’s operator representation

Up to now, we only assumed a regularity of 7" in the y direction, meaning that the impulse
responses vary smoothly in space. In many applications, the impulse responses them-
selves are smooth. In this section, we show that this additional regularity assumption can
be used to further compress the operator. Finding a compact operator representation is
a key to treat identification problems (e.g. blind deblurring in imaging).

Since () ren is a Hilbert basis of L?(£2), the set of tensor product functions (¢ ®
Yu)renpen is a Hilbert basis of L?(2 x Q). Therefore, any T € L*(f2 x Q) can be

68



expanded as:

z,y) = > > eaxuta@)u(y). (2.66)

AEA peA

The main idea of the construction in this section consists of keeping only the coefficients
¢y of large amplitude. A similar idea was proposed in the BCR paper [29]E|, except
that the kernel K was expanded instead of the TVIR 7. Decomposing 1" was suggested
by Beylkin at the end of [2§] without a precise analysis.

In this section, we assume that '€ H™(Q2 x Q), where

H™(QxQ) ={T: QxQ = R, 9;70,°T € L2(QxQ), Yag € {0,...,r},Vas € {0,...,5}}.
(2.67)

This space arises naturally in applications, where the impulse response regularity » might

differ from the regularity s of their variations. Notice that H?*(Q x Q) C H**(Q2 x Q) C

H*(Q).

Theorem 2.4.2. Assume that T € H™*(Q2x Q) and satisfies Assumption[2.3.9. Assume

that ¥ has max(r,s) + 1 vanishing moments. Let cy, = (T, ® ). Define

Hml,mg = Z Z C)x,,lﬂ/})\ & Q;Z);L' (268)

|A|<logs (m1) |p[<logy(m2)

Let m € N, set my = [m¥/ T+ my = [m"/0+9)] and H,, = Hypymy- Then

|H — Hp s < C/rm ™75, (2.69)
Proof. First notice that

Toomy = Y u®y, (2.70)
|u|<[logy (m:2)]

where c,(x) = (T'(, - ), ). From Corollary we get:
1 To0,me — T”L2(Q><Q) < C\/Emg_s- (2.71)

Now, notice that ¢, € H"(€). Indeed, for all 0 < k < r, we get:

| (@cu(a))? do (2.72)
= [ (2 [ reaway) a 07
_/ (/ (%) (2, y) Yy )dy)2 dz (2.74)

< [ NET) @, )@yl viulitag do (275)
= (@51 )||L2(Q><Q)<+OO~ (2.76)

2This was also the basic idea in our recent paper [I00].
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Therefore, we can use Lemma [2.4.2] again to show:

1 Too,mas = TinymallL2(@x0) < CVEmM". (2.77)
Finally, using the triangle inequality, we get:
IT = Tonyymsllms < CVi(my" +my*). (2.78)

By setting m; = m;/ " the two approximation errors in the right-hand side of (2.78) are
balanced. This motivates the choice of my and ms indicated in the theorem. O

The approximation result in inequality is worse than the previous ones. For
instance if 7 = s, then the bound becomes O(y/km~*/?) instead of O(y/km~*) in all
previous theorems. The great advantage of this representation is the operator storage:
until now, the whole set of vectors (c,) had to be stored (O(knm) values), while now,
only m coefficients ¢, are required. For instance, in the case r = s, for an equivalent
precision, the storage cost of the new representation is O(km?) instead of O(knm).

In addition, evaluating matrix-vector products can be achieved rapidly by using the
following trick:

Hpu= Yo ot (¥, 0u) (2.79)

[A|<logy(m1) |u|<logy(m2)

= ) ( > C)\,;ﬂp)\)*(d’u@u). (2.80)

lu<logy(m2) \|A|<logy(mi)
By letting ¢, = Z|)\|§log2(m1) ey, we get
Hyu= >  &x(p,0u) (2.81)
|u|<logy (m2)

which can be can be computed in O(maknlogy(kn)) operations. This remark leads to
the following proposition.

Proposition 2.4.2. Assume that T € H™*(Qx Q) and that it satisfies Assumption[2.3.9
—(r+
Set m = R £ ) rrs)/rs . Then the operator H,, defined in Theorem |2.4.4 satisfies

CVk

|H — Hp,||zs < € and the number of operations necessary to evaluate a product with Hy,
2s

or H}, is bounded above by O (e_l/sﬁ%nlogg(n)).

Notice that the complexity of matrix-vector products is unchanged compared to the
wavelet or spline approaches with a much better compression ability. However, this
method requires a preprocessing to compute ¢, with complexity e /s 25y,

2.5 Adaptive decompositions

In the last section, all methods shared the same principle: project T'(x, -) on a fixed
basis for each x € €. Instead of fixing a basis, one can try to find a basis adapted to the
operator at hand. This idea was proposed in [112] and [85].
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(a) Kernel 1 (b) Kernel 2 (c) Kernel 3

Figure 2.4 — Meyer’s representations of the operators in Examples|2.3.1]
and [2.3.3)in logy, scale.

2.5.1 Singular value decompositions

The authors of [I12] proposed to use a singular value decomposition (SVD) of the TVIR
in order to construct the functions h; and wy. In this section we first detail this idea and
then analyze it from an approximation theoretic point of view. Let J : L2(Q) — L%(Q)
denote the linear integral operator with kernel T' € 7. First notice that J is a Hilbert-
Schmidt operator since ||J||gs = ||H||zs. By Lemma and since Hilbert-Schmidt
operators are compact, there exists two Hilbert bases (ex) and (fx) of L*(€2) such that
J can be decomposed as

J=> o ex® fr, (2.82)
E>1
leading to
+oo
T(x,y) = opfr()er(y). (2.83)
k=1

The following result is a standard.

Theorem 2.5.1. For a given m, a set of functions (hg)i<k<m and (Wg)i<k<m that
minimizes |H,, — H| gs is given by:

hy = orfr and wi = ey. (2.84)

Moreover, if T(x, -) satisfies Assumptions|2.3.1 and|2.3.2, we get:

|Hm — H||gs = O (VEm™). (2.85)

Proof. The proof of optimality (2.85) is standard. Since T, is the best rank m approx-
imation of 7', it is necessarily better than bound (2.40)), yielding ([2.85)). O

Theorem 2.5.2. For all € > 0 and m < n, there exists an operator H with TVIR
satisfying 2.5.1 and|2.53.4 such that:

|Hpn — H| g > Cv/rm ™79, (2.86)
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Proof. In order to prove, ([2.86]), we construct a “worst case” TVIR T'. We first begin by
constructing a kernel T' with k = 1 to show a simple pathological TVIR. Define T' by:

T(z,y) =Y orfi(@) fr(y), (2.87)

kEZ

where fi(z) = exp(2imkx) is the k-th Fourier atom, op = 0 and o}, = 0, = W
for |k| > 1. With this choice,

T(z,y) = > 204cos(2m(z +y)) (2.88)
<N

is real for all (x,y). We now prove that T' € T°. The k-th Fourier coefficient of T'(z, -)
is given by oy fx(x) which is bounded by oy, for all z. By Lemma [2.2.1) T'(z, - ) therefore
belongs to H*(Q2) for all z € Q. By construction, the spectrum of T"is (|ok|)ken, therefore
for any rank 2m + 1 approximation of T, we get:

1
IT = Tomllirs > D T riTe (2.89)
|k|>m+1
oo 2
> /m e (2.90)
I 2 2.91
= T T I (2.91)
= O(m %79, (2.92)

proving the result for x = 1. Notice that the kernel K of the operator with TVIR T
only depends on x:
K(z,y) = Z 20} cos(27x). (2.93)
k| <N

Therefore the worst case TVIR exhibited here is that of a rank 1 operator H. Obviously,
it cannot be well approximated by product-convolution expansions.

Let us now construct a TVIR satisfying Assumption[2:3.2] For this, we first construct
an orthonormal basis (fi)rez of L2([—k/2, k/2]) defined by:

. =i (E) if|z| <%
_ ] whe) il <5, 2.94
J(@) { 0 otherwise. (2:94)
The worst case operator considered now is defined by:
T(z,y) =Y 65fi(@) fr(y). (2.95)
kEZ

Its spectrum is (|6k|)kez, and we get
- 1.
(T (x, ), fu)l = 0w fi(2)] = —|ow]- (2.96)
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By Lemma if 1, = W, then ||T'(x, - )| gs(q) is uniformly bounded by a
constant independent of k. Moreover, by reproducing the reasoning in (2.89)), we get:

IT = Ty 35 = Olm>7). (2.97)
O

Even if the SVD provides an optimal decomposition, there is no guarantee that
functions e; are supported on an interval of small size. As an example, it suffices to
consider the “worst case” TVIR given in equation (2.87)). Therefore, vectors wy are
generically supported on intervals of size p = n. This yields the following proposition.

Corollary 2.5.1. Let € > 0 and set m = [Ce Y*k1/2%]. Then H,, satisfies |H —
Hpyllgs < € and a product with H,, and H}, can be evaluated with no more than
O(k'/?*nlogne=1/%) operations.

Computing the first m singular vectors in (2.83)) can be achieved in roughly O(kn?log(m))
operations thanks to recent advances in randomized algorithms [127]. The storage cost
for this approach is O(mn) since the vectors e have no reason to be compactly sup-
ported.

2.5.2 The optimization approach in [85]

In [85], the authors propose to construct the windowing functions wy and the filters hy
using constrained optimization procedures. For a fixed m, they propose solving:

min
(hkvwk)lgkgm

(2.98)

m
T—th@)wk
k=1

2
HS
under an additional constraint that supp(wy) C wy with wy chosen so that U wy, = Q.
A decomposition of type is known as structured low rank approximation [64].
This problem is non convex and to the best of our knowledge, there currently exists no
algorithm running in a reasonable time to find its global minimizer. It can however be
solved approximately using alternating minimization like algorithms.

Depending on the choice of the supports wy, different convergence rates can be ex-
pected. However, by using the results for B-splines in section [2.4.2] we obtain the
following proposition.

Proposition 2.5.1. Set wy, = [(k—1)/m,k/m+s/m| and let (hi, wk)1<k<m denote the
global minimizer of (2.98)). Define T,,, by Tin(x,y) = > 1t hi(x)wi(y). Then:

IT = Tl tis < CVEm™. (2.99)

Set m = [K'/25Ce1/9], then |H,, — H||us < € and the evaluation of a product with H,y,
or H}, is of order
O (k" /% nlog(n)e1/%). (2.100)
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Proof. First notice that cardinal B-Splines are also supported on [(k—1)/m, k/m-+s/m].
Since the method in [85] provides the best choices for (hy,wy), the distance || H,,, — H||gs
is necessarily lower than that obtained using B-splines in Corollary [2.4.3] O

Finally, let us mention that - owing to Corollary [2.4.5]- it might be interesting to use
the optimization approach (2.98)) with windows of varying sizes.

2.6 Summary and extensions

2.6.1 A summary of all results

Table summarizes the results derived so far under Assumptions [2.3.1] and [2.3.2
In the particular case of Meyer’s methods, we assume that T € H™*(Q) x ) instead
of Assumption As can be seen in this table, different methods should be used
depending on the application. The best methods are:

o Wavelets: they are adaptive, have a relatively low construction complexity, and
matrix-vector products also have the best complexity.

e Meyer: this method has a big advantage in terms of storage. The operator can
be represented very compactly with this approach. It has a good potential for
problems where the operator should be inferred (e.g. blind deblurring). It however
requires stronger regularity assumptions.

e The SVD and the method proposed in [85] both share an optimal adaptivity. The
representation however depends on the operator and it is more costly to evaluate

it.
Method Approzimation Product Construction Storage Adaptivity
Fourier [2.4.1 @] (n%m’s) (0] (ninlog(n)e_%) O(kn?log(n)) O(mkn) X

2s+1 1
s

Kk~ 2s nlog(n)e™ = O(kn?log(n)) O(mkn)

B-Splines [2.4.2 o] n%m’s)
Wavelets [2.4.3 o )

o )
o (/4 50 log(n)efi) O(rsn?) O(mkn)
0 ( ) O(sn?) O(m)

o (minlog(n)e’- O(kn?log(m)) O(mn)

o |
N—1

ST SN x>

SVD[2.5.1 o
()

[85] [2.5.2

Meyer |2.4.5 o] (K%m TTS)

n%mfs) @] (n = log(n)efi) High (iterative) | O(mkn)

Table 2.1 — Summary of the properties of different constructions. Approxi-
mation = approximation rates in terms of m. Product = matrix-vector prod-
uct complexity to get an e approximation. Construction = complexity of the
construction of order m representation. Storage = cost of storage of a given
representation. Adaptivity = ability to automatically adapt to different input
operators.
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2.6.2 Extensions to higher dimensions

Most of the results provided in this paper are based on standard approximation results
in 1D, such as Lemmas [2.4.1] 2.4.2] and [2.4.1] All these lemmas can be extended to
higher dimension and we refer the interested reader to [89] 163} 88, 193] for more details.

We now assume that Q = [0,1]¢ and that the diameter of the impulse responses is
bounded by x € [0,1]. Using the mentioned results, it is straightforward to show that
the approximation rate of all methods now becomes

|H — Hpllgs = O(kY?m=%/4). (2.101)

The space € can be discretized on a finite dimensional space of size n?. Similarly, all
complexity results given in Table are still valid by replacing n by n?, ¢~/ by e¢=4/s
and x by k.

2.6.3 Extensions to less regular spaces

Until now, we assumed that the TVIR T belongs to Hilbert spaces (see e.g. Assump-
tion . This assumption was deliberately chosen easy to clarify the presentation.
The results can most likely be extended to much more general spaces using nonlinear
approximation theory results [88].

For instance, assume that 7' € BV (2 x ), the space of functions with bounded
variations. Then, it is well known (see e.g. [68]) that T' can be expressed compactly on a
Hilbert basis of tensor-product wavelets. Therefore, the product-convolution expansion
2.4 could be used by using the trick proposed in [2.81]

Similarly, most of the kernels found in partial differential equations (e.g. Calderon-
Zygmund operators) are singular at the origin. Once again, it is well known [170] that
wavelets are able to capture the singularities and the proposed methods can most likely
be applied to this setting too.

A precise setting useful for applications requires more work and we leave this issue
open for future work.

2.6.4 Controls in other norms

In all the paper we only controlled the Hilbert-Schmidt norm || - || gs. This choice sim-
plifies the analysis and also allows getting bounds for the spectral norm

[Hll2w2 = sup [[Hullzz2q), (2.102)

||u||L2(Q) <1

since ||H |22 < ||H||gs. In applications, it often makes sense to consider other operator
norms defined by

|H||x—y = sup [Hully, (2.103)
[Jullx <1
where |- ||x and ||-|y are norms characterizing some function spaces. We showed in

[100] that this idea could highly improve practical approximation results.
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Unfortunately, it is not clear yet how to extend the proposed results and algorithms
to such a setting and we leave this question open for the future. Let us mention that
our previous experience shows that this idea can highly change the method’s efficiency.

2.7 Conclusion

In this paper, we analyzed the approximation rates and numerical complexity of product-
convolution expansions. This approach was shown to be efficient whenever the time or
space varying impulse response of the operator is well approximated by a low rank ten-
sor. We showed that this situation occurs under mild regularity assumptions, making
the approach relevant for a large class of applications. We also proposed a few original
implementations of this methods based on orthogonal wavelet decompositions and ana-
lyzed their respective advantages precisely. Finally, we suggested a few ideas to further
improve the practical efficiency of the method.
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Sparse wavelet representations of spatially
varying blurring operators

Résumeé : Ce chapitre est issu de [100] publié dans SIAM Journal on Imaging Science 2015 en col-
laboration avec Pierre Weiss. La restauration d’images dégradées par des flous variables est un probléme
rencontré dans beaucoup de disciplines comme [’astrophysique, la vision par ordinateur et l’imagerie
médicale. L’un des plus gros challenges dans la résolution de ce probléme est d’élaborer des algorithmes
numériquement efficaces qui permettent d’approcher des opérateurs intégraux. Nous introduisons une
nouvelle méthode reposant sur des approximations parcimonieuses des opérateurs de flou dans des bases
d’ondelettes. Cette méthode requiert O(Ne_d/M) opérations pour produire une e-approximation ot N est
le nombre de pizels d’une image d-dimensionnelle est M > 1 est une scalaire décrivant la régularité du
flou. De plus, nous proposons une idée originale qui permet de définir a priori une structure de parcimonie
quand seulement la régularité de l’opérateur est connue. Les expériences numériques nous montrent que
notre algorithme fournit des résultats significativement meilleurs que les méthodes de [’état-de-l’art elles

que les méthodes de produit-convolution.

Abstract: Restoring images degraded by spatially varying blur is a problem encountered in many
disciplines such as astrophysics, computer vision or biomedical imaging. One of the main challenges
to perform this task is to design efficient numerical algorithms to approximate integral operators. We
introduce a new method based on a sparse approximation of the blurring operator in the wavelet domain.
This method requires O (Neid/M) operations to provide e-approximations, where N is the number of
pizels of a d-dimensional image and M > 1 is a scalar describing the regularity of the blur kernel. In
addition, we propose original methods to define sparsity patterns when only the operators reqularity is
known. Numerical experiments reveal that our algorithm provides a significant improvement compared

to standard methods based on windowed convolutions.
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3.1 Introduction

The problem of image restoration in the presence of spatially varying blur appears in
many domains. Examples of applications in computer vision, biomedical imaging and
astronomy are shown in Figures and respectively. In this paper, we propose
new solutions to address one of the main difficulties associated to this problem: the
computational evaluation of matrix-vector products.

A spatially variant blurring operator can be modelled as a linear operator and there-
fore be represented by a matrix H of size N x N, where N represents the number of
pixels of a d-dimensional image. Sizes of typical images range from N = 10% for small
2D images, to N = 100 for large 2D or 3D images. Storing matrices and computing
matrix-vector products using the standard representation is impossible for such sizes:
it amounts to tera or exabytes of data/operations. In cases where the Point Spread
Functions (PSF) supports are sufficiently small in average over the image domain, the
operator can be coded as a sparse matrix and be applied using traditional approaches.
However, in many practical applications this method turns out to be too intensive and
cannot be applied with decent computing times. This may be due to i) large PSFs sup-
ports or ii) the need for super-resolution applications where the PSFs sizes increase with
the resolution. Spatially varying blurring matrices therefore require the development of
computational tools to compress them and evaluate them in an efficient way.

Existing approaches

To the best of our knowledge, the first attempts to address this issue appeared at the
beginning of the seventies (see e.g. [203]). Since then, many techniques were proposed.
We describe them briefly below

Composition of diffeomorphisms and convolutions One of the first method pro-
posed to reduce the computational complexity, is based on first applying a diffeomor-
phism to the image domain [203, 204, 168, 223, [105] followed by a convolution using
FFTs and an inverse diffeomorphism. The diffeomorphism is chosen in order to trans-
form the spatially varying blur into an invariant one. This approach suffers from two
important drawbacks:

e first it was shown that not all spatially varying kernel can be approximated by this
approach [168],

e second, this method requires good interpolation methods and the use of Euclidean
grids with small grid size in order to correctly estimate integrals.

Separable approximations Another common idea is to approximate the kernel of
the operator by a separable one that operates in only one dimension. The computational
complexity of a product is thus reduced to d applications of one-dimensional operators. It
drastically improves the performance of algorithms. For instance, in 3D fluorescence mi-
croscopy, the authors of [195, 158 23], 251] proposed to approximate PSFs by anisotropic

79



Gaussians and assumed that the Gaussian variances only vary along one direction (e.g.,
the direction of light propagation). The separability assumption implies that both the
PSF and its variations are separable. Unfortunately, most physically realistic PSFs are
not separable and do not vary in a separable manner (see e.g., Figure . This method
is therefore usually too crude.

Wavelet or Gabor multipliers Some works [57, [103], 109, [I36] proposed to approx-
imate blurring operators H using operators diagonal in wavelet bases, wavelet packet or
Gabor frames. This idea consists of defining an approximation H of kind H = Uy,
where W* and W are wavelet or Gabor transforms and X is a diagonal matrix. These
diagonal approximations mimic the fact that shift-invariant operators are diagonal in
the Fourier domain. These approaches lead to fast O(IN) or O(N log(NV)) algorithms to
compute matrix-vector products. In [103], we proposed to deblur images using diago-
nal approximations of the blurring operators in redundant wavelet packet bases. This
approximation was shown to be fast and efficient in deblurring images when the exact
operator was scarcely known or in high noise levels. It is however too coarse for applica-
tions with low noise levels. This approach seems however promising. Gabor multipliers
are considered the state-of-the-art for 1D signals in OFDM systems for instance (slowly
varying smoothing operators).

Weighted convolutions Probably the most commonly used approaches consist of
approximating the integral kernel by spatially weighted sum of convolutions. Among
these approaches two different ideas have been explored. The first one will be called
windowed convolutions in this paper and appeared in [I79, [I80] 128, 132, 85]. The
second one was proposed in [I12] and consists of expanding the PSFs in a common basis
of small dimensionality.

Windowed convolutions consists of locally stationary approximations of the kernel.
We advise the reading of [85] for an up-to-date description of this approach and its
numerous refinements. The main idea is to decompose the image domain into subregions
and perform a convolution on each subregion. The results are then gathered together to
obtain the blurred image. In its simplest form, this approach consists in partitioning the
domain §2 in squares of equal sizes. More advanced strategies consist in decomposing
the domain with overlapping subregions. The blurred image can then be obtained by
using windowing functions that interpolate the kernel between subregions (see, e.g.,
[179, 132, 85]). Various methods have been proposed to interpolate the PSF. In [132], a
linear interpolation is performed, and in [85] higher order interpolation of the PSF are
handled.

Sparse wavelet approximations The approach studied in this paper was proposed
recently and independently in [247], 242} T02]. The main idea is to represent the operator
in the wavelet domain by using a change of basis. This change of basis, followed by
a thresholding operation allows sparsifying the operator and use sparse matrix-vector
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products. The main objective of this work is to provide solid theoretical foundations to
these approaches.

3.1.1 Contributions of the paper

Our first contribution is the design of a new approach based on sparse approximation
of H in the wavelet domain. Using techniques initially developed for pseudo-differential
operators [29, [I70], we show that approximations H satisfying |[H — H|j2—2 < €, can

—d/M operations. In this

be obtained with this new technique, in no more than O (N €
complexity bound, M > 1 is an integer that describes the smoothness of the blur kernel.

Controlling the spectral norm is usually of little relevance in image processing. Our
second contribution is the design of algorithms that iteratively construct sparse matrix
patterns adapted to the structure of images. These algorithms rely on the fact that both
natural images and operators can be compressed simultaneously in the same wavelet
basis.

As a third contribution, we propose an algorithm to design a generic sparsity struc-
ture when only the operators regularity is known. This paves the way to the use of
wavelet based approaches in blind deblurring problems where operators need to be in-
ferred from the data.

We finish the paper by numerical experiments. We show that the proposed algorithms
allow significant speed ups compared to some windowed convolutions based methods.

Let us emphasize that the present paper is a continuation of our recent contribution
[102]. The main evolution is that i) we provide all the theoretical foundations of the
approach with precise hypotheses, ii) we propose a method to automatically generate
adequate sparsity patterns and iii) we conduct a thorough numerical analysis of the
method.

3.1.2 Outline of the paper

The outline of this paper is as follows. We introduce the notation used throughout the
paper in Section We propose an original mathematical description of blurring oper-
ators appearing in image processing in Section We introduce the proposed method
and analyze its theoretical efficiency Section [3.4 We then propose various algorithms
to design good sparsity patterns in Section [3.5] Finally, we perform numerical tests to
analyze the proposed method and compare it to the standard windowed convolutions
based methods in Section [3.6

3.2 Notation

In this paper, we consider d dimensional images defined on a domain Q = [0, 1]d. The
space L?(2) will denote the space of squared integrable functions defined on €. The
set of compactly supported C*°(€) functions is denoted D(£2). Its dual space (the set of
distributions) is denoted D’(£2).
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(a) Sharp image (b) Blurred image and the associated PSF

Figure 3.1 — An example in computer vision. Image degraded by spatially
varying blur due to a camera shake. Images are from [I31] and used here by
courtesy of Michael Hirsch.
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Inside
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Figure 3.2 — An example in biology. Image of a multicellular tumor spheroid
imaged in 3D using Selective Plane Illumination Microscope (SPIM). Fluores-
cence beads (in green) are inserted in the tumor model and allow the obser-
vation of the PSF at different locations. Nuclei are stained in red. On the
left-hand-side, 3D PSFs outside the sample are observed. On the right-hand-
side, 3D PSFs inside the sample are observed. This image is from [I142] and
used here by courtesy of Corinne Lorenzo.
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Figure 3.3 — Three PSFs displayed in a XZ plan at different z depths: —20um
, Oum and 20pum. PSFs are generated using Gibson and Lanni 3D optical model
from the PSF Generator [I47]. The parameters used are n; = 1.5, ng = 1.33,
t; = 150um, NA = 1.4 and a wavelength of 610nm.

Let @ = (a1,...,aq) denote a multi-index. The sum of its components is denoted
la| = 2% | . The Sobolev spaces WM? are defined as the set of functions f € LP with
partial derivatives up to order M in LP where p € [1,4+o0] and M € N. These spaces,
equipped with the following norm are Banach spaces

[ fllware = 1flle + 1 flwasrw s where, |flya, = Z 10% I 1o - (3.1)
|a|=M
. . ar 891 H%d
In this notation, 9% f = 92T " agtd
Let X and Y denote two metric spaces endowed with their respective norms || - || x

and || - ||y. In all the paper H : X — Y will denote a linear operator and H* its adjoint
operator. The subordinate operator norm is defined by

[Hllxsy = sup [[Hzlly.
2€X |zl x=1

The notation [|H||,_,, corresponds to the case where X and Y are endowed with the
standard LP and LY norms. In all the paper, operators acting in a continuous domain
are written in plain text format H. Finite dimensional matrices are written in bold fonts
H. Approximation operators will be denoted H in the continuous domain or H in the
discrete domain.

In this paper we consider a compactly supported wavelet basis of L%(€). We first
introduce wavelet basis of L2([0,1]). We let ¢ and v denote the scaling and mother
wavelets. We assume that the mother-wavelet ¢ has M vanishing moments, i.e.

for all 0 <m < M, t"™(t)dt = 0.
[0,1]

We assume that supp(¢)) = [—c(M)/2,c(M)/2]. Note that ¢(M) > 2M —1, with equality
for Daubechies wavelets, see, e.g., [164, Theorem 7.9, p. 294].
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We define translated and dilated versions of the wavelets for j > 0 as follows

bj0 =216 (2 1),

i =27 (27 ~1), (3.2)

with [ € T; and T; = {0,...,27 — 1}.

In dimension d, we use separable wavelet bases, see, e.g., [164, Theorem 7.26, p. 348].
Let m = (my,...,mg). Define p?,l = ¢;; and pjl»’l =1;;. Let e = (e1,...,eq) € {0,1}%
For ease of reading, we will use the shorthand notation A = (j,m,e). We also denote

AO:{(j,m,e) |j€Z, meTj, eG{O,l}d}

and
A={Gme) i€z meT;, ec{0,1}*\{0}}.

Wavelet 9, is defined by (21, ..., z4) = 9§, (21, ..., 2a) = pjl,, (21) - .. pjf‘md(xd).
Elements of the separable wavelet basis consist of tensor products of scaling and mother
wavelets at the same scale. Note that if e # 0 wavelet ¥%,, has M vanishing moments

in RY. We let I = Ue supp 1#]8-71% and Iy = supp ¥y.
We assume that every function f € L?(f2) can be written as

u= (w BNt X S5 (w i)

e€{0,1}9\{0} =0 m€7;

= (u,480) Y80+ D (u,0a) a
AEA
= D (u, ) ¥

AEAg

This is a slight abuse since wavelets defined in do not define a Hilbert basis of
L?([0,1]%). There are various ways to define wavelet bases on the interval [71] and
wavelets having a support intersecting the boundary should be given a different defini-
tion. We stick to these definitions to keep the proofs simple.

We let U* : L2(Q2) — [?(Z) denote the wavelet decomposition operator and ¥ :
12(Z) — L?*(Q) its associated reconstruction operator. The discrete wavelet transform is
denoted W : RY — RY. We refer to [164) [79, [71] for more details on the construction of
wavelet bases.

3.3 Blurring operators and their mathematical properties

3.3.1 A mathematical description of blurring operators

In this paper, we consider d-dimensional real-valued images defined on a domain ) =
[0, 1]d, where d denotes the space dimension. We consider a blurring operator H :
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L*(Q) — L?(2) defined for any u € L*(Q) by the following integral operator:

Ve e Q, Hu(z)= K(x,y)u(y)dy. (3.3)
yeQ
The function K : Q x  — R is a kernel that defines the Point Spread Function (PSF)
K(-,y) at each location y € . The image Hu is the blurred version of u. By the
Schwartz kernel theorem, any linear operator which is continuous from D(Q2) — D'(f2),
can be represented by where K is a generalized function. We thus need to determine
properties of K specific to blurring operators that will allow to design efficient numerical
algorithms to approximate the integral .
We propose a definition of the class of blurring operators below.

Definition 3.3.1 (Blurring operators). Let M € N and f : [0,1] — R4 denote a non-
increasing bounded function. An integral operator is called a blurring operator in the
class A(M, f) if it satisfies the following properties:

1. Its kernel K € WM"X’(Q x Q);

2. The partial derivatives of K satisfy:

(a)
Vel <M, ¥(z,y) € @ xQ, |0y K(z,y)] < f(llz —ylo)- (3-4)

(b)
Via| < M, Y(@y) € Ax Q|G K@y)| < flz—ylo).  (35)

Let us justify this model from a physical point of view. Most imaging systems satisfy
the following properties:

Spatial decay
The PSFs usually have a bounded support (e.g. motion blurs, convolution with
the CCD sensors support) or at least a fast spatial decay (Airy pattern, Gaussian
blurs,...). This property can be modelled as property For instance, the 2D Airy
disk describing the PSF due to diffraction of light in a circular aperture satisfies

With f(r)= (1+1¢)4 (see e.g. [39]).

PSF smoothness
In most imaging applications, the PSF at y € Q, K(-,y) is smooth. Indeed it is
the result of a convolution with the acquisition device impulse response which is
smooth (e.g. Airy disk). This assumption motivates inequality .

PSFs variations are smooth
We assume that the PSF does not vary abruptly on the image domain. This prop-
erty can be modelled by inequality . It does not hold true in all applications.
For instance, when sharp discontinuities occur in the depth maps, the PSFs can
only be considered as piecewise regular. This assumption simplifies the analysis of
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numerical procedures to approximate H. Moreover, it seems reasonable in many
settings. For instance, in fluorescence microscopy, the PSF width (or Strehl ratio)
mostly depends on the optical thickness, i.e. the quantity of matter laser light has
to go through, and this quantity is intrinsically continuous. Even in cases where
the PSFs variations are not smooth, the discontinuities locations are usually known
only approximately and it seems important to smooth the transitions in order to
avoid reconstruction artifacts [14].

Remark 3.3.1. A standard assumption in image processing is that the constant functions
are preserved by the operator H. This hypothesis ensures that brightness is preserved
on the image domain. In this paper we do not make this assumption and thus encom-
pass image formation models comprising blur and attenuation. Handling attenuation is
crucial in domains such as fluroescence microscopy.

Remark 3.3.2. The above properties are important to derive mathematical theories, but
only represent an approximation of real systems. The methods proposed in this paper
may be applied even if the above properties are not satisfied and are likely to perform
well. It is notably possible to relax the boundedness assumption.

3.4 Wavelet representation of the blurring operator

In this section, we show that blurring operators can be well approximated by sparse rep-
resentations in the wavelet domain. Since H is a linear operator in a Hilbert space, it can
be written as H = WOWU* where O : [2(Z) — [*(Z) is the (infinite dimensional) matrix
representation of the blur operator in the wavelet domain. Matrix © is characterized by
the coefficients:

9}\,# = <H7/)>\a¢u> ) VA € A (3'6)

In their seminal papers [170], 171, 29], Y. Meyer, R. Coifman, G. Beylkin and V.
Rokhlin prove that the coefficients of © decrease fastly away from its diagonal for a
large class of pseudo-differential operators. They also show that this property allows
to design fast numerical algorithms to approximate H, by thresholding © to obtain a
sparse matrix. In this section, we detail this approach precisely and adapt it to the class
of blurring operators.

This section is organized as follows: first, we discuss the interest of approximating
H in a wavelet basis rather than using the standard discretization. Second, we provide
various theoretical results concerning the number of coefficients necessary to obtain an
e-approximation of H.

3.4.1 Discretization of the operator by projection

The proposed method relies on a Galerkin discretization of H. The main idea is to use a
projection on a finite dimensional linear subspace V, = Span (1, . .., ¢,) of L?(Q2) where
(¢1,¢2,...) is an orthonormal basis of L?(2). We define a projected operator H, by
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Hqu = Py, H Py, u. where Py, is the projector on V;. We can associate a ¢ X ¢ matrix ©
to this operator defined by ©® = ((Hp;, ¢j>)1§i,j§q'

It is very common in image processing to assume that natural images belong to
functional spaces containing functions with some degree of regularity. For instance,
images are often assumed to be of bounded total variation [201]. This hypothesis implies
that

lu = Py,ull2 = O(¢™) (3.7)

for a certain o > 0. For instance, in 1D, if (¢1,¢2,...) is a wavelet or a Fourier basis
and v € H'(Q) then a = 2. For u € BV (Q) (the space of bounded variation functions),
a=1in 1D and a = 1/2 in 2D [164], [72].

Moreover, if we assume that H is a regularizing operator, meaning that ||[Hu —
Py,Hulls = O(q~") with 8 > « for all u satisfying (3.7)), then we have:

[Hu — Hqul[2

=||Hu— PVqH(u + Py,u — u)||2

< [Hu — Py, Hull2 + || Py, H |22 Py u — ull2
=0(¢™).

This simple analysis shows that under mild assumptions, the Galerkin approximation
of the operator converges and that the convergence rate can be controlled. The situation
is not as easy for standard discretization using finite elements for instance (see, e.g.,
[238, [16] where a value & = 1/6 is obtained in 2D for BV functions, while the simple
analysis above leads to o = 1/2).

3.4.2 Discretization by projection on a wavelet basis

In order to get a representation of the operator in a finite dimensional setting, we truncate
the wavelet representation at scale J. This way, we obtain an operator H acting on a
space of dimension N, where N =1+ 3»]:_01(2‘1 —1)2% denotes the numbers of wavelets
kept to represent images.

After discretization, it can be written in the following convenient form:

H=v0v* (3.8)

where ¥ : RY — R¥ is the discrete separable wavelet transform. Matrix ® is an N x N
matrix which corresponds to a truncated version (also called finite section) of the matrix

© defined in (3.6).

3.4.3 Theoretical guarantees with sparse approximations

Sparse approximations of integral operators have been studied theoretically in [29, [170].
They then have been successfully used in the numerical analysis of PDEs [76], [70, [67].
Surprisingly, they have been scarcely applied to image processing. The two exceptions
we are aware of are the paper [57], where the authors show that wavelet multipliers can
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be useful to approximate foveation operators. More recently, [241] proposed an approach
that is very much related to that of our paper.
Let us provide a typical result that motivates the proposed approach.

Lemma 3.4.1 (Decay of 6 ,). Assume that H is a blurring operator (see Definition
3.5.1)) in the class A(M, f). Assume that the mother wavelet is compactly supported with
M wvanishing moments.

Then, the coefficients of © satisfy the following inequality for all X = (j,m,e) € A
and p= (k,n,e’) € A:

|0)\,u’ < CMQ—(M+%)|j—k\2—min(j,k)(M—l—d)f)\ (39)

)

where fy,, = f(dist (Ix,1,)), Ca is a constant that does not depend on A and p and

dist (I»,1,) = inf —
ist (I Iu) = inf e = ylleo
. . M
= max <0, |277m =270 — (27 + 2"“)0()) : (3.10)
o0 2
Proof. See Appendix [3.8] O

Lemma is the key to obtain all subsequent complexity estimates.

Theorem 3.4.1. Let ©, be the matriz obtained by zeroing all coefficients in @ such

that

g-minGRMFd) £ <

with A = (j,m,e) € A and p = (k,n,e’) € A.
Let H,, = ¥O,¥* denote the resulting operator. Suppose that f is compactly sup-
ported in [0, k] and that n < logy(N)~M+d/d Thep,:

i) The number of non zero coefficients in ©, is bounded above by
Ol Nk~ wFa (3.11)
where C; > 0 is independent of N.

it) The approximation ﬁn satisfies HH — IjInH < npM+d,

22 ™
iii) The number of coefficients needed to satisfy HH — IjInH2 ) < € is bounded above by
_)
Ol Nk e (3.12)
where C'; > 0 is independent of N.

Proof. See Appendix [3.9} O

Let us summarize the main conclusions drawn from this section:
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A discretization in the wavelet domain provides better theoretical guarantees than
the standard quadrature rules (see Section [3.4.1]).

e The method is capable of handling automatically the degree of smoothness of the
d
integral kernel K since there is a dependency in € ¥ where M is the smoothness
of the integral operator.

e We will see in the next section that the method is quite versatile since different
sparsity patterns can be chosen depending on the knowledge of the blur kernel and
on the regularity of the signals that are to be processed.

e The method can also handle more general singular operators as was shown in the
seminal papers [170} 1711 29].

Remark 3.4.1. Similar bounds as can be derived with less stringent assumptions.
First, the domain can be unbounded, given that kernels have a sufficiently fast decay
at infinity. Second, the kernel can blow up on its diagonal, which is the key to study
Calderon-Zygmund operators (see [L70, 171} 29] for more details). We sticked to this
simpler setting to simplify the proofs.

3.5 Identification of sparsity patterns

A key step to control the approximation quality is the selection of the coefficients in
the matrix ©® that should be kept. For instance, a simple thresholding of ® leads to
sub-optimal and somewhat disappointing results. In this section we propose algorithms
to select the most relevant coefficients for images belonging to functional spaces such as
that of bounded variation functions. We study the case where @ is known completely
and the case where only an upper-bound such as is available.

3.5.1 Problem formalization

Let H be the N x N¢ matrix defined in equation . We wish to approximate H by a
matrix H i of kind WS W* where Si is a matrix with at most K non-zero coeflicients.
Let Sk denote the space of N x N matrices with at most K non-zero coefficients. The
problem we address in this paragraph reads

min HH — ﬁK“

SKESK X—2

= min max ||[Hu— ¥Sg¥*y,.
Sk €Sk |lullx<1

The solution of this problem provides the best K-sparse matrix S, in the sense that
no other choice provides a better SNR uniformly on the unit-ball {u € RY ||uy, < 1}.
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Theoretical choice of the space X

The norm || - ||y should be chosen depending on the type of images that have to be
blurred. For instance, it is well-known that natural images are highly compressible in
the wavelet domain [164, 211]. This observation is the basis of JPEG2000 compression
standard. Therefore, a natural choice could be to set ||ul|y = ||[¥*ul|;. This choice will
ensure a good reconstruction of images that have a wavelet decomposition with a low
¢*-norm.

Another very common assumption in image processing is that images have a bounded
total variation. The space of functions with bounded total variation [I0] contains images
discontinuous along edges with finite length. It is one of the most successful tools for
image processing tasks such as denoising, segmentation, reconstruction, ... Functions
in BV () can be characterized by their wavelet coefficients [72, [164]. For instance, if
u € BV (Q), then

3= 27072 |(u, )| < 400 (3.13)
A€Ag
for all wavelet bases. This results is due to embeddings of BV space in Besov spaces
which are characterized by their wavelet coefficients (see [67] for more details on Besov
spaces). This result motivated us to consider norms defined by

[ull x = =¥ ull,

where 3 = diag(oq,...,0n) is a diagonal matrix. Depending on the regularity level of
the images considered, different diagonal coefficients can be used. For instance, for BV
signals in 1D, one could set o; = 27(0/2 where j(7) is the scale of the i-th wavelet, owing

to (513).

Practical choice of the space X

More generally, it is possible to adapt the weights o; depending on the images to recover.
Most images exhibit a similar decay of wavelet coefficients across subbands. This decay
is a characteristic of the functions regularity (see e.g. [130]). To illustrate this fact, we
conducted a simple experiment in Figure We evaluate the maximal value of the
amplitude of wavelet coefficients of three images with different contents across scales.
The wavelet transform is decomposed at level 4 and we normalize the images so that
their maximum wavelet coefficient is 1. As can be seen even though the maximal values
differ from one image to the next, their overall behavior is the same: amplitudes decay
nearly dyadically from one scale to the next. The same phenomenon can be observed
with the mean value.

This experiment suggests setting o; = 2/() in order to normalize the wavelet coeffi-
cients amplitude in each subband. Once again, the same idea was explored in [241].

An optimization problem

We can now take advantage of the fact that images and operators are sparse in the same
wavelet basis. Let z = ¥*u and A = ® — Sg. Since we consider orthogonal wavelet
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Figure 3.4 — Three pictures and the mean amplitude of their wavelet coeffi-
cients at each scale of the wavelet transform.

transforms, we have || ®ul, = |[ul|,, for any u € R" therefore:
= max [|[¥(© —Sk)¥*u
X = ymax, 1 K) ¥l

= max ® —Sk)z
s (0~ Sx)al,

= ||1zTﬁ?§1 ”AE_1ZH2 .

[ B

Since the operator norm ||A||;_,, = max HA(’)
1<i<N

of the N x N matrix A and by remarking that (AX™1)®) = A1 we finally get the
following simple expression for the operator norm:

5 where A denote the i-th column

1

HH - f{” — max — [|A®)] . (3.14)
X—2  1<i<N o3 2
Our goal is thus to find the solution of:
1 .
min max — ||AD| . (3.15)
SkeSk 1<i<N 03 2

3.5.2 Link with the approach in [241]

In this paragraph, we show that the method proposed in [242, 241], can be  interpreted
with the formalism given above. In those papers, ® is approximated by © using the
following rule:

6, = { ®;; if W isin the K largest values of @W (3.16)

0 otherwise.

The weights w; are set as constant by subbands and learned as described in paragraph

B5T
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The thresholding rule can be interpreted as the solution of the following prob-
lem:
w06,
©cSk -
where here ||z||yw = [|[Wz||; with W = diag(w;) a diagonal matrix. Indeed, the above
problem is equivalent to:

min max

1 ~
min max |- (0-8) |
OcSy ISHISN | Wy (2%]

In other words, the method proposed in [242] 241] constructs a K best-term approxima-
tion of @ in the metric || - || W oco-

Overall, the problem is very similar to , except that the image quality is evalu-
ated through an infinite norm in the wavelet domain, while we propose using a Euclidean
norm in the spatial domain. We believe that this choice is more relevant for image pro-
cessing since the SNR is the most common measure of image quality. In practice, we
will see in the numerical experiments that both methods lead to very similar practical
results.

Finally, let us mention that the authors in [241] have an additional concern of storing
the matrix representation with the least memory. They therefore quantize the coefficients
in . Since the main goal in this paper is the design of fast algorithms for matrix-vector
products, we do not consider this extra refinement.

3.5.3 An algorithm when © is known

Finding the minimizer of problem can be achieved using a simple greedy algorithm:
the matrix Spi; is obtained by adding the largest coefficient of the column A; with
largest Euclidean norm to Sg. This procedure can be implemented efficiently by using
quick sort algorithms. The complete procedure is described in Algorithm [Il The overall
complexity of this algorithm is O(N?log(N)). The most computationally intensive step
is the sorting procedure in the initialisation. The loop on k can be accelerated by first
sorting the set (7;)1<;j<n, but the algorithm’s complexity remains essentially unchanged.

3.5.4 An algorithm when © is unknown

In the previous paragraph, we assumed that the full matrix ® was known. There are
at least two reasons that make this assumption irrelevant. First, computing © is very
computationally intensive and it is not even possible to store this matrix in RAM for
medium sized images (e.g. 512x512). Second, in blind deblurring problems, the operator
H needs to be inferred from the data and adding priors on the sparsity pattern of Sg
might be an efficient choice to improve the problem identifiability.

When O is unknown, we may take advantage of equation to define sparsity
patterns. A naive approach would consist in applying Algorithm directly on the
upper-bound . However, this matrix cannot be stored and this approach is appli-
cable only for small images. In order to reduce the computational burden, one may
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Algorithm 1: An algorithm to find the minimizer of (3.15]).

Input:

©®: N x N matrix;

3: Diagonal matrix;

K: the number of elements in the thresholded matrix;

Output:
Sk: Matrix minimizing (3.15])
Initialization:

Set Sk =0 € RNXN;
Sort the coefficients of each column @) of ® in decreasing order;
Obtain AW the sorted columns ®Y) and index sets I i3
The sorted columns AU) and index set I; satisfy AU) (i) = @) (I;(i));
Compute the norms vy; = ”6;%;
J

Define O = (1,...,1) € RV;
O(j) is the index of the largest coefficient in AY) not yet added to Sk;
begin
for k=1 to K do
Find [ = arg maxy; ;

j=1..N
(Find the column 1 with largest Euclidean norm,)

Set Sic(L(O(1)), 1) = O(L(O()), 1) ;
(Add the coefficient in the I-th column at index I;(O(l))

0 ?

o
(Update norms vector)
Set O(l) =0(l) +1;
(The next value to add in l-th column will be at index O(l) + 1)
end

end
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take advantage of the special structure of the upper-bound: equation indicates
that the coeflicients 6 , can be discarded for sufficiently large |j — k| and sufficiently
large distance between the wavelet supports. Equation thus means that for a given
wavelet 1y, only its spatial neighbours in neighbouring scales have significant correla-
tion coefficients (Hy,1,). We may thus construct sparsity patterns using the notion
of multiscale neighbourhoods defined below.

Definition 3.5.1 (Multiscale shift). The multiscale shift s , € Z? between two wavelets
Yy and 9, is defined by

n m
Shp = \‘Qmax(kz—j,O)J o {Qmax(j—k,O)J ’ (317)

We recall that A = (j,m,e) € Aand u = (k,n,e’) € A. Note that for & = j, the multi-
scale shift is just sy , = n —m and corresponds to the standard shift between wavelets,
measured as a multiple of the characteristic size 277. The divisions by 2max(k=3.0) and
omax(j—k.0) allow to rescale the shifts at the coarsest level. This definition is illustrated
in Figure 3.5

Definition 3.5.2 (Multiscale neighborhood). Let
N ={(G: (k,9)), (5. k) € {0,.....,logy(N) = 1}%, s € {0,.....,2mn0H) — 13}

denote the set of all neighborhood relationships, i.e. the set of all possible couples of
type (scale, (scale,shift)). A multiscale neighorhood A is an element of the powerset

PN).

Definition 3.5.3 (Multiscale neighbors). Given a multiscale neighorhood N, two wavelets
¥y and v, will be said to be N-neighbors if (4, (k,sy,)) € N where sy, is defined in

equation (3.17)).

The problem of finding a sparsity pattern is now reduced to finding a good multiscale
neighborhood. In what follows, we let N'(j) = {(k, s), (4, (k,s)) € N'} denote the set of
all possible neighborhood relationships at scale j. This is illustrated in Figure [3.6] Let
N € P(N) denote a multiscale neighborhood. We define the matrix Sy as follows:

if ¢y is an N-neighbor of 1,

otherwise.

0
Sn(A ) = { OA’“
Equation (3.9) indicates that
1030l < u(j, K, s)

with
w(j, by 8) = CM2—(M+%)\j—k|—(M+d) min(J}k)fj’k’S (3.18)
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Wavelets

10,0, ¥2,2 and g 3 have a multiscale shift s = 0 with 1)1 ; since their support

Figure 3.5 — Illustration of a multiscale shift on a 1D signal of size 8 with the
intersects that of ¥y ;.

Haar basis. The shifts are computed with respect to wavelet 11 ;.

Wavelets 11 o, ¥2,0 and 921 have a multiscale shift

s = —1 with 9 ; since their support intersects that of 1; .
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{(0 71)', (01 0) (0/ 1)}

N = ~~ ~ S ~~ -
scales —1 0 1 2
Figure 3.6 — Illustration of a multiscale neighborhood on a 1D sig-

nal. In this example, the neighborhood at scale 1 is AN(1) =
{(-1,0),(0,-1),(0,0),(0,1),(1,-1),(1,0),(1,1),(2,0)}. Notice that the two
red wavelets at scale 2 are neighbors of the orange wavelet at scale 1 and that
this relationship is described through only one shift.

and fjrs = f (max (O, 2~ minGk) 5| o — (277 + 24“)#)) Let U be the matrix de-
fined by U(X, u) = u(j, %, sy,). Finding a good sparsity pattern can now be achieved
by solving the following problem:

1

min max —

NePWN) 1<i<N o;
V=K

(3.19)

(U -5y,

where (U — Sn)® denotes the i-th column of (U — Syy).

In what follows, we assume that o; only depends on the scale j(i) of the i-th wavelet.
Similarly to the previous section, finding the optimal sparsity pattern can be performed
using a greedy algorithm. A multiscale neighborhood is constructed by iteratively adding
the couple (scale, (scale,shift)) that minimizes a residual. This technique is described in
Algorithm

Note that the norms v only depend on the scale j(k), so that the initialisation step
only requires O(N logy(IV)) operations. Similarly to Algorithm 1} this algorithm can
be accelerated by first sorting the elements of u(j, k, s) in decreasing order. The overall
complexity for this algorithm is O(N log(N)?) operations.

3.6 Numerical experiments

In this section we perform various numerical experiments in order to illustrate the the-
ory proposed in the previous sections and to compare the practical efficiency of wavelet
based methods against windowed convolutions (WC) based approaches. We first de-
scribe the operators and images used in our experiments. Second, we provide numerical
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Algorithm 2: An algorithm to find the minimizer of (3.19).

Input:

u: Upper-bound defined in ([3.18));

3%: Diagonal matrix;

K: the number of elements of the neighborhood;

Output:

N: multiscale neighborhood minimizing
Initialization:

Set N = (J;

Compute the norms v = % using the upper-bound wu;
begin

for k=1 to K do
Find j* = argmaxy; ;
j=1...N
(The column with largest norm)
Find (k*,s*) = argmax uQ(j*,k,s)ZmaX(j*_k’o) :
(k.5)EN(5*)
(The best scale and shift for this column is (k*,s*))
(The number of elements in the neighborhood relationship (5*, (k,s)) is
Qmax(j*fk,[)))
Update N' = N U{(j", (K", s7))} ;
Set Vo = V& — u2(j*, k*, 8*) . gmax(j*—k,0)
end

end
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experiments for the direct problems. Finally, we provide numerical comparisons for the
inverse problem.

3.6.1 Preliminaries
Test images

We consider a set of 16 images of different natures: standard image processing im-
ages (the boat, the house, Lena, Mandrill (see Figure , peppers, cameraman), two
satellite images, three medical images, three buildings images, and two test pattern im-
ages (see Figure [3.7b)). Due to memory limitations, we only consider images of size
N = 256 x 256. Note that a full matrix of size N x N stored in double precision weights
around 32 gigabytes.

Test operators

Three different blur kernels of different complexities are considered, see Figure The
PSFs in Figure and modeled for all = € [0,1] by 2D Gaussians. Therefore the
associated kernel is defined for all (z,y) € [0,1]? x [0,1]? by

1 1

K(z,y) = 27 1O exp [2(11 —x)"C )y — ) |.

The covariance matrices C are defined as:

e In Figure |3.8a C(y) = f(gl) f((; )> with f(t) = 2t, for t € [0,1]. The PSFs
1

are truncated out of a 11 x 11 support.

e In Figure C(y) = R(y)"' D(y)R(y) where R(y) is a rotation matrix of angle

0 = arctan (gé:g:g) and D(y) = (g(oy) h(oy)> with g(y) = 10 Hy - (0.5,0.5)TH2

and h(y) =2 Hy - (0.5,0.5)TH2. The PSFs are truncated out of a 21 x 21 support.

The PSFs in Figure were proposed in [212] as an approximation of real spatially
optical blurs.

Computation of the full ® matrix

Before applying our approximation methods, matrix & needs to be computed explicitly.
The coefficients (H1y,1,,) are approximated by their discrete counterparts. If ¥, and
1, denote discrete wavelets, we simply compute the wavelet transform of Hy, and store
it into the A-th column of ®. This computation scheme is summarized in Algorithm
This algorithm corresponds to the use of rectangle methods to evaluate the dot-products:

| [ K@@yt = 1 3 ¥ K@pi@iua). (.20

zeX yeX
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(b) Letters

Figure 3.7 — The two images of size 256 x 256 used in these numerical

experiments
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Figure 3.8 — PSFs maps used in the paper. The PSFs in Figure are
Gaussians with equal variances increasing in the vertical direction. The PSFs
in Figure [3.8D] are anisotropic Gaussians with covariance matrices that depend
on the polar coordinates. The PSFs in Figure are based on paper [212].
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Algorithm 3: An algorithm to compute ©
Output:
®: the full matrix of H
begin
forall the A do
Compute the wavelet 9, using an inverse wavelet transform

Compute the blurred wavelet Hap
Compute (<H'(,b ,\,'l,b#>) using one forward wavelet transform
m

Set (<H1/J,\,1pu>)“ in the A-th column of ©.

end

end

3.6.2 Application to direct problems

In this section, we investigate the approximation properties of the proposed approaches
in the aim of computing matrix-vector products. In all numerical experiments, we use
an orthogonal wavelet transform with 4 decomposition levels. We always use Daubechies
wavelets.

Influence of vanishing moments

First of all we demonstrate the influence of vanishing moments on the quality of ap-
proximations. For each number of vanishing moments M € {1,2,4,6,10}, a sparse
approximation H is constructed by thresholding ©, keeping the K = [ x N largest coef-
ficients with [ € {0...40}. Then for each u in the set of 16 images, we compare Hu to
Hu computing the pSNR. We then plot the average of pSNRs over the set of images with
respect to the number of operations needed for a matrix-vector product. The results of
this experiment are displayed in Figure It appears that for the considered opera-
tors, using as many vanishing moments as possible was preferable. Using more than 10
vanishing moments however led to insignificant performance increase while making the
numerical complexity higher. Therefore, in all the following numerical experiments we
will use Daubechies wavelets with 10 vanishing moments. Note that paper [241] only
explored the use of Haar wavelets. This experiment shows that very significant improve-
ments can be obtained by leveraging regularity of the integral kernel using vanishing
moments. The behavior was predicted by Theorem

Comparison of different methods

Wavelets VS windowed convolutions. In this first numerical experiment, we eval-
uate HH — HH2 ) where H is obtained by windowed convolutions method or sparse
%

approximations in the wavelet domain.
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=== M =10

0 10 20 30 40
Number of operations divided by N

Figure 3.9 — pSNR of the blurred image using the approximated operator
Hu with respect to the blurred image using the exact operator Hu. pSNRs
have been averaged over the set of test images. Daubechies wavelets have been
used with different number vanishing moments M € {1,2,4,6,10}. The case
M =1 corresponds to Haar wavelets.

The sparse approximation of the operator is constructed by thresholding the matrix
©® in order to keep the K largest coefficients. We have set K = 2! x N with | €
{0...2logy N}. This way K is a multiple of the number of pixels in the image. The
windowed convolutions method is constructed by partitioning the image into 2! x 2! sub-
images where [ € {1...logy N}. We also studied the case where sub-images overlap and
linearly interpolated the blur between sub-images as proposed in [179, 132]. The overlap
has been fixed to 50% of the sub-images sizes.

For each sub-image size, and each overlap, the norm HH — ﬁH2 ) is approximated
%

using a power method [116]. We stop the iterative process when the difference between
the eigenvalues of two successive iterations is smaller than 10~8||H||2_2. The number of
operations associated to each type of approximation is computed using theoretical com-
plexities. For sparse matrix-vector product the number of operations is proportional to
the number of non-zero coefficients in the matrix. For windowed convolutions methods,
the number of operations is proportional to the number of windows (2l X 2l) multiplied

2
by the cost of a discrete convolution over a window (% +N K) log, (% +N /-i).

Figure [3.10] shows the results of this experiment. The wavelet based method seems
to perform much better than windowed convolutions methods for both operators. The
gap is however significantly larger for the rotation blur in Figure [3.8b] This experiment
therefore suggests that the advantage of wavelet based approaches will depend on the
type of blur considered.
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Figure 3.10 — The operator norms

‘ H- ﬁH are displayed for the three
22

proposed kernels. (Left: kernel Figure middle: kernel in Figure
right: kernel in Figure [3.8¢c|). Norms are plotted with respect to the number
of operations needed to compute Hu. The abscissas are in log scale.
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The influence of sparsity patterns. In this numerical experiment, we obtain a K-

sparse matrix @ using either a simple thresholding strategy, Algorithm [I]or Algorithm

We evaluate the error HH - HHX ) defined in (3.14) for each methods. We set
—

o; = 270 where j(i) corresponds to the scale of the i-th wavelet. As can be seen from
Figure Algorithm [T] provides a much better error decay for each operator than the
simple thresholding strategy. This fact will be verified for real images in next paragraph.
Algorithm [2| has a much slower decay than both thresholding algorithm. Notice that this
algorithm is essentially blind, in the sense that it does not require knowing the exact
matrix © to select the pattern. It would therefore work for a whole class of blur kernels,
whereas the simple thresholding and Algorithm [1| work only for a specific matrix.

r CUR

=—#— Thresholded Matrix —#— Thresholded Matrix
8 - Algorithmm 8 0.15 = = = Algorithm E
t 0.1 Algorithm E E Algorithm E
[} 5}
= =
o o]
1 o
+~ +~ 0.1
- =
o .10-2 B
w5t %
] o] N
— —~ 5.10—2
N o
< =
0 =K 0

10° 107 108 10° 108 108

Number of operations Number of operations

—#— Thresholded Matrix
- Algorithm

0.4 P! Algorithm@

Approximation error

W%

108

107

Number of operations

Figure 3.11 — The operator norms HH — ﬁ” are displayed for kernels
X—2

Figure (left) and Figure (right); and with respect to the number of

operations needed to compute Hu. The abscissas are in log scale. Daubechies
wavelets with 10 vanishing moments have been used.

Figure [3.12] shows the sparsity patterns of matrices obtained with Algorithms [T] and
for K = 30N and K = 128N coefficients. The sparsity patterns look quite similar.
However, Algorithm I]selects subbands that are not selected by Algorithm 2] which might
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explain the significant performance differences. Similarly, Algorithm [2] select subbands
that would probably be crucial for some blur kernels, but which are not significant for
this particular blur kernel.

Quality of matrix-vector products for real images

In this section, we evaluate the performance of wavelet based methods for matrix-vector
products with real images.

Quality VS complexity. We compare Hu to Hu, where u is the image in Figure m
and where H is obtained either by windowed convolutions methods or by sparse wavelet
approximations. We plot the pSNR between the exact blurred image Hu and the blurred
image using the approximated operator Hu in F igure Different approximation
methods are tested:

Thresholded matriz: This corresponds to a simple thresholding of the wavelet matrix
.

¥ n°1: This corresponds to applying Algorithm (1| with o; = 1, Vi where j(i) corre-
sponds to the scale of the i-th wavelet.

> n°2: This corresponds to applying Algorithm [1{ with ¢; = 2/ ;.

|241]: The method presented in [241] with K = [ x N coeflicients in the matrix, with
le{1,...,100}.

WC, Overlap 50%: This corresponds to the windowed convolution with 50% overlap.
We use this overlap since it produces better pSNRs.

Algo [Z The algorithm finds multi-scale neighbourhoods until K = I x N coefficients
populate the matrix, with [ € {1,...,100}. In this experiment, we set M = 1,

f(t) = %—i—t and o; = 270) | Vi,

The pSNRs are averaged over the set of 16 images. The results of this experiment
are displayed in Figure [3.13] for the two kernels from Figures [3.8D] and Let us

summarize the conclusions from this experiment:

e A clear fact is that windowed convolution methods are significantly outperormed
by wavelet based methods for all blur kernels. Moreover, the differences between
wavelet and windowed convolution based methods get larger as the blurs regularity
decreases.

e A second result is that wavelet based methods with fixed sparsity patterns (Algo
are quite satisfactory for very sparse patterns (i.e. less than 20N operations) and
kernels[3.8a]and [3-8b] We believe that the most important regime for applications is
in the range [N, 20N], so that this result is rather positive. However, Algo [2|suffers
from two important drawbacks: first, the increase in SNR after a certain value

104



N

‘\

(a) Algorithm [1] - K = 30N (b) Algorithm 2] - K = 30N

AN e

(c) Algorithmf K = 128N (d) Algorithmf K =128N

Figure 3.12 — The structure of the wavelet matrices of ® i are displayed for
Algorithms [T] and 2] and for K = 30N and K = 128N coefficients. Algorithm

has been applied using the second X = diag(2’ (i))i matrix. This experiment

corresponds to the blur in Figure
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becomes very slow. Second, this algorithm provides very disappointing results for
the last blur map [3.8c0 These results suggest that this method should be used
with caution if one aims at obtaining very good approximations. In particular,
the algorithm is dependent on the bound which itself depends on user given
parameters such as function f in . Modifying those parameters might result
in better results, but is usually hard to tweak manually.

e The methods 3 n° 1, 3 n® 2, Thresholded matriz all behave similarly. Method
3 n° 2 is however significantly better, showing the importance of choosing the

weights o; in equation (3.15]) carefully.

e The methods X n° 1, ¥ n°® 2, Thresholded matriz outperform the method pro-
posed in [241] for very sparse patterns (< 20N) and get outperformed for mid-
range sparisfication > 40N. The main difference between algorithm [241] and the
methods proposed in this paper is the number of vanishing moments. In [241], the
authors propose using the Haar wavelet (i.e. 1 vanishing moment), while we use
Daubechies wavelets with 10 vanishing moments. In practice, this results in bet-
ter approximation properties in the very sparse regime, which might be the most
important in applications. For mid-range sparsification, the Haar wavelet provides
better results. Two reasons might explain this phenomenon: first, Haar wavelets
have a small spatial support, therefore matrix ® contains less non-zero coefficients
when expressed with Haar wavelets than Daubechies wavelets. Second, the con-
stants C; and C}; in Theorem are increasing functions of the number of
vanishing moments.

Illustration of artefacts. Figure provides a comparison of the windowed convo-
lutions methods and the wavelet based approach in terms of approximation quality and
computing times. The following conclusions can be drawn from this experiment:

e The residual artefacts appearing in the windowed convolutions approach and wavelet
based approach are different. They are localized at the interfaces between sub-
images for the windowed convolutions approach while they span the whole image
domain for the wavelet based approach. It is likely that using translation and/or
rotation invariant wavelet would improve the result substantially.

e The approximation using the second ¥ matrix produces the best results and should
be preferred over more simple approaches.

e In our implementation, the windowed convolutions approach (implemented in C)
is outperformed by the wavelet based method (implemented in Matlab with C-mex
files). For instance, for a precision of 45dBs, the wavelet based approach is about
10 times faster.

e The computing time of 1.21 seconds for the windowed convolutions approach with
a 2 x 2 partition might look awkward since the computing times are significantly
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pSNR

lower for finer partitions. This is because the efficiency of FFT methods depend
greatly on the image size. The time needed to compute an FFT is usually lower for
sizes that have a prime factorization comprising only small primes (e.g. less than
7). This phenomenon explains the fact that the practical complexity of windowed
convolutions algorithms may increase in a chaotic manner with respect to m.

100 .
——— Thresholded Matrix ..:' 70 ——— Thresholded Matrix
—#— X n°1 K —#— ¥ n°1
= n°2 = n°2
80 ...... 241 : 60 ...... A7) “_‘.
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—B— WC, Overlap 50% E/E Cé —B— WC, Overlap 50% _
50 ~""
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40 n/
40 “l ..." 30 .
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Figure 3.13 — pSNR of the blurred image using the approximated operators
Hu with respect to the blurred image using the exact operator Hu. The results
have been obtained with blur Figure [3.8a] for top-left graph, blur Figure [3.8b
for top-right graph and blur Figure [3.8q for the bottom. pSNR are averaged
over the set of 16 images.

107
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2x2 31.90 dB 36.66 dB 5
T 2 T Siia
B g B
F v T - F v
H z x ) & H Z k&
S ! v § E S ¥ v 3
N " N .
1.21 sec ‘ z 0.039 sec
4 x4 38.49 dB 45.87 dB 30
V 0 = V 0 =
Toeges Test
F " , F "
HZ A
N . . N A
0.17 sec ‘ = 0.040 sec
8 x 8 44.51 dB 50.26 dB 50
V 0o = V 0 =
Tgoet Teot
Foe o F g &
HY s Al '
N - N .
0.36 sec ‘ . 0.048 sec
16 x 16 53.75 dB 57.79 dB 100
T Vo. T Vo,
HEYS HEYS
z K A Z % A
S vy S Y Ve
N L A p N L A 4
0.39 sec £ . 0.058 sec

Figure 3.14 — Blurred images and the differences Hu — Hu for the kernel
Results on the left are obtained using windowed convolutions
approximations with 2 x 2, 4 x 4, 8 x 8 and 16 x 16 partitionings all with 50%
overlap. Results on the right are obtained using Algorithm [I] with the second
3 = diag(2®)); matrix keeping K = IN coefficients. The pSNR and the time

Figure

needed for the computation for the matrix-vector product are shown.
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3.6.3 Application to inverse problems

In this experiment we compare the methods efficiency in deblurring problems. We as-
sume the following classical image degradation model

v=Hu+mn n~N (0,0’21(1) , (3.21)

where v is the degraded image observed, u is the image to restore, H in the blurring
operator and o2 is the noise variance. A standard TV-L2 optimization problem is solved
to restore the image u:

Find u* € arg min TV (u), (3.22)

uERN,HITquszSa

where H is an approximating operator and T'V is the isotropic total variation of u. The
optimization problem is solved using the primal-dual algorithm proposed in [54]. We do
not detail the resolution method since it is now well documented in the literature.

An important remark is that the interest of the total variation term is not only to
regularize the ill-posed inverse problem, but also to handle the errors in the operator
approximation. In practice we found that setting o = (1 +€)o> N where ¢ > 0 is a small
parameter provides good experimental results.

In Figures and we present deblurring results using Figure with kernel
[3.8bl

In both the noisy and noiseless cases, the 4 x 4 windowed convolutions method
performs worst reconstructions than wavelet approaches with 30/N. Moreover, they are
between 4 and 6 times significantly slower. Surprisingly even the implementation in the
space domain is faster. The reason for that is probably a difference in the quality of
implementation: we use Matlab sparse matrix-vector products for space and wavelet
methods. This routine is cautiously optimized while our ¢ implementation of windowed
convolutions can probably be improved. In addition, let us mention that two wavelet
transforms need to be computed at each iteration with the wavelet based methods, while
this is not necessary with the space implementation. It is likely that the acceleration
factor would have been significantly higher if wavelet based regularizations had been
used.

In the noiseless case, the simple thresholding approach provides significantlty better
SNRs than the more advanced proposed in this paper and in [241]. Note however that it
produces more significant visual artefacts. This result might come as a surprise at first
sight. However, as was explained in section [3.5 our aim to design sparsity patterns was
to minimize an operator norm |[H — H| x_,2. When dealing with an inverse problem,
approximating the direct operator is not as relevant as approximating its inverse. This
calls for new methods specific to inverse problems.

In the noisy case, all three thresholding strategies produce results of a similar quality.
The Haar wavelet transform is however about twice faster since the Haar wavelet support
is smaller. Moreover, the results obtained with the approximated matrices are nearly as
good as the ones with the true operator. It suggests that it is not necessary to construct
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accurate approximations of the operators in practical problems. This observation is also
supported by the experiment in Figure In this experiment, we plot the pSNR of
the deblurred image in presence of noise with respect to the number of elements in O .
Interestingly, a matrix containing only 20N coefficients leads to deblurred images close
to the results obtained with the exact operator. In this experiment, a total of K = 5N
coefficients in @ is enough to retrieve satisfactory results. This is a very encouraging
result for blind deblurring problems.

3.7 Conclusion

3.7.1 Brief summary

In this paper, we introduced an original method to represent spatially varying blur oper-
ators in the wavelet domain. We showed that this new technique has a great adaptivity
to the smoothness of the operator and exhibit an O(Ne~%M) complexity, where M de-
notes the kernel regularity. This method is versatile since it is possible to adapt it to
the kind of images that have to be treated. We showed that much better performance
to approximate the direct operator can be obtained by leveraging the fact that natural
signals exhibit some structure in the wavelet domain. Moreover, we proposed a original
method to design sparsity patterns for class of blurring operators when only the operator
regularity is known. These theoretical results were confirmed by practical experiments
on real images. Even though our conclusions are still preliminary since we tested only
small 256 x 256 images, the wavelet based methods seem to significantly outperform
standard windowed convolutions based approaches. Moreover, they seem to provide sat-
isfactory deblurring results on practical problems with a complexity no greater than 5N
operations, where N denotes the pixels number.

3.7.2 Outlook

We provided a simple complexity analysis based solely on the global regularity of the
kernel function. It is well known that wavelets are able to adapt locally to the structures
of images or operators [70)]. The method should thus provide an efficient tool for piece-
wise regular blurs appearing in computer vision for instance. It could be interesting to
evaluate precisely the complexity of wavelet based approximations for piecewise regular
blurs.

A key problem of the wavelet based approach is the need to project the operator on
a wavelet basis. In this paper we performed this operation using the computationally
intensive Algorithm It could be interesting to derive fast projection methods. Let
us note that such methods already exist in the literature [29]. A similar procedure was
used in the specific context of spatially varying blur in [241].

Moreover, the proposed method can already be applied to situations where the blur
mostly depends on the instrument: the wavelet representation has to be computed once
for all off-line, and then all deblurring operations can be handled much faster. This
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Figure 3.15 — Deblurring results for kernel Figure and without noise.
Top-left: degraded image. Top-right: deblurred using the exact operator.
Middle-left: deblurred by the wavelet based method and a simple thresholding.
Middle-right: deblurred by the wavelet based method and Algorithm [2] with
the second ¥ = diag(27("); matrix. Bottom: deblurred using a 4 x 4 windowed
convolutions algorithm with 50% overlap. For wavelet methods K = 30N
coefficients are kept in matrices. pSNR are displayed for each restoration.
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Figure 3.16 — Deblurring results for kernel Figure and with ¢ = 0.02
noise. Top-left: degraded image. Top-right: deblurred using the exact op-
erator. Middle-left: deblurred by the wavelet based method and a simple
thresholding. Middle-right: deblurred by the wavelet based method and Algo-
rithm [2| with the second ¥ = diag(27(¥)); matrix. Bottom: deblurred using a
4 x 4 windowed convolutions algorithm with 50% overlap. For wavelet meth-
ods K = 30N coefficients are kept in matrices. pSNR are displayed for each
restoration.
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Figure 3.17 — pSNR of the deblurred image with respect to the number of
coefficients in the matrix divided by NN for the image Figure and the
kernel Figure The matrix is constructed using Algorithm [I] with the
second X = diag(27/()); matrix with K = [N coefficients for I from 1 to 30.
Deblurred imaged using these matrices are compared with the one obtained
with the exact operator.

situation occurs in satellite imaging or for some fluorescence microscopes (see e.g. [126,
9226, [158]).

The design of good sparsity patterns is an open and promising research avenue.
In particular, designing patterns adapted to specific inverse problems could have some
impact as was illustrated in section

Another exciting research perspective is the problem of blind deconvolution. Ex-
pressing the unknown operator as a sparse matrix in the wavelet domain is a good way
to improve the problem identifiability. This is however far from being sufficient since
the blind deconvolution problem has far more unknowns (a full operator and an image)
than data (a single image). Further assumptions should thus be made on the wavelet
coefficients regularity, and we plan to study this problem in a forthcoming work.

Finally let us mention that we observed some artefacts when using the wavelet based
methods with high sparsity levels. This is probably due to their non translation and
rotation invariance. It could be interesting to study sparse approximations in redundant
wavelet bases or other time-frequency bases. It was shown for instance in [43] that
curvelets are near optimal to represent Fourier integral operators. Similarly, Gabor
frames are known to be very efficient to describe smoothly varying integral operators in
the 1D setting [136].

3.8 Proof of Lemma [3.4.1

We let I1; denote the set of polynomials of degree less or equal to M.
Lemma below is a common result in numerical analysis [87] (see also Theorem
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3.2.1 in [67]). It ensures that the approximation error of a function by a polynomial of
degree M is bounded by the Sobolev semi-norm WM>.

Lemma 3.8.1 (Polynomial approximation). For 1 < p < 400, M € N* and Q C R?
bounded domain, the following bound holds

ggl[fM If = gHLP(Q) <C |f|WM+1,p(Q) ) (3.23)

where C' is a constant that depends on d, M,p and 2 only.
Moreover, if Iy C Q C R is a cube of sidelength h, the following estimate holds

. M+1
gé%fM 1f = 9llo ) < O flwmvin,) » (3.24)

where C' is a constant only depending on d, M,p and €.
Let Iy = supp(¢y). From the wavelets definition, we get
I = 27 (m 4 [~e(M)/2, (M) /2))
therefore |I)| = c(M)?-277¢, We will now prove Lemma m

Proof of Lemma[3.4.1l Since the mapping (z,y) — K(x,y)¥a(y)¢u(z) is bounded, it
is also absolutely integrable on compact domains. Therefore (H1y,,) is well-defined
for all (A, ). Recall that A = (j,m,e) € A and p = (k,n,e’) € A. Moreover Fubini’s
theorem can be applied and we get

(o) = [ [ K g0A W) ()
= [ | K@@y,

To prove the result, we distinguish the cases j < k and 5 > k. In this proof, we focus
on the case j < k. The other one can be obtained by symmetry, using the facts that
(Hx,vu) = (x, H*9,) and that H and H* are both blurring operators in the same
class.

To exploit the regularity of K and v, note that for all g € II;_1, / g(z),(x)de =0
I

m
since ¥ has M vanishing moments. Therefore,

(i) = [ [ (K@.w) = o) ir@ne)dady, Yo € My

and

s v < [ 1K) = o) s (@) ddy,
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for all g € IIp;_1. Therefore it implies that,

[(Hx, 1) S/ inf (K (2, y) = g(@)[ [oa()] v ()] dedy,

Iy 9€pm—1 /1,

< [ et WG ) = 0l 1l g 1930

By Lemma 3.8.1, inf [K(-,y) =gl S 27 K (-, )y, since I, is a
g€llpr 1 ® s

cube of sidelength ¢(M)-27*. We thus obtain

(Y 0] S 27 il I3 11 55508 S )l
J.m

v
< 9—kMo—F o= % oo sup | K (- 7y)|WM’°°(Iu)
yely

. _d4
since [[¥a]l 1 =277 [|¥l| 1.
Since H € A(M, f)

esssup [ K (-, y)|yaoo(y,) = esssup Z esssup |09 K (z,y)]
yEI,\ yEI)\ ‘OA|=M .Z’EIM

< Z esssup f (|l —ylly)

la|=M @y)EINX Ty

S esssup f(lz—yl)-
(l‘,y)EI/\XIH

Because f is a non-increasing function, f (|| — y||) < f (dist (1), 1)) since dist (I, I,) =

inf T — . Therefore
. 17 — Yl

[(Hx )] S 2727 527% £ (dist (I, L)
= 9~ (M+DIi—klg=i(M+d) ¢ (it (I, 1)) .
The case k < j gives
[(Hn, )| S 27 DI MmO £ (dist (1, 1,))
which allows to conclude that

AN . . .
[(Hapy, )| S 27 MH2Ni—klg=minGR)M+d) £ (it (1, 1)),

3.9 Proof of Theorem (3.4.1

Let us begin with some preliminary results. Recall that A\ = (j,m,e) € A and pu =
(k,n,e’) € A. Since f is compactly supported on [0, ] and bounded by c¢, we have

Fap = f(dist (In, 1)) < eplise(ry,1,)<x- By equation (3.10), dist (1,,, Iy) < & if 1279m —
277N | < R% ., where R ) = (277 +27F)e(M) /2 + k.
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Lemma 3.9.1. Define
g;l: - {(m’n) € 7} X T |]ldist(l)\,fu)§l€ = 1} .

e,e/
Then ij

< (2J2k+1R?,k)d
Proof. First note that

Q;’,: = {(m,n) € T; x Tkl ‘Q_jmi —27Fp,

<R, Vie{l,...d}}.

Now, define Q;’,flm = {n € Tr |(m,n) € Q]e,fl} For a fixed (j,k,m,e,€e’) the set Q;’,flm
is a discrete hyper-cube of sidelength bounded above by 2’““R§7 - Therefore /

(2k+1R§”’ )¢ coefficients. Moreover, |T;| = 2/%, hence the number of coefficients in gj;,j'
is bounded above by (2j2kRzk)d. O

Proof of i). We denote Jmax = logy(IN)/d the highest scale of decomposition. First note
that a sufficient condition for 2~ mnGk(M+d) g\ = < p is that min(j, k) > J(n) with

J(n) = %w. In the following, we let J (1) = min(.J(7), Jmax) and define

6= U U g

min(j,k)<J (1) e,e’€{0,1}%\{0}
The overall number of non zero coefficients |G| in ©,, satisfies
deX 1 JrﬂdX 1

G| = Z YooY #O Lin<it)

J=0 k=0 ¢eref0,1}¢

J —1 Jmax—1 4
max max M
Z Z ]lmlnjk)<J( )2jd2kd< (2 )(2 J + 927 ) >
j=0 k=0
deX 1J ]. d d
y C M s C M _
S Z Lining k)< 272" <(2d)2 4G4 (261)2 dk 4 /{d)
j=0 k=0

Jmax 1Jmax 1

Z_: Z mln(jk )<J( )2 + Z Z ]lmln]k)<J( )

k=0 7=0 k=0
—1J

Z Z mln(] k)<J( )2kd2jd’%d‘
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The first sum yields

kd
Z Z Linin(j.k) < (n)2
‘7: :

J(W Jrnax -1

_ 172 g kd+22kdzl

< TN + 2470 log, (N) < logy(N)N.

The second sum is handled similarly and the third sum gives

Jmax_ 1 Jmax -1

Linin(j k<1 22" R
7=0 k=0
J(W)_l Jmax—1 7(77)_1 Jmax—1
d Z oid Z okd Z okd Z oid
=0 k=j k=0 j=k

< KdNdT),

Overall |G| < logQ(N)N—i—n*ﬁN. For 1 < logy(N)~(M+d)/d the dominating terms
are of kind nfﬁ, hence |G| < nfMLHN/@d. O
Proof of ii). Since ¥ is an orthogonal wavelet transform

HH B H"H2a2 =19 -6yl;5,-
Let A, = ©® — ©,,. We will make use of the following version of Shur inequality
1Agl13-2 < 1Ay ]l1-1]| Aglloo—soo- (3.25)

Since the upper-bound (3.9) is symmetric,

[ A0l o0 = 1Al Ly = max D Al

,uEA
By definition of @, we get that
Jmax
Z ‘A)\“u’ - Z Z Z mln(jk >J(n)
HEA k=0 e'e{0.1}N 0} negsy’ |

dex_l

M k|o— min(y, M
Z Z Z o—(M+§)li—kly (J,k) (M+ )]lmin(j,k)><](77)'
=0 {030\ {0} negey’
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Then

Jmaxfl
- y5— — min(j e’
Dol S Yo 2m MR RgmmRORMRDY s ) Gk
HEA k=0
Jj—1 )
g Z(2kRzk)d2(kfj)(M+d/2)2—k(M+d)]lk>J(n)
k=0
Jmax_l . )
+ Z (QkR"jik)dQ(]_k)(M—i_d/z)2_](M+d)]lj>J(77)-
k=j
The first sum on k£ < j is equal to
Ay = 27IMmI 2N R RE VI )
k=0
= 2N ) 30 (2R
k=J(n)
The second sum on k > j is:
. Jmax_l
Ay = ]lj>J(77)27]d/2 Z (R?’k)d2fk(M7d/2).
k=j
Now, notice that (R;k)d < 27d  o7kd 4 pd Thug
A < 2—]M2—]d/2]1j>J(n) Z (Qdk/22—gd+2—dk/2 +2kd/2/{d>
k=J(n)

< 2—jM2—jd/2]1j>J(n) (2—jd2jd/2 4 9—5J(n) + ﬁd2jd/2)

= 27jM]lj>J(n) (27jd + 27%(J(77)+j) + Hd) .

And
. Jmax_]- .
Ap S s ypy2794% N (2‘”1 427k 4 md) 9—k(M—d/2)
k=j
< ]lj>J(n)2*jd/2 <2fjd2*j(M*d/2) 4 9—d(M+d/2) | Kd2fj(M7d/2))
S Ljam2 M (2797 4 87).
Hence

oAl S 1j>J(n)2_jM (2_jd + x4+ 2—%(J(n)+j)) .
HEA

118



Therefore
[ o—J (MM (2*J(n)d el 27dJ(17))
< 9—J(mM (2—J(n)d n Kd)
M
S+ kiniie
S /{anLid for small 7.
Finally, we can see that there exists a constant Cj; independent of N such that
d, 4 g M
|Ay][151 < Curn™+d  and  [[Ay|lccsoe < Ok n+d,
It suffices to use inequality ([3.25]) to conclude.

Proof of 4ii). This is a direct consequence of point i) and ii).
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Accelerating ¢! — ¢? deblurring using wavelet
expansions of operators

Résumeé : Ce chapitre est issu de [99] soumis en décembre 2015 en collaboration avec Pierre Weiss.
La restauration d’images dégradées par des flous est un probléeme fondamental en traitement d’image. 1l
est généralement résolu en utilisant des procédures d’optimisation gourmandes en calculs. Le but de ce
chapitre est de proposer de nouvelles stratégies efficaces permettant de réduire les temps de calculs pour
des modéles de restauration simple utilisant des régularisations basées sur des transformées en ondelettes
orthogonales. Nous montrons que la minimisation peut étre accélérée significativement en utilisant le fait
que les images et les opérateurs sont compressibles dans la méme base orthonormale d’ondelettes. La
méthodologie proposée repose sur trois ingrédients: i) une approximation parcimonieuse de l’opérateur
dans une base d’ondelettes, ii) un préconditionneur diagonal et i) une implémentation massivement
paralléle. La combinaison de ces trois ingrédients donne lieu o des facteurs d’accélération variant de 30
a 250 sur une station de travail standard. Par exemple, la restauration d’une image 1024 x 1024 est

effectuée en 0.15 secondes.

Abstract: Image deblurring is a fundamental problem in imaging, usually solved with computationally
intensive optimization procedures. The goal of this paper is to provide new efficient strategies to reduce
computing times for simple deblurring models regularized using orthogonal wavelet transforms. We show
that the minimization can be significantly accelerated by leveraging the fact that images and blur opera-
tors are compressible in the same orthogonal wavelet basis. The proposed methodology consists of three
ingredients: i) a sparse approzimation of the blur operator in wavelet bases, ii) a diagonal preconditioner
and 1) an implementation on massively parallel architectures. Combing the three ingredients leads to
acceleration factors ranging from 30 to 250 on a typical workstation. For instance, a 1024 x 1024 image

can be deblurred in 0.15 seconds.
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4.1 Introduction

Most imaging devices produce blurry images. This degradation very often prevents the
correct interpretation of image contents and sometimes ruins expensive experiments.
One of the most advertised examples of that type is Hubble space telescope EL which was
discovered to suffer from severe optical aberrations after being launched. Such situations
occur on a daily basis in fields such as biomedical imaging, astronomy or conventional
photography.

Starting from the seventies, a large number of numerical methods to deblur images
was therefore developed. The first methods were based on linear estimators such as the
Wiener filter [249]. They were progressively replaced by more complicated nonlinear
methods, incorporating prior knowledge on the image contents. We refer the interested
reader to the following review papers [215, 239] 196] to get an overview of the available
techniques.

Despite providing better reconstruction results, the most efficient methods are often
disregarded in practice, due to their high computational complexity, especially for large
2D or 3D images. The goal of this paper is to develop new numerical strategies that
significantly reduce the computational burden of image deblurring. The proposed ideas
vield a fast deblurring method, compatible with large data and routine use. They allow
handling both stationary and spatially varying blurs. The proposed algorithm does not
reach the state-of-the-art in terms of image quality, because the prior is too simple, but
still performs well in short computing times.

4.1.1 Image formation and image restoration models

In this paper, we assume that the observed image ug reads:
ug = Hu + b, (4.1)

where u € RY is the clean image we wish to recover, b ~ N (0, 021 y) is a white Gaussian
noise of standard deviation ¢ and H € R¥*V is a known blurring operator. Loosely
speaking, a blurring operator replaces the value of a pixel by a mean of its neighbors. A
precise definition will be given in Section [4.4]

Let ¥ € RV*N denote an orthogonal wavelet transform and let A = HVU. A standard
variational formulation to restore w consists of solving:

min E(z) = F(z) + G(z). (4.2)

z€RN

In this equation, F'(x) is a quadratic data fidelity term defined by

1
F() = 5]l Az — uol. (4.3)

'The total cost of Hubble telescope is estimated at 10 billions US Dollars [13].
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The regularization term G(z) is defined by:

N

G(z) = [[e]iw =D wlill«i]] (4.4)

i=1

The vector of weights w € Rﬂy is a regularization parameter that may vary across sub-
bands of the wavelet transform. The weighted ¢*-norm is well known to promote sparse
vectors. This is usually advantageous since images are compressible in the wavelet
domain. Overall, problem consists of finding an image Wx consistent with the
observed data ug with a sparse representation x in the wavelet domain.

Many groups worldwide have proposed minimizing similar cost functions in the liter-
ature, see e.g. [110] [182] 235] 236]. The current trend is to use redundant dictionaries ¥
such as the undecimated wavelet transforms or learned transforms instead of orthogonal
transforms [214], [59), 51l 40]. This usually allows reducing reconstruction artifacts. We
focus here on the case where W is orthogonal. This property will help designing much
faster algorithms traded for some image quality.

4.1.2 Standard optimization algorithms

A lot of algorithms based on proximity operators were designed in the last decade to solve
convex problems of type . We refer the reader to the review papers [19, [73] to get
an overview of the available techniques. A typical method is the accelerated proximal
gradient descent, also known as FISTA (Fast Iterative Soft Thresholding Algorithm)
[18]. By letting || Al|2 denote the largest singular value of A, it takes the form described
in Algorithm [4 This method got very popular lately due to its ease of implementation
and relatively fast convergence.

Algorithm 4: Accelerated proximal gradient descent

Input: Initial guess z(©) =y, 7 = 1/||A||? and Nit
for k =1 to Nit do

Compute VF(y*)) = A*(Ay*) — uy). // 99.35"

z¥) = Prox,¢ (y(k) — TVF(y(k))). // 2.7

y D) = z(k) 4 %@(k) — =Dy, // 1.1"
end

Let us illustrate this method on a practical deconvolution experiment. We use a
1024 x 1024 image and assume that Hu = hxu, where x denotes the discrete convolution
product and h is a motion blur described on Figure In practice, the PSNR of the
deblurred image stabilizes after 500 iterations. The computing times on a workstation
with Matlab and mex-files is around 103”15. The result is shown on Figure[d.5] Profiling
the code leads to the computing times shown on the right-hand-side of Algorithm
As can be seen, 96% of the computing time is spent in the gradient evaluation. This
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requires computing two wavelet transforms and two fast Fourier transforms. This simple
experiment reveals that two approaches can be used to reduce computing times:

e Accelerate gradients computation.

o Use more sophisticated minimization algorithms to accelerate convergence.

4.2 Main ideas

The method proposed in this paper relies on three ideas. First, function F' in equation
can be approximated by another function F such that VFg is inexpensive to
compute. Second, we characterize precisely the structure of the Hessian of F, allowing
to design efficient preconditioners. Finally, we implement the iterative algorithm on a
GPU. The first two ideas, which constitute the main contribution of this paper, are mo-
tivated by our recent observation that spatially varying blur operators are compressible
and have a well characterized structure in the wavelet domain [I00]. We showed that
matrix

©=UHU, (4.5)

which differs from H by a change of basis, has a particular banded structure, with many
negligible entries. Therefore, one can construct a K-sparse matrix O (i.e. a matrix
with at most K non zero entries) such that O ~ 0.

Problem approximation Using the fact that ¥ is an orthogonal transform allows
writing that:

1
in —||HYz — ugl|? 4.6
wnelﬂg}vzll x — uol|3 + [|2[]1,w (4.6)

1
= min —||U*(HVz — up) |3 4.7
;2111@%2” (HUz —uo)|3 + [|z]1,w (4.7)
1
— min =110z — 2|2 4.8
ngﬂl@rlvaII z —xoll3 + [|z][1,w, (4.8)

where xg = U*uy is the wavelet decomposition of ug. Problem (4.8)) is expressed entirely
in the wavelet domain, contrarily to problem (4.2). However, matrix-vector products
with © might be computationally expensive. We therefore approximate the variational

problem (4.8]) by:
1
min 5105z = ol + 1. (1.9
Now, let Fx(z) = 1||©xx — z¢[|3. The gradient of Ff reads:
VFK(x) = @*K(@Kx — .%'0), (4.10)

and therefore requires computing two matrix-vector products with sparse matrices. Com-
puting the approximate gradient (4.10)) is usually much cheaper than computing V F'(x)
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exactly using Fast Fourier transforms and fast wavelet transforms. This may come as a
surprise since they are respectively of complexity O(N log(N)) and O(N). In fact, we
will see that in favorable cases, the evaluation of V Fx(x) may require about 2 operations
per pixel!

Preconditioning The second ingredient of our method relies on the observation that
the Hessian matrix Hp, (x) = ©}3©x has a near diagonal structure with decreasing
entries on the diagonal. This allows designing efficient preconditioners, which reduces
the number of iterations necessary to reach a satisfactory precision. In practice precon-
ditioning leads to acceleration factors ranging from 2 to 5.

GPU implementation Finally, using massively parallel programming on graphic
cards still leads to an acceleration factor of order 10 on an NVIDIA K20c. Of course,
this factor could be improved further by using more powerful graphic cards. Combin-
ing the three ingredients leads to algorithms that are from 4 to 250 times faster than
FISTA or the ADMM algorithms applied to (4.2)), which arguably constitute the current
state-of-the-art.

4.2.1 Related works

The idea of characterizing integral operators in the wavelet domain appeared nearly at
the same time as wavelets, at the end of the eighties. Y. Meyer characterized many
properties of Calderén-Zygmund operators in his seminal book [169]. Later, Beylkin,
Coifman and Rokhlin [29], showed that those theoretical results may have important
consequences for the fast resolution of partial differential equations and the compression
of matrices. Since then, the idea of using multi-scale representations has been used
extensively in numerical simulation of physical phenomena. The interested reader can
refer to [67] for some applications.

Quite surprisingly, it seems that very few researchers attempted to apply them in
imaging. In [57,[162], the authors proposed to approximate integral operators by matrices
diagonal in the wavelet domain. Our experience is that diagonal approximations are too
crude to provide sufficiently good approximations. More recently the authors of [241] [T00]
proposed independently to compress operators in the wavelet domain. However they did
not explore its implications for the fast resolution of inverse problems.

On the side of preconditioning, the two references [235], 236] are closely related to
our work. The authors designed a few preconditioners to accelerate the convergence of
the proximal gradient descent (also called thresholded Landweber algorithm or Iterative
Soft Thresholding Algorithm). Overall, the idea of preconditioning is therefore not new.
To the best of our knowledge, our contribution is however the first that is based on a
precise understanding of the structure of ©.

4.2.2 Contributions

The main contributions of this paper are as follows.
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e We show that the ideas proposed in [I00] make the new formulation (4.8) partic-
ularly attractive for the design of optimization algorithms.

e We provide a fast O(N log(N)?) algorithm to compute matrix © in the case where
H is a convolution operator.

e We design preconditioners based on clear understanding of the problem geometry.
To the best of our knowledge, existing attempts to precondition the problem are
rather heuristic [235] 236].

e We provide a gallery of numerical comparisons and examples to show the well-
foundedness of the proposed approach.

4.2.3 Paper outline

The paper is structured as follows. We first provide some notation and definitions
in section We then provide a few results characterizing the structure of blurring
operators in section This section is mostly based on our previous work [I00]. We
propose two simple explicit preconditioners in section Finally, we perform numerical
experiments and comparisons in section @

4.3 Notation

In this paper, we consider d dimensional images. To simplify the discussion, we use
periodic boundary conditions and work on the d-dimensional torus Q = T¢, where T% =
R9/Z4. The space L?(£2) denotes the space of squared integrable functions defined on
Q.

Let a = (a1, ...,q) denote a multi-index. The sum of its components is denoted
la| = 324, oy. The Sobolev spaces WM? are defined as the set of functions f € L? with
partial derivatives up to order M in LP where p € [1,+o0] and M € N. These spaces,
equipped with the following norm are Banach spaces

1 llware = D2 10 fllps (4.11)

|| <M
ap . 01 0%d
where 0% f = 5T o
Let us now define a wavelet basis on L?(2). To this end, we first introduce a 1D
wavelet basis on T. Let ¢ and v denote the scaling and mother wavelets and assume
that the mother wavelet ¢ has M vanishing moments, i.e.

for all 0 <m < M, t™p(t)dt = 0. (4.12)
[0,1]

We assume that supp(y)) = [—c(M) /2, c(M)/2]. Note that ¢(M) > 2M —1, with equality
for Daubechies wavelets, see, e.g., [164, Theorem 7.9, p. 294].
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Translated and dilated versions of the wavelets are defined, for j > 0, as follows

i =22 (2]'- - l) , (4.13)

i = 29/%) (2]’- - l) , (4.14)

with [ € T; and T; = {0,...,27 — 1}.

In dimension d, we use 1sotr0pic separable wavelet bases, see, e.g., [164, Theorem 7.26,
p. 348]. Let m = (my,...,mg). Define p%l = ¢;; and le‘,l =1j1. Let e = (e1,...,eq) €
{0,1}9. For the ease of reading, we will use the shorthand notation A\ = (j,m,e) and
|A| = 7. We also let

Agz{(],me)UEZ m € ~,e€{01}} (4.15)

and
A= {(j,m,e) |j€Z, meT;, ec{0, 1}¢ \{ORd}} (4.16)

Wavelet 1y is defined by ¥a(z1,...,2a) = ¥§,,(1,...,24) = p5h,, (21) .. 055, (Ta)-
Elements of the separable wavelet basis consist of tensor products of scaling and mother
wavelets at the same scale. Note that if e # 0 wavelet ¢7 , has M vanishing moments

in RY. Let I j,m = Ue supp w;’m and I = supp ¢). The distance between the supports of
Yy and 9, is defined by

dist(In L) = _inf e =yl (4.17)
. M
— max (0, | —e7+ 2’“)0(2)) . (4.18)

This distance will play an important role to describe the structure of matrix ©.
With these definitions, every function f € L?(Q) can be written as

= < 0 0> Yoot D Jio > <U, ¢]€m> Vs m, (4.19)

e€{0,1}4\{0} j=0 meT;

<U ¥y 0>7/100 + Z ,Ux) U (4.20)
AEA
= D (u,0) a. (4.21)
AeAg

Finally, we let ¥* : L?(Q) — I1?(Z) denote the wavelet decomposition operator and
U : 12(Z) — L?(Q) its associated reconstruction operator. The discrete wavelet transform
is also denoted ¥ : RY — RN. We refer to [164] [79, [71] for more details on the
construction of wavelet bases.
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4.4 Wavelet decompositions of blurring operators

In this section we remind some results on the decomposition of blurring operators in the
wavelet domain.

4.4.1 Definition of blurring operators

A blurring operator H can be modeled by a linear integral operator H : L*(Q) — L?(Q):

Ve e Q, Hu(z)= /QK(x,y)u(y)dy. (4.22)

The function K : Q x @ — R is called kernel of the integral operator and defines the
Point Spread Function (PSF) K(-,y) at location y € Q. The image Hu is the blurred
version of u. Following our recent paper [100], we define blurring operators as follows.

Definition 4.4.1 (Blurring operators [100]). Let M € N and f : [0,1] — Ry denote a
non-increasing bounded function. An integral operator is called a blurring operator in
the class A(M, f) if it satisfies the following properties:

1. Its kernel K € W (Q x Q);

2. The partial derivatives of K satisfy:

(a)
Vel <M, V(z,y) € 2xQ, |7 K(z,y)| < fllr—yl) (4.23)

(b)
Vla| < M, V(z,y) € 2% Q, |opK(w,y)| < flz-yle).  (424)

Condition means that the PSF is smooth, while condition indicates
that the PSFs vary smoothly. These regularity assumptions are met in a large number
of practical problems. In addition, they allow deriving theorems similar to those of the
seminal papers of Y. Meyer, R. Coifman, G. Beylkin and V. Rokhlin [I71, 29]. Those
results basically state that an operator in the class A(M, f) can be represented and
computed efficiently when decomposed in a wavelet basis. We make this key idea precise
in the next paragraph.

4.4.2 Decomposition in wavelet bases

Since H is defined on the Hilbert space L?(2), it can be written as H = ¥OWU*, where
© : (2(Z) — (*(Z) is the infinite matrix representation of the operator H in the wavelet
domain. Matrix © is characterized by the coefficients:

Oru = O\, ] = (Hipx, ¥y) - (4.25)

The following result provides a good upper-bound on their amplitude.
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Theorem 4.4.1 (Representation of blurring operator in wavelet bases [100]). Let fy , =
[ (dist(Iy,1,)) and assume that:

e Operator H belongs to the class A(M, f) (see Definition[{.4.1]).
e The mother wavelet is compactly supported with M wvanishing moments.
Then for all X\ = (j,m,e) € A and p = (k,n,e') € A, with e, e’ # 0:
|9/\,u| < CM27(M+3)U7]€|2— min(j,k)(M+d)f)\7w (4.26)
where Cyr is a constant that does not depend on A and p.

The coefficients of © decay exponentially with respect to the scale difference and also
as a function of the distance between the two wavelets supports.

4.4.3 Approximation in wavelet bases

In order to get a representation of the operator in a finite dimensional setting, the wavelet
representation can be truncated at scale J. Let ©()) denote the infinite matrix defined
by:

(J) _ (9/\”“ if |A‘ S J and ‘,U,‘ S J,
O A ul { 0 otherwise. (4.27)

This matrix contains at most N2 non-zero coefficients, where N = 1 + Z}-]:_()l (24 —1)2%
denotes the numbers of wavelets kept to represent functions. The operator H(/) =
VO is a Galerkin approximation of H. It is possible to control the discretization
error ||[HY) — H| x_y, where ||-|x_y is some operator norm between two function
spaces X and Y. We refer to [I00] for more details.

The following theorem is a variation of [29]. Loosely speaking, it states that H(/)
can be well approximated by a matrix containing only O(N) coefficients.

Theorem 4.4.2 (Computation of blurring operators in wavelet bases [100]). Set 0 <
n < logy(N)~(M+d)/d  [ey @%‘]) be the matriz obtained by zeroing all coefficients in ©)
such that

27min(j,k)(Mer)f-)\“u <. (428)
Define H,(]J) = \I/@%J)\I/*. Under the same hypotheses as Theorem , the number of
coefficients needed to satisfy HH(J) - H7(7J)H2_>2 < € 1s bounded above by

Cl N e i (4.29)
where C'; > 0 is independent of N.
This theorem has important consequences for numerical analysis. It states that
d
evaluations of H can be obtained with an € accuracy using only O(Ne™ 37 ) operations.
Note that the smoothness M of the kernel is handled automatically. Of interest, let

us mention that [I71, 29] proposed similar results under less stringent conditions. In
particular, similar inequalities may still hold true if the kernel blows up on the diagonal.
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4.4.4 Discretization

In the discrete setting, the above results can be exploited as follows. Given a matrix
H € RYXN that represents a discretized version of H, we perform the change of basis:

©=U*HU, (4.30)

where ¥ € RV*N ig the discrete isotropic separable wavelet transform. Similarly to
the continuous setting, matrix © is essentially concentrated along the diagonals of the
wavelet sub-bands (see Figure [4.1)).

Probably the main reason why this decomposition has very seldom been used in
practice is that it is very computationally demanding. Computing the whole set of
coefficients ((Htx,¥u))a, is an O(N3) algorithm! To evaluate this set, one has to
apply H to each of the N discrete wavelets. The cost of evaluating one vector Huy
is O(N?) operations since it is a matrix-vector product with an N x N matrix. Then,
evaluating ((H1x,v,))x, for all g and a fixed A costs O(N) operations (a discrete
wavelet transform). The overall complexity is therefore dominated by the evaluation of
N vectors Hiy, with complexity O(N3).

This computational burden is hardly tractable for large signals, unless it can be
computed once for all. This happens when the blur is device dependent but not sample
dependent. We will see that computing times are drastically reduced for convolution
operators in section [.4.6

4.4.5 Illustration

In order to illustrate the various results provided so far, let us consider an operator
acting on 1D signals, with kernel defined by

1 (x —y)*
K(z,y) = W exp <_W(y)>’ (4.31)

where o(y) = 4 4+ 10y. All PSFs are Gaussian with a variance that increases linearly.
The matrix is displayed in linear scale (resp. log scale) in Figure top-left (resp.
top-right). The wavelet representation of the matrix is displayed in linear scale (resp.
log scale) in Figure bottom-left (resp. bottom-right). As can be seen, the matrix
expressed in the wavelet basis is sparser than in the space domain. It has a particular
banded structure captured by Theorem 4.4.1

4.4.6 Decomposition of convolutions

From now on, we assume that H is a convolution with a kernel h. The results below hold
both in the continuous and the discrete setting. We establish them in the discrete setting
to ease the implementation. Matrix © can be decomposed into its wavelet sub-bands:

@:(G??)J;k’ with j;g':(<H¢;m,¢,§:n>)m6%nen. (4.32)
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Figure 4.1 — An illustration of the compression of a spatially varying blur
in the wavelet domain. Top-left: H. Top-right: H in log,,-scale. Bottom-
left: © obtained using Daubechies wavelets with 10 vanishing moments and a
decomposition level J = 7. Bottom-right: © in log,,-scale.
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For instance, on 1D signals with J = 2, matrix © can be decomposed as shown in

Figure left. Let us now describe the specific structure of the sub-bands @;’Zl for
convolutions. We will need the following definitions.

Definition 4.4.2 (Translation operator). Let a € RY denote a d-dimensional image
and m € Z? denote a shift. The translated image b = 7,,(a) is defined for all iy, ..., iq
by:

b[il,...,id] :a[il—ml,...,z’d—md] (433)
with circular boundary conditions.

Definition 4.4.3 (Rectangular circulant matrices). Let A € R *2" denote a rectangular
matrix. It is called circulant if and only if:

e When k > j : there exists a € ]R2k, such that, for all 0 <1< 2/ —1,
All, ] = myr-51(a).

e When k < j : there exists a € RQj, such that, for all 0 <[ < 2F — 1,
Al = 195-1(a).
As an example, a 4 x 8 circulant matrix is of the form:

aip a2 a3z a4 a5 ae ar ag
ar ag ap az az a4 as ae

A=
as ag ar as ap ax az as
az a4 a5 ag ay ag aip ag
©0,0]090,1| ©o,2 )
©10]011] ©O12 :
©20]02,1| ©O22

50 100 150 200 250

Figure 4.2 — Left: structure of ©. Right: © in log;,-scale when H is a
convolution with a Gaussian kernel.

Theorem [L.4.3] states that all the wavelet sub-bands of © are circulant for convolution
operators. This is illustrated on Figure [£.2] right.
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Theorem 4.4.3 (Circulant structure of ©). Let H be a convolution matriz and define
© = U*HV be its wavelet representation. Then, for all j, k € [0,J] and e, e’ € {0, 1}d,

!
. e.e .
the sub-matrices @j’k are circulant.
b

Proof. We only treat the case j > k, since the case j < k is similar. Let a € R? be
defined by:

alm] = (h x5, Y50 ) - (4.34)
We have:

Bx S s ot (V50 )
7o (hx 15 ,0) 050 )

(Rt s V) = ( (4.35)
(- (4.36)
(hx T (V5m) - ¥E0) (4.37)
( (4.38)
alm (4.39)

Box S ik Vo)
[m —27"Fn].

The sub-matrix @e.’z/ is therefore circulant. In this list of identities, we only used the
fact that the adjoint of 7ok, is 7_qx, and the fact that translations and convolution
commute. O

The main consequence of Theorem is that the computation of matrix © re-
duces to computing one column or one row of each matrix @ . This can be achieved
by computing (2¢ — 1).J wavelet transforms (see Algorithm ' The complexity of com-
puting © therefore reduces to O ((2d - 1)JN ) operations instead of O(N?) operations
for spatially varying operators.

4.4.7 Thresholding strategies

Theorem ensures that one can construct good sparse approximations of ©. How-
ever, the thresholding strategy suggested by the theorem turns out to be impractical.
In this section, we propose efficient thresholding strategies. Most of the proposed
ideas come from our recent work [100], and we refer to this paper for more details. The
algorithm specific to convolution operators is new.
Let us define the operator norm:

[H| x>y = sup [[Hully, (4.40)
|ullx <1
where |- ||x and |||y denote two norms on RY. A natural way to obtain a K-sparse

approximation O of O consists of finding the minimizer of:

i Hix — H 4.41
@K,nlél-gparsen K HXHY’ ( )
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Algorithm 5: An algorithm to compute © for convolution operator

Input: h € RV, the convolution kernel of H

Output: O, the wavelet representation of H

for (j,e) € [0,.J] x {0,1}% do

Compute the wavelet ¥, with A = (7, ¢,0).

Compute the blurred wavelets Hiyy and H*vy.

Compute ((Hx, 1)), using one forward wavelet transform.
Compute ((H*1y, 1[)“>)M using one forward wavelet transform.

for (k,e') € [0,.J] x {0,1}¢ do

if k> j then
‘ @j’zl is the circulant matrix with column: (<H Uy, ¢,§/n>>
b K n
else

'
L jz is the circulant matrix with row:

(s a)), = ((on HY)),

where Hrg = YO U*. The most naive thresholding strategy consists of constructing a
matrix © g such that:

O\, p] if |O[A, p]| is among the K largest values of |©|,

i (4.42)
0 otherwise.

@KP\”U] = {

This thresholding strategy can be understood as the solution of the minimization problem
@D, by setting || |x = [¥*- |1 and |-y = [¥*- .

The ¢'-norm of the wavelet coefficients is not adapted to the description of images.
Natural images are often modeled as elements of Besov spaces or the space of bounded
variation functions [72, [I0]. These spaces can be characterized by the decay of their
wavelet coefficients [67] across sub-bands. This motivates to set || - ||y = ||Z¥* - ||, where
¥ = diag(o) € RV*V is a diagonal matrix and where o € R" is constant by levels. The
thresholding strategy using this metric can be expressed as the minimization problem:

min_ sup (6 - Ox)al.. (1.43)
Ok, K- sparse Sz, <1

Its solution is given in closed-form by:

O\, ) if |0,O[A, p]| is among the K largest values of |©X],

. (4.44)
0 otherwise.

The weights 0, must be adapted to the class of images to recover. In practice we found
that setting o, = 27% for yu = (k,e/,n) is a good choice. These weights can also be
trained from a set of images belonging the class of interest. Finally let us mention that

135



we also proposed greedy algorithms when setting || - [[y = || - ||2 in [I00]. In practice, it
turns out that both approaches yield similar results.

We illustrate the importance of the thresholding strategy in section Figure
4.1

4.5 On the design of preconditioners

Let P € RY*N denote a Symmetric Positive Definite (SPD) matrix. There are two
equivalent ways to understand preconditioning: one is based on a change of variable,
while the other is based on a metric change.

For the change of variable, let z be defined by = PY/2z. A solution z* of problem
reads z* = PY/22* where 2* is a solution of:

min 20 P2 — w02 + [ PY22] 10 (4.45)
zERN 2 ’

The convergence rate of iterative methods applied to is now driven by the proper-
ties of matrix © g P1/2 instead of O k. By choosing P adequately, one can expect to sig-
nificantly accelerate convergence rates. For instance, if © g is invertible and P1/2 = @I_(l,
one iteration of a proximal gradient descent provides the exact solution of the problem.

For the metric change, the idea is to define a new scalar product defined by

(x,y)p = (Px,y), (4.46)

and to consider the associated norm ||z||p = v/(Pz,x). By doing so, the gradient and
proximal operators are modified, which leads to different dynamics. The preconditioned
FISTA algorithm is given in Algorithm [6]

Algorithm 6: Preconditioned accelerated proximal gradient descent
Input: Initial guess (0 =y 7 =1/||0% O P72 and Nit
for k=1 to Nit do
Compute VF(y*)) = 0% (0xy*) — ug).
z®) = Proxty, (y(k) - TP_IVF(y(k))>.
ytD) = (k) 4 %(x(k) — zk=1),

end

In this algorithm

Proxl(z0) = arg min 1||z — 2|3 + 7G(2). (4.47)
2€RN 2

Unfortunately, it is impossible to provide a closed-form expression of , unless

matrix P has a very simple structure (e.g. diagonal). Finding an efficient preconditioner

therefore requires: i) defining a structure for P compatible with fast evaluations of

the proximal operator and ii) improving some “properties” of © ¢ P'/? using this

structure.
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4.5.1 What governs convergence rates?

Good preconditioners are often heuristic. The following sentence is taken from a reference
textbook about the resolution of linear systems by Y. Saad [202]: “Finding a good
preconditioner to solve a given sparse linear system is often viewed as a combination of
art and science. Theoretical results are rare and some methods work surprisingly well,
often despite expectation.” In what follows, we will first show that existing convergence
results are indeed of little help. We then provide two simple diagonal preconditioners.

Let us look at the convergence rate of Algorithm [4| applied to problem . The
following theorem appears in [I84] [I8] for instance.

Theorem 4.5.1. Let A = P_1/2@’;(@KP_1/2 and set L = Apax(A*A). The iterates in
Algorithm [ satisfy:

2k
E(z®) — E(z*) < Lljz — 0]} - min (;2; (:Ej;ﬁ) ) : (4.48)

where k(A) designs the condition number of A:

Amax(A*A) oy A
K(A) :{ [ Sy Amin(A74) >0, (4.49)

400 otherwise.

When dealing with ill-posed inverse problems, the condition number x(A) is huge or
infinite and bound (4.48)) therefore reduces to

2
E(l‘(k)) _ E(LE*) < LHJ} $0||2

< Ea (4.50)

even for a very large number of iterations. Unfortunately, this bound tells very little
about which properties of A characterize the convergence rate. Only the largest singular
value of A seems to matter. The rest of the spectrum does not appear, while it obviously
plays a key role.

Recently, more subtle results were proposed in [224] for the specific £ — 2 problem
and in [I55] for a broad class of problems. These theoretical results were shown to fit
some experiments very well. Let us state a typical result.

Theorem 4.5.2. Assume that problem (4.45)) admits a unique minimizer x*. Let S* =
supp(z*) denote the solution’s support. Then Algom'thm@ generates a sequence (x(k))keN
satisfying the following properties:

o The sequence () converges to z*.
o There exists an iteration number k* such that, for k > k*, supp(z®)) = supp(z*).

e If in addition
(Az, Az) > a|z||5, Yz s.t. supp(x) C S*, (4.51)
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then the sequence of iterates (az(k))keN converges linearly to x*: there exists 0 <
p<1s.t.
|28 — 2l = 0 (p*). (4.52)

Remark 4.5.1. The uniqueness of a solution x* is not required if the algorithm converges.
This can be ensured if the algorithm is slightly modified [53].

The main consequence of Theorem is that good preconditioners should depend
on the support S* of the solution. Obviously, this support is unknown at the start of
the algorithm. Moreover, for compact operators, the value « in equation is null
or very small. Therefore - once again - Theorem seems to be of little help to find
well founded preconditioners.

In this paper we therefore restrict our attention to two standard heuristic precondi-
tioners: Jacobi and Sparse Approximate Inverses (SPAI) [122], 202]. The overall idea is
to cluster the eigenvalues of A*A.

4.5.2 Jacobi preconditioner

The Jacobi preconditioner is one of the most popular diagonal preconditioner, it consists
of setting
P = max(diag(©%0Ox),€), (4.53)

where € is a small constant and the maximum should be understood component-wise.
The parameter € guarantees the invertibility of P.

The idea of this preconditioner is to make the Hessian matrix P~1/20% 0x P~
“close” to the identity. This preconditioner has a simple analytic expression and is
known to perform well for diagonally dominant matrices. Blurring matrices expressed
in the wavelet domain have a fast decay away from the diagonal, but are usually not
diagonally dominant. Moreover, the parameter ¢ has to be tuned. In our numerical
experiments, this parameter was hand-tuned so as to ensure the fastest convergence.

1/2

4.5.3 SPAI preconditioner

The preconditioned gradient in Algorithm |§| involves matrix P‘l@}‘(@ k- The idea of
sparse approximate inverses is to cluster the eigenvalues of P710% 0k around 1. To
improve the clustering, a possibility is to solve the following optimization problem:

2
arg min |[Id — P’l@%@KH , (4.54)
P, diagonal F
where || - || denotes the Frobenius norm. This formulation is standard in the numerical

analysis community [122], 202].
Lemma 4.5.1. Let M = ©3 0. The set of solutions of (4.54)) reads:

M?lig] »
Pli,i] = s MU # 0, (4.55)
an arbitrary positive value otherwise.
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Proof. First notice that problem (4.54) can be rewritten as

Id — MP‘IHQF, (4.56)

arg min

P, diagonal
by taking the transpose of the matrices, since M is symmetric and P diagonal. The
Karush-Kuhn-Tucker optimality conditions for problem (4.56) yield the existence of a
Lagrange multiplier € RY*¥ such that:

M(MP™" 1)+ p = O, (4.57)
with o
pli 7] = { gn ;iliit:rziliy value otherwise. (4.58)
Therefore, for all 7,
(M?P~Y[i,i] = M[i, 1], (4.59)
which can be rewritten as
M?[i, )P~ i, i] = MJi, ], (4.60)

since P is diagonal. If M?[i,i] = 0, then M[i,4] = 0 since M?[i,i] is the squared norm
of the i-th column of M. In that case, P~1[i,i] can take an arbitrary value. Otherwise
P~1i,i] = MJi,i]/M?[i,1], finishing the proof. O

4.5.4 GPU implementation

Algorithm [6] has a structure that is near ideal for parallelization on GPU. It consists of
iteratively:

e Evaluating matrix-vector products with sparse matrices. This was achieved with
the cuSPARSE library from CUDA.

e Evaluating the action of shrinkage operators. This is a simple operation for a GPU
since it suffices to unroll a for loop.

All computations are done on the GPU: the only exchanges with the CPU are i) loading
the wavelet coefficients and the sparse matrix at the beginning of the iterative process
and ii) returning the restored wavelet coefficients at the end. The reported computing
times do not include the transfer time.

4.6 Numerical experiments

In this section we propose a set of numerical experiments to illustrate the proposed
methodology and to compare its efficiency with respect to state-of-the-art approaches.
In all experiments, we assume that the blur kernel and the noise variance are known
(non blind deblurring).
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The numerical experiments are performed on two 1024 x 1024 images with values
rescaled in [0, 1], see Figure We also consider two different blurs, see Figure The
PSF in Figure is an anisotropic 2D Gaussian with kernel defined for all (¢1,t2) €
[0,1]? by

2 2
442 t2

t2 t3 .
k(t, ts) = eXP<_ﬁ—ﬁ) if 1 >0,
1,t2) =
’ exp (_W — W) otherwise,

with ¢ = 5. This PSF is smooth, which is a favorable situation for our method, see
Theorem The PSF in Figure is a simulation of motion blur. This PSF is
probably one of the worst for the proposed technique since it is singular. The PSF is
generated from a set of [ = 5 points drawn at random from a Gaussian distribution with
standard deviation o; = 8. Then the points are joined using a cubic spline and the
resulting curve is blurred using a Gaussian kernel of standard deviation oo = 1.

All our numerical experiments are based on Symmlet 6 wavelets decomposed J = 6
times. This choice offers a good compromise between computing times and visual quality
of the results. The weights w in function G in (4.4]) were defined by w[i] = j(7), where
j(i) denotes the scale of the i-th wavelet coefficient. This choice was hand tuned so as to
produce the best deblurring results. Figures[4.5]and [£.6]display two typical deconvolution
results using these parameters.

The numerical experiments were performed on Matlab2014b on an Intel(R) Xeon(R)
CPU E5-2680 v2 @ 2.80GHz with 200Gb RAM in double precision. Automatic multi-
threading was disabled by launching Matlab with:

>> matlab —singleCompThread

For the experiments led on GPU, we use a NVIDIA Tesla K20c containing 2496 CUDA
cores and 5GB internal memory. All computations were performed in double precision.

4.6.1 On the role of thresholding strategies

We first illustrate the influence of the thresholding strategy discussed in Section
We construct two matrices having the same number of coefficients but built using two
different thresholding rules: the naive thresholding given in equation and the
weighted thresholding given in equation . Figure displays the images restored
with each of these two matrices. It is clear that the weighted thresholding strategy
significantly outperforms the simple one: it produces less artifacts and a higher pSNR.
In all the following experiments, this thresholding scheme will be used.

4.6.2 Approximation in wavelet bases

In this paragraph, we illustrate the influence of the approximation on the deblurring
quality. We compare the solution of the original problem with the solution of the
approximated problem for different numbers of coefficients K. Computing the ex-
act gradient VF = W*H*HWV requires two fast Fourier transforms, two fast wavelet
transforms and a multiplication by a diagonal matrix. Its complexity is therefore:
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Figure 4.3 — Original images 1024 x 1024.

141



(a) (b)

Figure 4.4 — PSFs used in the paper. (4.4a)) is a skewed Gaussian. (4.4b)) is
a motion blur.

2N logy(N) + 2IN + N, with [ denoting the wavelet filter size. The number of oper-
ations per pixel is therefore 2logy(N) + 20+ 1. The approximate gradient V F requires
two matrix-vector products with a K-sparse matrix. Its complexity is therefore 2%
operations per pixel. Figure displays the restoration quality with respect to the
number of operations per pixel.

For the smooth PSF in Figure the standard approach requires 89 operations
per pixel, while the wavelet method requires 20 operations per pixel to obtain the same
pSNR. This represents an acceleration of a factor 4.5. For users ready to accept a
decrease of pSNR of 0.2dB, K can be chosen even significantly lower, leading to an
acceleration factor of 40 and around 2.2 operations per pixels! For the less regular PSF
the gain is less important. To obtain a similar pSNR, the proposed approach is
in fact slower with 138 operations per pixel instead of 89 for the standard approach.
However, accepting a decrease of pSNR of 0.2dB, our method leads to an acceleration
by a factor 1.1. To summarize, the proposed approximation does not really lead to
interesting acceleration factors for motion blurs. Note however that the preconditioners
can be used even if the operator is not expanded in the blur domain.

The different behavior between the two blurs was predicted by Theorem since
the compressibility of operators in wavelet bases strongly depends on the regularity M
of the PSF.

4.6.3 A competitor: the ADMM

FISTA is probably one of the most popular approaches to solve the ¢! problem (4.2)).

Another very effective and popular approach is the alternating direction of multipliers

(ADMM) [115], 187]. We therefore compare the proposed approach to the ADMM too.
The problem we wish to solve reads:

1
in ||\ Hu— 2 \I’T ) 4.61
min 5[ Hu = o + [ 97wl (4.61)
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Figure 4.5 — A deconvolution example. The book image in Figure is
blurred with the motion blur Figure [£.4b] and degraded with a noise level of
5.1073. The pSNR of the degraded image (on top) is 17.85dB. Problem
is solved using the exact operator, A\ = 1074, 500 iterations and Symmlet 6
wavelets decomposed 6 times. The pSNR of the restored image is 24.14dB.
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(c) (d)

Figure 4.6 — A deconvolution example. The confocal image Figure has
been blurred with blur Figure and degraded with a noise level of 5.1073.
The pSNR of the degraded image (on top) is 23.94dB. Problem is solved
using the exact operator, A = 1074, 500 iterations and Symmlet 6 wavelets
decomposed 6 times. The pSNR of the restored image is 26.33dB.
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Figure 4.7 — A deconvolution example showing the importance of the thresh-
olding strategy. The book image on Figure [£.3] is blurred with the kernel in
Figureand degraded with a noise level of 5.1073 (see Figure. Matrices
have been constructed with the same number of coefficients that corresponds
to 57 operations per pixel. Top: the result for the simple thresholding strategy,
pSNR = 23.71dB. Bottom: the weighted strategy pSNR = 24.07dB.
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Figure 4.8 — Evolution of the pSNR of the deconvolved image w.r.t. the
number of operations per pixel per iteration. The gray vertical line gives the
number of operations per pixel per iteration to solve the exact ¢!-problem
using FFTs and FWTs. The horizontal line gives the pSNR obtained using

the exact operator.

The ADMM can be applied as follows. First use the following splitting:
) 1
min =
uERN 2eRN z=0Ty 2

The augmented Lagrangian associated to problem (4.62]) is:

1w — o3 + [[2]l1.w-

1
£, ) = gl Hu — gl + el + (v — ¥7u) + 2 o — W7 ul

The ADMM then takes the following algorithmic form:

(4.62)

(4.63)

Algorithm 7: ADMM to solve (4.2)

Input: Initial guesses 2O 40 NO) and Nit
for k=1 to Nit do

Solve zFt1) = arg min £ (ac, u(k), )\(k)). Solve
zeRN

w1 = argmin £ (x(kﬂ),u, /\(k)). A+ = \(k) 1 g <\11Tu(k+1) - x(k+1)).

weRN
end

The first step is a soft-thresholding operation on z. The second step consists of

solving a linear system of type:

(H"H + BIu = ¢,

(4.64)

with ¢ = HTug — U\ + B¥z. Solving this linear system can be achieved in O(N log(N))
operations for convolution operators, since (H TH + 81 ) can be diagonalized using the
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discrete Fourier transform. This is no longer the case for spatially varying blurs. In that
case, iterative methods such as a conjugate gradient descent can be used.

Algorithm [7] can be implemented on the GPU. The linear system is solved with the
parallel version of the FFT called cuFFT. We used the open-source parallel implementa-
tion of the wavelet transform available here https://github.com/pierrepaleo/PDWT.

4.6.4 Comparing preconditioners and ADMM

We now illustrate the interest of using the preconditioners described in Section We
compare the cost function w.r.t. the iterations number for different methods: ISTA,
FISTA, FISTA with a Jacobi preconditioner (see (4.53))), FISTA with a SPAI precondi-
tioner (see ) and the ADMM described in paragraph For the Jacobi precon-
ditioner, we optimized € by trial and error in order to get a fixed accuracy in a minimum
number of iterations.

As can be seen in Figure the Jacobi and SPAI preconditioners allow reducing the
iterations number significantly. We observed that the SPAI preconditioner outperformed
the Jacobi preconditioner for all blurs we tested and thus recommend SPAT in general.
From a practical point view, a speed-up of a factor 3 is obtained for both blurs.

As can be seen, ADMM is significantly faster than preconditioned FISTA for both
blurs, at least in the first iterations. The number of iterations necessary to reach a
relative accuracy of 1072 is roughly divided by 4. Notice that ADMM and FISTA
handle the quadratic term %||Hu — ugl|3 in a very different way: the minimization is
basically performed exactly with the ADMM, while it is solved iteratively in FISTA
algorithm. This being said, the proposed approach is still significantly faster for smooth
kernels. For the skewed Gaussian blur, the proposed algorithm is 4 times faster, since
each iteration of the proposed FISTA approach has a significantly lower cost. For the
motion blur, the ADMM is twice faster since the number of non-zero components in © g
is much higher.

4.6.5 Computing times

In this paragraph, we time precisely what can be gained using the proposed approach
on the two examples of Figure [£.6] and [£.5] The proposed approach consists of:

e Finding a number K such that deconvolving the image with matrix © g instead of
O leads to a decrease of pSNR of less than 0.2dB.

e For each optimization method, finding a number of iterations Nit leading to a
precision

E(zWVy — B(z*) < 103 E(z©). (4.65)

In all experiments, matrix O is computed off-line, meaning that we assume it is
known beforehand. In all the paper, the “speed-up” is defined as the ratio between the
time needed by the standard FISTA algorithm to reach a given accuracy, divided by the
time needed by the proposed algorithm to reach the same accuracy.
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Figure 4.9 — Cost function with respect to iterations and time for different
preconditioners.
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GPU GPU GPU GPU GPU
Exact FISTA Jacobi SPAI ADMM

Iterations number 117 127 55 43 16

2.47 0.43 0.19 0.15 0.59

Time (in seconds) 24.30 2.57 1.31 1.16 4.22

Table 4.1 — Timing and iterations number depending on the method. The
number of operations per pixel is 2.46. This experiment corresponds to the
Skewed Gaussian blur in Figure

GPU GPU GPU GPU GPU
Exact FISTA Jacobi SPAI ADMM

Iterations number 107 107 52 36 8

1.67 1.82 0.89 0.62 0.28
20.03 16.7 7.48 6.54 1.95

Time (in seconds)

Table 4.2 — Timing and iterations number depending on the method. The
number of operations per pixel is 39.7. This experiment corresponds to the
motion blur in Figure

The results are displayed in Table for the skewed Gaussian blur and in Table
for the motion blur. For the skewed Gaussian, the total speed-up is roughly 162,
which can be decomposed as: sparsification = 7.8, preconditioning = 2.7, GPU = 7.7.
For the motion blur, the total speed-up is roughly 32, which can be decomposed as:
sparsification = 1.01, preconditioning = 3, GPU = 10.5.

As can be seen from this example, the proposed sparsification may accelerate com-
putations significantly for smooth enough blurs. On these these two examples, the
preconditioning led to an acceleration of a factor 3. Finally, GPU programming al-
lows accelerations of a factor 7-8, which is on par with what is usually reported in the
literature.

Note that for the smooth blurs encountered in microscopy, the total computing time
is 0.17 seconds for a 1024 x 1024 image, which can be considered as real-time.

4.6.6 Dependency on the blur kernel

In this paragraph, we analyze the method behavior with respect to different blur kernels.
We consider 5 different types of kernels commonly encountered in applications: Gaussian
blur, skewed Gaussian blur, motion blur, Airy pattern and defocus blur. For each
type, we consider two different widths (¢ = 2.5 and o = 5). The blurs are shown in
Figure [4.10] Table summarizes the acceleration provided by using simultaneously
the sparse wavelet approximation, SPAI preconditioner and GPU programming. We
used the same protocol as Section . The acceleration varies from 218 (large Airy
pattern) to 19 (large motion blur). As expected, the speed-up strongly depends on the
kernel smoothness. Of interest, let us mention that the blurs encountered in applications
such as astronomy or microscopy (Airy, Gaussian, defocus) all benefit greatly from the
proposed approach. The acceleration factor for the least smooth blur, corresponding
to the motion blur, still leads to a significant acceleration, showing that the proposed
methodology can be used in nearly all types of deblurring applications.
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(a) Gaussian

(b) Skewed

(c) Motion

(d) Airy

(e) Defocus

Figure 4.10 — The different blurs used to analyze the method’s efficiency.

Blur Time (Fourier) | Time (Proposed) | Speed-up | # ops per pixels
Gaussian (small) 14.8 0.15 99 4
Gaussian (large) 17.8 0.14 127 2
Skewed (small) 11.2 0.11 100 10
Skewed (large) 10.5 0.1 102 4
Motion (small) 6.0 0.26 23 80
Motion (large) 0.7 0.51 19 80
Airy (small) 15.16 0.081 187 4
Airy (large) 18.6 0.085 218 2
Defocus (small) 20.2 0.23 87 20
Defocus (large) 21.89 0.20 110 10

Table 4.3 — Speed-up of £1-¢? deconvolution with respect to the different blur

kernels, see Figure
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Resolution 512 | 1024 | 2048 | 4096
Time (Fourier) 3.19 | 1719 | 76 | 352
Time Wavelet + GPU + SPAI | 0.07 | 0.25 | 0.55 | 1.35
Total Speed-up 44 70 141 | 260
Speed-up sparse 4.1 4.5 9.6 9.7
Speed-up SPAI 2.4 2.2 2.1 2.7
Speed-up GPU 4.5 7.1 7.0 | 10.0

Table 4.4 — Speed-up of £'-¢2 deconvolution with respect to the image reso-
lution.

4.6.7 Dependency on resolution

In this paragraph, we aim at illustrating that the method efficiency increases with reso-
lution. To this end, we deconvolve the phantom in [I23] with resolutions ranging from
512 x 512 to 4096 x 4096. The convolution kernel is a Gaussian. Its standard deviation
is chosen as o = 27/200, where 2¥ is the number of pixels in each direction. This choice
is the natural scaling that ensures resolution invariance. We then reproduce the exper-
iment of the previous section to evaluate the speed-up for each resolution. The results
are displayed in Table As can be seen, the speed-up increases significantly with the
resolution, which could be expected, since as resolution increases, the kernel’s smooth-
ness increases. Of interest, note that 1.35 seconds is enough to restore a 4096 x 4096
image.

4.6.8 Spatially varying blurs

Finally, we show that the proposed ideas can be successfully applied to spatially varying
blurs. We work on 512 x 512 images. The confocal image -Figure - has been de-
graded with a spatially varying blur presented in Figure This blur models realistic
degradations appearing in optical systems [212]. The matrix H associated to this blur
contains about 537N non-zero coefficients. The aim of this section is to compare the
performance of the following methods:

e Problem (4.6) solved using FISTA algorithm and the exact operator implemented
with a sparse matrix, see Algorithm

e Problem solved using ADMM algorithm and the exact operator implemented
with a sparse matrix. The linear system is solved with a conjugate gradient de-
scent initialized with an initial guess corresponding to the solution at the previous
iteration and a stopping criterion optimized so as to get the fastest convergence.

e Problem (4.45) solved using FISTA algorithm, with an operator approximated in
the wavelet domain and a Jacobi preconditioner, i.e. Algorithm [6]

Similarly as the previous section, the number of coefficients K is chosen such that
deblurring the image with matrix Oy instead of © leads to a decrease of pSNR of less
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merical experiments.

(b)

Figure 4.11 — An illustration of the spatially varying blur used in the nu-

The blurring operator is applied to a Dirac comb to

obtain the PSFs at various locations. This blur models realistic degradations
appearing in optical systems [212].

FISTA Spatia

GPU

FISTA Wavele

GPU

GPU

Iterations number

110

44

Time (in seconds)

47.8

9.54

0.73

0.13

107.3

Table 4.5 — Timing and iterations number depending on the method.

than 0.2dB. To reach this we had to set K = 15N which is about 36 times smaller than

the number of coefficients in H.

The deblurred image is displayed in Figure The performance of each algo-
rithm is provided on Figure The ADMM algorithm has a faster convergence than
FISTA. However each iteration involves the resolution of a linear system with a conju-
gate gradient descent which considerably increases computing times. FISTA algorithm
implemented in the spatial domain involves matrix-vector products with H, which -

again - leads to slow computing times.
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(c) (d)

Figure 4.12 — A restoration of images degraded by spatially varying blurs.
The confocal image - 512 x 512 - in Figure has been blurred with the
operator in Figure and degraded with a noise level of 5.1073. The pSNR
of the degraded image (on top) is 22.3dB. Problem is solved using the
exact operator, A = 1074, 500 iterations and Symmlet 6 wavelets decomposed
6 times. The pSNR of the restored image is 27.29dB.
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Figure 4.13 — Illustration of the performance of the three deblurring methods.
The cost functions are displayed with respect to the number of iterations on

the left and the time on the right.
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Part 11

Estimation of operators

155






|dentification of linear operators from scattered
impulse responses

Résumé : Ce chapitre est issu de [98], un article en préparation et en collaboration avec Jérémie Bigot
et Pierre Weiss. Préalablement a la restauration d’images dégradées par des flous variables, les opérateurs
de flou doivent étre estimés. Nous considérons donc le probléme de [’estimation d’un opérateur intégral
régulier a partir de la connaissance de n réponses impulsionnelles éparpillées dans le domaine. Nous
proposons un estimateur H de Uopérateur H calculable en trés grande dimension. La méthode repose
sur une interpolation ligne par ligne des coefficients en ondelettes de la Time Varying Impulse Response
(TVIR). L’estimateur a une interprétation spatiale sous forme variationnelle. Nous avons obtenu la
vitesse d’estimation E||H — H||3_, S N7™/4 4+ N=Hp~ %% o4 N est la dimension de la discrétisation,
r et s sont des scalaires décrivant la régularité des réponses impulsionnelles et de leurs variations. Cette

méthode est illustrée numériquement sur des problémes d’interpolation d’opérateurs de flou.

Abstract: Restorating images degraded by spatially varying blurs often requires the estimation of
an operator that is partially unknown. We consider the problem of estimating smooth integral operators
from n scattered impulse responses. We propose an estimator H of the operator H with a method that
is numerically tractable in high-dimension. The approach is based on a row by row interpolation of the
Time Varying Impulse Response (TVIR). The provided estimator has a variational interpretation in the
spatial domain. We also propose a theoretical analysis of the performance of the estimator. We found a

725 —725 . . . . . .
< N7/4 4 NZ+dn~ %+d where N is discretization dimension, r and

~

convergence rate E||H — H||3_,,
s are scalars describing the reqularity of the impulse responses and their variations. This method is

numerically illustrated with blurring operators.
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5.1 Introduction

Let © denote a subset of R? and H : L?(Q) — L?(Q) denote a linear integral operator
defined for all u € L%(Q) by:

Hu(w) = [ K(w.)u(y)dy. (5.1)

where K : Q x Q — R, is the operator’s kernel. Given a set of functions (u;)i<i<n,
the problem of operator identification consists of recovering H from the knowledge of
fi = Hu; + €;, where ¢; is an unknown perturbation.

This problem arises in many fields of science and engineering such as mobile communi-
cation [143], imaging [I13] and geophysics [20]. Many different reconstruction approaches
have been developed, depending on the operator’s regularity and the set of test functions
(u;). Assuming that H has a bandlimited Kohn-Nirenberg symbol and that its action
on a dirac comb is known, a few authors proposed extensions of Shannon’s sampling
theorem [143], 149, T91]. Another recent trend is to assume that H can be decomposed
as a linear combination of a small number of elementary operators. When the operators
are known, recovering H amounts to solving a linear system. The work [62] analyzes
the conditioning of this linear system when H is a matrix applied to a random Gaussian
vector. When the operator can be sparsely represented in a dictionary of elementary
matrices, compressed sensing theories can be developed [192]. Finally, in astrophysics, a
few authors considered interpolating the coefficients of a few known impulse responses
(also called Point Spread Functions, PSF) in a well chosen basis [I13], 167, 56]. This
strategy corresponds to assuming that u; = d,, and is often used when the PSFs are
compactly supported and have smooth variations. Notice that in this setting, each PSFs
is known independently of the others, contrarily to the work [I91].

This last approach is particularly effective in large scale imaging applications due to
two useful facts. First, representing the impulse responses in a small dimensional basis
allows reducing the number of parameters to identify. Second, there now exists efficient
interpolation schemes based on radial basis functions. Despite its wide use and empirical
success, this method still lacks of solid mathematical foundations and many practical
questions remain open:

e Under what hypotheses on the operator H can this method be applied?
e What is the influence of the geometry of the set (y;)1<i<n?

o Is the reconstruction stable to the pertubations (€;)i<i<n? If not, how to make
robust reconstructions, tractable in very large scale problems?

e What theoretical guarantees can be provided in this challenging setting?

The objective of this work is to provide answers to the above mentioned questions.
We design a robust algorithm applicable in large scale applications. It yields a finite
dimensional operator estimator of H allowing for fast matrix-vector products, which are
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essential for further processing. The theoretical convergence rate of the estimator as the
number of observations increases is studied thoroughly. An illustration of the problem
and the output of the proposed algorithm is provided in Figure 5.1}

(a) Exact operator (b) The data set (c) Reconstructed operator

L

(d) Sharp image (e) Degraded image (f) Restored image

256 x 256 pSNR = 19.17dB pSNR = 21.14dB
Figure 5.1 — Top: Reconstruction of a spatially varying blur operator.

(a): The exact operator applied to a 2D dirac comb. (b): 64 impulse re-
sponses corrupted by additive Gaussian noise. (c): reconstructed operator.
Bottom: a deconvolution experiment. (d): original image. (e): blurry and
noisy image. (f): deblurred image using the operator reconstructed in Figure
(¢c). The operator’s impulse responses are Gaussians with covariance matrices
S(y1,y2) = diag (02 (y1,2),0°(y1,y2)) where o(y1,y2) = 1+2max (1 — y1,1)
for (y1,y2) € [0,1]2.

The outline of this paper is as follows. We first specify the problem setting precisely
in Section [5.2] We then describe the main outcomes of our study in Section [5.3] We
provide a detailed explanation of the numerical algorithm in Section [5.4] Finally, the
proofs of the main results are given in Section [5.5]
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5.2 Problem setting

In this section, we precisely describe the problem setting. We assume that @ C R? is
a bounded, open, and connected set, with Lipschitz continuous boundary. The value of
a function f at x is denoted f(x), while the i-th value of a vector v € R is denoted
v[i]. The (7, j)-th element of a matrix A is denoted A[i, j]. The Sobolev space H*() is
defined for s € N by

d
H*(Q) = {u € L*(Q),0% € L*(Q), for all multi-index o € N¢ s.t. |a| = Za[i] < s} .

The space H®((2) can be endowed with a norm |lul|gs@) = (Ela\ﬁs Haauuﬁ%m) /

1/2
and the semi-norm |u|gsq) = (Z|a|:5 ||3au\|%2(ﬂ)> / . In addition, we will use the

equivalent Beppo-Levi semi-norm defined by |u|QBL5(Q) = Ylal=s mmo‘uH%Q(m
and the Beppo-Levi semi-inner product defined by

!
<fag>BLS(Q) = Z L@aﬁ 8a9>L2(Q)' (5.3)

levo! |
la|=s 1-Qe2 d

5.2.1 Space varying impulse response regularity

An integral operator can be represented in many different ways. A key representation
in this paper is the Space Varying Impulse Response (SVIR) S : Q x Q@ — R defined by:

S(x,y) = K(z +y,y). (5.4)

The impulse response or Point Spread Function (PSF) at location y € Q is defined by
S(-,y). The SVIR encodes the impulse response variations in the y direction, instead
of the (z —y) direction for the kernel representation, see Figure for a 1D example. It
is convenient, since in many applications, the smoothness of S in the « and y directions
is driven by completely different physical phenomena. For instance, in astrophysics, the
regularity of S(-,y) depends on the optical system, while the regularity of S(zx, -) may
depend on exteriors factors such a weak gravitational lensing [56]. This property will be
expressed through specific regularity assumptions of S defined hereafter.

Let (¢r)ren denote a Hilbert basis of L?(2) and £7(Q2) denote the following Hilbert
space.

Definition 5.2.1. The space £7(Q2) is defined, for all » € R and r > %, as the set of
functions u € L?(Q) such that:

lullgr @) = > wlk]|{u, ¢x)|* < +o0, (5.5)
keN

where w : N — R is a weight function satisfying wk] 2 K2/,
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Figure 5.2 — Two representations of an integral operator H acting on
L?([0,1]). The kernel is defined by K(z,y) = mexp (—ﬁkﬂ — y|2),

where o(y) = 0.05 (1 + 2min(y, 1 — y)). Left: kernel representation (see equa-
tion ((5.1])). Right: SVIR representation (see equation (|5.4])).

This definition is introduced in reference to the Sobolev spaces H™(2) which can be
defined - alternatively to equation ([5.2)) - by:

keN

H™() = {u € LX), Y (1+K)™(u, ¢p)* < +oo} : (5.6)

where the basis (¢y) is either the Fourier basis or a wavelet basis with at least m + 1
vanishing moments (see e.g. [164, Chapter 9]). Deﬁnitionencompasses many other
spaces. For instance, it allows choosing a basis (¢ )ren that is best adapted to the
impulse responses at hand, by using principal component analysis, as was proposed in a

few applied papers [141], 26].

Assumption 5.2.1 (Impulse response regularity). In all the paper, we will assume the
following regularity condition.

sup [|S(+, y)ller@) dy < 4oc. (5.7)
yeN

When (¢r)ken is a Fourier or a wavelet basis, condition (5.7)) simplifies to 9¢S(-,y) €
L%(Q) for all y € Q and for all multi-index a € N? such that |a| < 7.
5.2.2 Smooth variations of the impulse responses

In addition to the impulse responses regularity Assumption [5.2.1] we need to state a
regularity condition for the impulse responses variations. In order to use fine approx-
imation results based on radial basis functions [6], we will use the following regularity
condition.

Assumption 5.2.2 (Smooth variations). Throughout the paper, we assume that

855(56, ) € LA(Q), Yz € Q and for all multi-index B s.t. |3| < s. (5.8)
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In the particular case £"(Q2) = H"(Q2), the two assumptions [5.2.2 and [5.2.1] implies
that S belongs to the mized-Sobolev space H™() x Q) consisting of functions with
028 € L*(Q) x Q) for all multi-index |a| < r and 855 € L?(2 x Q) for all multi-index

18] < s.

5.2.3 Sampling model

The main purpose of this paper is the reconstruction of the SVIR of an operator from
the observation of a few impulse responses S(-,y;) at scattered (but known) locations
(yi)i<i<n in Q. In applications, the PSFs S(-,y;) can only be observed through a
projection onto an N dimensional linear subspace VV. In this paper, we assume that
the linear subspace Vi reads

VN = Span ((bk, 1< k < N) . (59)

In addition, the data is often corrupted by noise and we therefore observe a set of N
dimensional vectors (Ff)i<i<n defined for all k € {1,..., N} by

(2

where ¢; is a random vector with independent and identically distributed (iid) compo-
nents with zero mean and variance 2.

The assumption that Vi is defined using basis (¢y) simplifies the analysis, since the
representation and observation bases coincide. It would be interesting for applications
to consider cases where Vi is defined using another Hilbert basis, but we would then
need to use the theory of generalized sampling, which is significantly more involved (see
e.g. [1]). We therefore leave this question aside in this paper.

Finally, we will show that the approximation efficiency of our method depends on
the geometry of the set of data locations, and - in particular - on the fill and separation

distances defined below.

Definition 5.2.2 (Fill distance). The fill distance of Y = {y1,...,yn} C Q is defined
as:

hyq = 21618 1I§nj1£n ly — yjll2- (5.11)

This is the distance for which any y € 2 is at most at a distance hy o of Y. It can
also be interpreted as the radius of the largest ball which is completely contained in €2
without intersecting Y.

Definition 5.2.3 (Separation distance). The separation distance of Y = {y1,...,yn} C
2 is defined as:

1 .
gvo = 5 min i — yjl2- (5.12)
This quantity gives the maximal radius » > 0 such that all balls {y € RY . ly — vjll2}
are disjoints.
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Finally, the following condition will be shown to play a key role in our analysis.

Definition 5.2.4 (Quasi-uniformity condition). A set of data locations Y = {y1,...,yn} C
Q) is said to be quasi-uniform with respect to a constant B > 0 if

av,0 < hyo < Bgy,a. (5.13)

5.3 Main results

5.3.1 Construction of an estimator

Let F : Q — RN denote the vector-valued function representing the impulse responses
coefficients (IRC) in basis (¢g)ken:
F(y)lk] = (S(-,y), ox)- (5.14)

Based on the observation model (| -, a natural approach to estimate the SVIR,
consists in constructing an IRC F : Q@ — RY such that £ is an estimate of F. The
estimated SVIR is then defined as

ZF , for (z,y) € Q x Q. (5.15)

The two assumptions 5.§.i and [5.2.2] motivate the introduction of the following
space.

Definition 5.3.1 (Space H of IRC). The space H(Q2) of admissible IRC is defined as
the set of vector-valued functions G : Q — R¥ such that

1G 1340 —a/ Z 2dy+(1—a) Z|G BB Lo < +00,  (5.16)
k=1

where « € [0, 1) allows to balance the smoothness in each direction.

Lemma 5.3.1. The SVIRs satisfying assumptions[5.2.1 and[5.2.9 have an IRC belonging
to H(Q).

Lemma 5.3.2. The space H(R?) is a vector-valued Reproducing Kernel Hilbert Space
(RKHS).

To construct an estimator of F, we use the formalism of regression and smoothing
in vector-valued Reproducing Kernel Hilbert Spaces (RKHS) [172), [173] which leads to
define F), as the minimizer of the optimisation problem

£, = argmin - Z 1FE — Fly) 2 + 1l F gy, (5.17)
FeM(Rd) T
where p > 0 is a regularization parameter. Notice that the optimization is performed on
H(R?) and not H(f2), for technical reasons related to the use of radial basis functions.
The formalism of vector-valued RKHS has been developed for the purpose of multi-task
learning, and its application to operator estimator appears to be novel.
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5.3.2 Mixed-Sobolev space interpretation

In the specific case where (¢r)ren i a wavelet or a Fourier basis and N = +o0, the
proposed methodology can be interpreted in terms of SVIR instead of IRC.

Lemma 5.3.3. The cost function in problem s equivalent to

%Z IS~ ((SC- )y 1)) et + ”(a /Rd 1SC- ) Frr(ray dy
= (5.18)

+(1-a) /Rd 15(z, ')‘QBLS(Rd)dx>'

In this formulation, the data fidelity term allows finding a SVIR that is close to the
observed data, the first regularization term allows smoothing the additive noise on the
acquired PSFs and the second interpolates the missing data.

5.3.3 Numerical complexity

Thanks to the results in [I73], computing F amounts to solving a finite-dimensional
system of linear equations. However, for an arbltrary orthonormal basis (¢ ) AEAs and
without any further assumptions on the kernel of the RKHS H(R%), evaluating F leads
to the resolution of a full nN x nN linear system, which is untractable for large N and
n.

With the specific choice of norm introduced in Definition the problem simplifies
to the resolution of N systems of equations of size n x n. This yields the following
proposition:

Proposition 5.3.1. The solution of (5.17) can be computed in no more than O(Nn?)
operations.

In addition, if the weight function w is piecewise constant, some n X n matrices are
identical, allowing to compute an LU factorization once for all and using it to solve
many systems. In the specific case where (¢ )ren is a wavelet basis, it is natural to set
function w as a constant over each wavelet subband [164, Thm. 9.4]. This yields the
following result.

Proposition 5. 3 2. If w is set as constant over each subband of a wavelet basis, the
solution of (5.17)) can be computed in no more than O <log( logN) p3 + N ) operations.

Finally for well chosen bases (¢ )ken - including wavelets - the impulse responses can
be well approximated using a small number N of atoms, making the method tractable
even in very large scale applications.

The proposed ideas are illustrated on Figure 5.3] As can be seen on Figure [5.3]
(e), computing the IRC in a wavelet basis allows expressing most of the information
contained in the SVIR on a few lines only. Given the noisy dataset, the proposed
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(a) Exact SVIR (b) The data set (c) Interpolated SVIR

(d) Exact IRC (e) Observed data (f) Interpolated IRC

Figure 5.3 — An interpolation result. The exact SVIR corresponds to
Gaussian PSFs with standard deviation o(t) = 0.05 (1 + 2min(¢,1 —¢)) for
t € [0,1]. In this setting 7 PSFs are observed and corrupted by an additive iid
Gaussian noise of standard deviation 5.1073.
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algorithm simultaneously interpolates along lines and denoises along rows to obtain the

results in Figure (c) and (f).
To conclude this paragraph, let us mention that the representation of an operator

of type (5.15) can be used to evaluate matrix-vector products rapidly. We refer the
interested reader to [I0I] for more details.

5.3.4 Convergence rates

The convergence of the proposed estimator with respect to the number n of observations
is captured by the following theorem.

Theorem 5.3.1. Assume that S satisfies assumptions |5.2.1 and |5.2.4 and that it is

mpled using model ( under the quasi- umformzty condition gwen n Deﬁnztzon
5.2.4. Then the estzmatmg operator H with SVIR S defined in equation b)) satisfies
the following inequality

E(IH - A3,.) S N~% + (Non 1)z, (5.19)

2s
for poc (No?n=1)zs+d,

Theorem 5.3.2. Assume that S satisfies assumptions [5.2.1 and [5.2.2 and that it is
sampled using model - under the quasi- umformzty condition gwen n Deﬁmtwn
Then the estimating operator H with SVIR S defined in equation b)) satisfies
the followmg inequality

2q

E (| H ~ H|},) S (o™ )74, (5.20)

2 d
with the relation 1/q = 1/r 4+ 1/s, for p « (U2n_1)Tqud and N o (072n) genl
This last theorem gives some insights on the estimator behavior. In particular:

e It provides an explicit way of choosing the value of the regularization parameter
w2 it should decrease as the number of observations increases.

e If the number of observations n is small, it is unnecessary to project the impulse
responses on a high dimensional basis (i.e. IV large). The basic reason is that not
enough information has been collected to reconstruct the fine details of the kernel.

e A close inspection at the proof shows that only the fill distance hy plays a
role in the convergence rate. The quasi-uniformity condition is unnecessary. It
is however very likely that this hypothesis allows showing that the upper-bound
is optimal. This explains why we preferred stating the theorems under
a quasi-uniformity condition and not explicitly provide the dependency on hyq.
This aspect of the work might change before publication.
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5.3.5 Extensions

The results announced above are still preliminary and there are at least two additional
aspects that we plan to investigate.

Optimality Though we did not have time to show optimality results in this thesis yet,
we do believe that the convergence rate ([5.19)), cannot be improved uniformly on the
considered class of SVIR.

Impulse responses regularization An attentive reader might have realized that
there is no explicit dependency on the balance parameter « in equation . This
means that the effect of the smoothing term [ ¢ SN wlk] |[G(y)[K]|* dy is not clear
yet from a theoretical point of view. From a practical point of view, this term allows
reducing noise on the data. We observed experimentally that it provides significant
improvements over a simple line by line interpolation. To the best of our knowledge,
this is the first time that such a term is introduced and it therefore represents a significant
contribution of this work. Clarifying this regularizing aspect requires a better control of
the eigenvalues of a matrix I appearing in the proofs. We are rather optimistic about
this control and expect to have a better understanding of it by the end of the PhD
period.

5.4 Radial basis functions implementation

The objective of this section is to provide a fast algorithm to solve problem and
to prove Lemma and A few tools related to radial basis functions and useful
for the subsequent proofs are also introduced.

A key observation is provided below.

Lemma 5.4.1. For k € {1,...,N}, function F(-)[k] is the solution of the following
variational problem:

. 1 e
(i ;(F k] = F@)? + o (cwlkl 12y + (1= )| By - (5:21)

Proof. 1t suffices to remark that problem ({5.17)) consists of solving N independent sub-
problems. O

We now focus on the resolution of sub-problem (5.21)) which completely fits the
framework of radial basis function approximation.

5.4.1 Standard approximation results in RKHS

Let us begin with a few results about RKHS. Most of the results can be found in the
book of Wendland [246].
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Definition 5.4.1 (Positive definite function). A continuous function ® : R? — C is
called positive semi-definite if, for all n € N, all sets of pairwise distinct centers ¥ =
{y1,...,yn} C R and all o € C", the quadratic form

Z ozjdkCI)(a;j - fL’k) (5.22)
1k=1

n

J

is nonnegative. Function & is called positive definite if the quadratic form is positive for
all a € C™"\{0}.

Definition 5.4.2 (Reproducing kernel). Let G denote a Hilbert space of real-valued
functions f : R? — R endowed with a scalar product (-, -)g. A function ® : RIxR? — R
is called reproducing kernel for G if

1. q)('ay)ega VyERd,
2. f(y)=(f,®(-,y))g, forall feGandallye R<.

Theorem 5.4.1 (RKHS). Suppose that G is a Hilbert space of functions f : R* — R.
Then the following statements are equivalent:

1. the point evaluations functionals are continuous for all y € RY.
2. G has a reproducing kernel.

A Hilbert space satisfying the properties above is called a Reproducing Kernel Hilbert
Space (RKHS).

The Fourier transform of a function f € L'(R?) is defined by

flo=7r©= [ _ r@ea (5.2
and the inverse transform by
FUR@ = [ Feeod. (524
£€Rd

The Fourier transform can be extended to L?(R?) and to S’(R?) the space of tempered
distributions.

Theorem 5.4.2 ([246, Theorem 10.12]). Suppose that ® € C(R?) N L'(RY) is a real-

valued positive definite function. Define G = {f € L2 (RYH) N C(RY) : f/\/g € L2(]Rd)}
equipped with o

L g)g = (2m)"4/2 FOIE) e 5.25

(.0)g = omy 42 [ FEESa (.29

Then G is a real Hilbert space with inner-product (-, - )g and reproducing kernel ®(- — ).

169



Theorem 5.4.3. Let G be an RKHS with positive definite reproducing kernel ®. Let
(Y1,...,yn) denote a set of points in R? and z € R™ denote a set of altitudes. The
solution of the following approximation problem

min © S (u(y:) — 2[i))” + 2 ]} (5.26)

ueg n et

can be written as:
n

u(z) = Z ci]®(z — yi), (5.27)

=1
where vector ¢ € R™ is the unique solution of the following linear system of equations

(G + npld)e = z with G[i, j] = ®(y; — yj;). (5.28)

5.4.2 Application to our problem
Let us now show how the above results help solving problem ([5.21)).
Proposition 5.4.1. Let G be the Hilbert space of functions f : R4 — R such that

f1%5 L ®R) T 1112 ) < +o0, equipped with the inner product:
<fag>g:(1_a) <f> >BLS Rd)+aw[ ]<f7 >L2 ]Rd (529)
Then G is an RKHS and its scalar product reads
.g)g = (2m)~ %2 Md , 5.30
gls =y~ [ FoT e (5:30)

where the reproducing kernel ®, is defined by:

— -1
(€)= ((1 = a)llE]® + awlk]) . (531)
Proof. The proof is a direct application of the different results stated previously. O
The Fourier transform @ is radial, so that ®; is radial too and the resolution of

(5.21)) fits the formalism of radial basis functions interpolation/approximation [3§].

Remark 5.4.1. For some applications, it makes sense to set w[k] = 0 for some values of k.
For instance, if (¢k)ren is a wavelet basis, then it is usually good to set w[k] = 0 when
k is the index of a scaling wavelet. In that case, the theory of conditionally positive
definite kernels should be used instead of the one above. We do not detail this aspect
since it is well described in standard textbooks [246), 3§].

5.5 Proofs of the main results

In this section, we prove Theorem about the convergence rate of the quadratic risk
E[lS - Sli3s.
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Algorithm 8: Estimation algorithm

Input: Weight vector w € RY. Regularity s € N.
PSF locations Y = {y1,...,9,} € R&>",
Observed data (Ff)i<i<n, where Ff € RY.

begin
Identify the m < N weights of identical values in w € RY // O(Nlog(N))
for Fach unique weight w do // O(mn?)

Compute matrix G from formula (5.28)) with ® defined in .
Compute a LU decomposition of M,, = (G + nuld) = L,U,,.

end

for k=1to N do // O(Nn?)

Identify the value w such that w[k] = w.

Set z = (Fi[k])1<i<n.

Solve the linear system L,U,ci = z.

Possibly reconstruct F' by (see equation (5.27))

end
end
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5.5.1 Operator norm risk
To analyse the theoretical properties of a given estimator of the operator H, we introduce
the quadratic risk defined as:

2

R(H,H)=FE HH - HH (5.32)

252"’

where H is the operator associated to the SVIR S defined in (5.15). The above expecta-
tion is taken with respect to the distribution of the observations in (5.10). The operator

norm appearing in (5.32) is defined by:
[Hll2»2 = sup [[Hullz, (5.33)

||u||L2(Q):1

and can be bounded by the Hilbert-Schmidt norm of H, that is: ||H||2—2 < ||H]||gs =
[ K z2ax0) = ISllz2(@xq)- From this observation we get that:

wiio i <& -],

A~ (12
<2 <||H — Hy|%s +E HHN - HHHS)

=2 [ IS — SnlZ2(x0) +E HSN - S‘ 2

ooy | (5.34)

€a(N) ce(n)

where Hp is the operator associated to the SVIR Sy defined by
N
Sn(@,y) = Y F(y)[Flow(z)
k=1

and H the estimating operator associated to the SVIR S as in .

In equation (5.34)), the risk is decomposed as the sum of two terms €.(n) and eq(N).
The first one €4(N) is the error introduced by the discretization step. The second term
eo(N) is the quadratic risk between Sy and the estimator S In the next sections, we
provide upper-bounds for €;(N) and €.(n).

5.5.2 Discretization error ¢,

The discretization error €4(N) can be controlled using the standard approximation result
below (see e.g. [164, Theorem 9.1, p. 437]).

Theorem 5.5.1. Let f € £7(Q) and let fy = S0 (f, or)dr. Then
1 = fnll3 < ell flZr N 277, (5.35)

where ¢ 1s a universal constant.
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Corollary 5.5.1. Under assumptions|5.2.1 and[5.2.4, the discretization error satisfies:

ea(N) < N2/, (5.36)
Proof. By assumption S(-,y) € E"(Q) for all y € Q. Therefore, by Theoremm
1SC o) = Sn (- 9)F2() < eN 72/ (5.37)

Finally:

IS = SwlEa@ua = [ ISC.) = Sn (-0l dy
Yy

<19c <Sup 1S (- ,y)||§r(9)> N
yeN

O
5.5.3 Estimation error ¢,
This section provides an upper-bound on the estimation error
E|sy— 3| 5.38
ce(n) = H N ’LQ(QXQ)' (5.38)

This part is significantly harder than the rest of the paper. Let us begin with a simple
remark.

Lemma 5.5.1. The estimation error satisfies
ee(n) = |IF = Fllgn . 12(0)- (5.39)

Proof. Since (¢1)1<k<n is an orthonormal basis, Parseval’s theorem gives
<k< ) g

~ A 2
ISy = SlEaauey = [, [ (Sv@.w) = S(@w) dady
2

N
-[ (Z(F(y)[k]—F(y)[k])¢k(x)> dedy
QJQ =1
N
= [ PR~ Py

Q2

N
= S IFCHR — EO)MIGaqy = IF — Fl2nype) (540
k=1
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By Lemmathe estimator defined in can be decomposed as N independent
estimators. Lemma[5.5.2|below provides a convergence rate for each of them. This result
is strongly related to the work in [233] on smoothing splines. Unfortunately, we cannot
directly apply the results in [233] to our setting since the kernel defined in is not
that of a thin-plate smoothing spline.

Lemma 5.5.2. Suppose that Q C R? is a bounded connected open set in R® with Lip-
schitz continuous boundary and that the set Y = {y1,...,yn} C Q of PSF locations
satisfies a quasi-uniformity condition in the sense of Definition[5.2} Then, each func-
tion F'(-)[k] solution of problem satisfies:

. _ _d
E|E()[K = FO)RI2) S wlEC)ENFs@) +n" o2, (5.41)
provided that nu®/?s > 1.

Proof. In order to prove the upper-bound (b.41]), we first decompose the expected
squared error E||F(-)[k] — F(-)[k]||%2 () into bias and variance terms:

E|F()K=F()EI2) S | IECR] = EC)RZ2) +EIE ()R] = EC) K720

Bias term Variance term

(5.42)
where 0(-)[k] is the solution of the noise-free problem

FO( K = argmin & S (P04 — £0))? + b (@bl Raqgey + (1~ 7By
feHs(RY) i (5.43)

We then treat the bias and variance terms separately.

Control of the bias The bias control relies on sampling inequalities in Sobolev spaces.
They first appeared in [94] to control the norm of functions in Sobolev spaces with
scattered zeros. They have been generalized in different ways, see e.g. [247] and [6]. In
this paper, we will use the following result from [6].

Theorem 5.5.2 ([6, Theorem 4.1]). Let @ C R be a bounded connected open set with
Lipschitz continuous boundary.

Let p,q,x € [1,+00]. Let s be a real number such that s < d if p =1, s > d/p
if 1 < p<ooorse N ifp=oco. Furthermore, let ly = s —d(1/p — 1/q)+ and
~v = max(p, q,z) where (-)+ = max(0, -).

Then, there exist two positive constants ns (depending on Q2 and s) and C (depending
on Q, n,s,p,q and x) satisfying the following property: for any finite set Y C Q (or
Y CQifp=1ands = d) such that hyq < ns, for any u € W*P(Q) and for any
1=0,...,[lo] — 1, we have

s—Il—d(1/p—1 d/vy—l
lullwra@y < € (B 770 ulyony + B0 ulylz) (5.44)
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where ||uly |l = o5, u(yi)“*’)l/x. If s € N* this bound also holds with | = ly when either
p<q<ooandly €N or(pq) =(1l,00) orp>q.

The above theorem is the key to obtain Proposition [5.5.1] below.

Proposition 5.5.1. Seta > 0 and let G(2) be the RKHS with norm defined by || - ||é(Q) =

E \BLS —i—aH : H%Q(Q)' Let u € H*(RY) denote a target function andY = {y1,...,yn} C Q
a data szte set. Let f,, denote the solution of the following variational problem

n

1
fu = argmin — >~ (u(y;) = () + £ Gz (5.45)
feg(Rd) i=1
Then o
£ = ullza) < € (Ba + hovnam) ullm-@), (5.46)

where C' is a constant depending only on §2 and s and hyq is the fill distance defined in

[5.2.2

Proof. By applying the Sobolev sampling inequality of Theorem forp=q=a=2,
[l =0, we get

n 1/2
lvllp2) < C (hYQ\U’HS(Q) + hY/Q (Z U(yz‘)2> ) ; (5.47)

i=1

for all v € H®. This inequality applied to function v = f,, — u yields

n 1/2
1 —ull 20y < C (hmfu — ulypegoy + B2 (Zm(y» - u(yn?) ) . (5.48)

=1

The remaining task is to bound |f, — u|gsq) and (37 (fu.(v:) —u(yi))2)1/2 by
|w|| (). Ome part of the difficulty lies in the fact that f, minimizes the semi-norm
over R™ and that we wish a control over the domain 2. This motivates the introduction
of an extension operator P : H*(Q) — H*(R%) defined by

Pu = argmin | f||%. (RY)" (5.49)
feH®(RY)
fig=u

By [94, Lemma 3.1], this operator is continuous, i.e. there exists a constant K > 0
(depending on € and s) such that for all u € H*(2), ||Pul| gs@a) < K|lullgrs(q). Now,
let fo : @ = R denote the solution of

fo = argmin Hng Rd)> (5.50)
FEGRY)
fyi)=uly;)
By strict convexity of the squared norm || - ||(2_;(Rd)’ function fy is uniquely determined.
Moreover, it satisfies [|follgia) < [[follgray < 1Pullgray < [1Pullgsmay < Kllullms(o)
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Now, let us define two functionals f — E(f) = 1 37, (u(y;) — f(y;))? and f — J(f) =

n

Ilf Hé(Rd)‘ Since f,, is the minimizer of (5.45), it Satlsﬁes

E(fu) + pd (fu) < E(fo) + nJ (fo). (5.51)
In addition E(fp) =0 and J(fy) < ||Pu|\(2; < ||Pull?,, ®e) < K2||u||12gs(m. Hence,
E(fu) + 1d (fu) < Kpllullips o) (5.52)
which yields
1 n
= Z — fuly))? < K2ullulFeq). (5.53)

To finish, the triangle inequality yields |f, — ulms) < |fulms@) + |ulms(). Then,
[u| s (@) < [|ul| s (@) and bound ((5.52)) leads to:

| fulms @) < Ifullgray < [ follgmray < Kllullms (- (5.54)

Therefore
|fu = ulms ) < (K 4+ 1D|[ullgs@)- (5.55)
Replacing bounds ((5.55)) and (5.53)) in the sampling inequality (5.48)) completes the proof
of Proposition [5.5.1 O

Applying Proposition to FO(-)[k], we get

VEOCK] — F ()30 < C (B + VERRSE) 1)) (5.56)

The trick is now to use the quasi-uniformity condition given in Definition to
control hy ¢ and 1/,Lmhgi/{é. This is achieved using the following proposition.

Proposition 5.5.2 ([246, Proposition 14.1] or [233]). Let Y = {y1,...,yn} C Q be
a quast-uniform set with respect to B. Then, there exist constants ¢ > 0 and C > 0
depending only on d, 2 and B such that,

P<hig<Cn' (5.57)

Condition nu®?% > 1 combined with the right-hand-side of ( - yields hdﬂ

<

Cu?5 | so that hYQ S #. Similarly, the right-hand-side of - ) yields /pnhy/ / 52) <
/- Hence

IE°C) K] = F() R0y S #IFC) RN @)- (5.58)
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Control of the variance The variance term is treated following arguments similar to
those in [233]. However, the change of kernel needs additional treatments. First of all,
note that due to the linearity of the estimators (5.21)), we have FS( Nk = Eu ()K= £
with n € R™ defined as n[i] = ¢;[k] and

1T .
£ = argmin — " (f(y:) = nfi))” + g (wlk]| F132ga) + (1= ) pouey) - (5:59)
feHs (R 5
We therefore need to estimate E|| f;! H%Q(Q). From Theorem applied with p = ¢ =
x =2 and [ = 0 we obtain that for u € H*(Q2)
s d/2
lull 20y < C (Byalula=@) + by allulvlls) -

Using the above inequality together with Proposition [5.5.2] we get that
n
Hflg”%Q(Q) <2C <h§fQ’fg|%{S(Q) +n Zfl?(yz)2> .
i=1

As in [233], let us define the n x n matrix I such that

(Pe2) = _min, (1= )lulfuo + colbl ol ey (5.60)
u(y:)=z[i]
The solution of problem ([5.60) is a spline interpolating the data (y;, z[i])}_;. Using this
matrix, we can write ([5.59) as:

i > (ali] = nfi)? + ff, ),
=1

see [233| 232] [237] for details. Thus, the solution £ = (f;(y;))i-, is obtained by:
2= (Id + nul) 19

By letting E,, = (Id + nul')~!, we obtain

n
nTY )P =0Tt i =n"nTEm
=1 3

=1
and
(1= ) f{ s ey + awlk]|| [ 172 ey = 2702 = 9" E,LEun
= (np)"'n" Eu(E, " —1d)Eun
= (np) """ (E, — E2)n
Thus
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Using the fact that n has i.i.d. components with zero mean and variance o*, we get that,

E [n > ff(yz)Q] = n~'o Ta (),

=1

and on the other hand

E|flHs () < (np) " o*(Te(E,) — Tr(E}))
< (np) o Tr(By).

We now have to focus on the estimation of both Tr(E,) = >5i"; (1 + @u)\i(f))_l and
Tr(Eﬁ) = 3" (1 +nu\(T))72, where \;(T) is the z;—th eigenvalue of I'. This will be
achieved by analyzing the eigenvalues of the matrix I'. This step is uneasy. Hopefully,

Utreras analyzed the eigenvalues of the matrix I' associated to thin-plate splines in [233].
Matrix I is defined in a similar way as (5.60):

(Tz,2z) = unglLi:(le) ‘uﬁ{S(Rd)' (5.61)
u(yi)=zli]

One therefore has that (1 — )2’z < 27Tz for all z € RY. Therefore the matrix
I — (1 — a)T is semi-definite positive. By virtue of Weyl’s monotonicity theorem [248],
we get that (1 — a)\;(T") < \(T"). Hence we can bound the traces of the matrices E,
and EfL as follows

=1
Te(Ep) < D (14 (1 —a)npXi(D))
i=1
. . s—1+d\ .
It is shown in [233], that v = _q eigenvalues \;(T") are null and the others

satisfy 127/4n =1 < \(T) < 42™/9n~1 for v 41 < i < n. Following [233], it can be shown
that both traces are bounded by quantities proportional to ,u_d/ 2 Thus, one has that

EHf]ZH%Z(Q) S GQ(nfllufd/QS + nflh%jguflﬂfd/%)'

Since u%?*n > 1 and using Proposition that gives n S h;‘f) we obtain that h%;fgu S
1. Hence
BN S 0% 02 (14 han) < ot

which completes the proof of Lemma [5.5.2 O
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5.5.4 Proof of the main results

Proof of Theorem [5.3.1]
Proof. By equation (5.34)):
E|H — HI[3,5 < 2(ea(N) + €c(n)). (5.62)

By Corollary (/5.5.1))

ca(N) < N~/ (5.63)
Now, let us control €.. Let Fy = F(-)[1: N]J.

ce(n) = EHF = FxEv 2@ (5.64)
= ZEHF Fn()[K])1 720 (5.65)
Z (NHFN HHS @ TN 'o?u d/QS) (5.66)

= uHFNllRNst(Q) + N~ lo? R, (5.67)

This upper-bound allows to set the value of the regularization parameter p by bal-

ancing the two terms M”FNH]%Nst(Q) and Nn~lo2p—/2s;
PIF B s () o N~ ta? /2. (5.68)
This yields
2s
o (No*n PR o) * (5.69)

Plugging this value in the upper-bound of e.(n) gives

IR ey o (N IFIRR L regey)  IF IR ey

o L (5.70)
= (No*n~ )25+d||FH]§;rst(Q)
and
ce(n) £ (No®n ™). o7
O
Proof of Theorem [5.3.2|

Proof. To obtain this bound we use Theorem and we balance the two terms so
that: .
N2/ 5 (No?n~1)2sta (5.72)
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sd
This gives the choice N oc (672n) TrererdTIs, Replacing N by this value in bound (/5.19)
gives

4rs

N-2r/d o (U2n—1)m,
" (5.73)
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A Variational Model for Multiplicative Structured
Noise Removal

Résumé : Ce chapitre est issu de [107)], accepté en Juin 2016 pour publication dans Journal of
Mathematical Imaging and Vision (JMIV). Il est le fruit d’une collaboration avec Pierre Weiss et Wenz-
ing Zhang. Nous considérons le probléme d’estimation d’images dégradées par des bruits qui sont a la
fois structurés et multiplicatifs. Notre premiére motivation a été les images issues du Selective Plane
Illumination Microscope (SPIM) qui souffrent souvent d’inhomogénéités d’intensité dues d l’absorption
et la réfraction de la lumiére lors de sa propagation dans l’échantillon. Ce type de dégradations ap-
parait aussi dans d’autres modalités d’imagerie comme [’échographie. Nous avons modélisé les bruits
multiplicatifs comme des processus stationnaires avec une distribution connue. Cette modélisation donne
liew a un nouveau probléme de restauration convexe reposant sur le principe du mazximum a posteri-
ori. Aprés l’étude de quelques propriétés analytiques des minimiseurs, nous proposons finalement des
méthodes d’optimisation rapides implémentées sur GPU. Les expériences numériques sur des images 2D

issues de la microscopie a fluorescence démontrent l'utilité pratique de ce modéle.

Abstract: We consider the problem of restoring images impaired by noise that is simultaneaously
structured and multiplicative. Our primary motivation for this setting is the Selective Plane Illumi-
nation Microscope (SPIM) which often suffers from severe inhomogeneities due to light absorption and
scattering. This type of degradation arises in other imaging devices such as ultrasonic imaging. We
model the multiplicative noise as a stationary process with known distribution. This leads to a nowvel
convez image restoration model based on a mazimum a posteriori estimator. After establishing some an-
alytical properties of the minimizers, we finally propose a fast optimization method on GPU. Numerical
experiments on 2D fluorescence microscopy images demonstrate the usefulness of the proposed models in

practical applications.
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Figure 6.1 — SPIM acquisition of a HCT116 tumor spheroid. Large stripes
strongly impair image quality.

6.1 Introduction

Noise reduction is a long-standing problem which plays a fundamental role to simplify
image analysis. Denoising algorithms should be designed by accounting carefully for the
noise properties. Many works focus on additive white noise (i.e. noise that is independent
pixel-wise). This problem is arguably close to have reached a mature state, at least in
the Gaussian white noise setting [I53]. In this paper, we consider a setting where the
noise is made of spatially correlated patterns that affect the image multiplicatively. To
the best of our knowledge, this problem is left unexplored until now.

Our initial motivation is an instance of fluorescence microscopy called Selective Plane
HMlumination Microscopy (SPIM) [I39]. In this modality, samples are excited by a light
sheet that coincides with the focal plane of a camera. While passing through the sample,
the light sheet is diffracted and absorbed. As a result, images suffer from stripes parallel
to the direction of light propagation. A typical image obtained with a SPIM is displayed
in Figure[6.1] As can be seen, large stripes make automatic image analysis difficult. The
proposed ideas, though initially developed for the SPIM, are likely to be useful for other
imaging devices such as ultrasound imaging (speckle noise) [194], hyperspectral remote
sensing imaging (waterfall effects) [I17, [I39] or nanotomography and synchrotron based
X-ray microtomography (“ripple" effect) [137, 189, 178, 229, 150, [32].
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6.1.1 Related works

In this section, we provide a brief and incomplete review of existing methods to treat
multiplicative noise and additive structured noise.

Multiplicative noise

Probably the simplest way to treat multiplicative noise simply consists of applying a
logarithm to the image and then use standard techniques for additive white noise. This
however introduces a bias that needs to be corrected with dedicated methods [95]. The
first variational methods that attempted to take the multiplicative nature of noise into
account more finely are probably due to Rudin, Lions, Osher in [200] and later by Shi
and Osher [210]. These methods were however not based on a clear statistical frame-
work. Roughly at the same time, Aubert and Aujol [9] proposed a nonconvex variational
model based on a Maximum A Posteriori (MAP) estimator. The nonconvexity usually
makes it impossible to find global minimizers. This motivated Teuber and Steidl [216]
to develop convex variational methods based on I-divergences. More recently, some au-
thors extended the ideas from patch-based and dictionary learning restoration to the
multiplicative case [82), [I38], with significant improvements. It is however unclear how
to apply patch based restoration with correlated noise. Finally, let us mention that a
few authors also studied deconvolution problems with multiplicative noise [200, 90, 252].
These models are closely related to the proposed approach, since deconvolution can be
seen as a denoising problem with structured noise after a direct deconvolution. The main
difference is that the noise structure is completely different in the proposed approach,
since its Fourier transform does not blow up in high frequencies.

Structured noise

In recent years, treating structured noise gained importance in fields such as life sciences,
astronomy or seismology. Many works are dedicated to a particular imaging modality,
since noise structure is highly dependent on the physical acquisition principle. To name
a few, Miinch et al [I78] devised a wavelet-Fourier based filter for removing stripe and
ring artifacts in ion beam nanotomography and computed tomography (CT) X-Ray
microtomography. Aizenberg and Butakoff [2] proposed to use median filters in the
Fourier domain to reduce quasi-periodic noise. Boas and Fleischmann [32] reviewed
variant structured artifacts in computed tomography (CT) and developed an iterative
reconstruction approach. Cornelis et al [75] designed double filters (a smoothing Wiener
filter and an adaptive filter) approach for digitally removing periodic canvas patterns
superimposed on painting artworks. Chen and Pellequer [61] developed a “divide-and-
conquer" approach, where the Fourier spectrum of the image is divided into central and
off-center regions for noisy pixels detection and intensity restoration, to remove heavy
and fine stripes in atomic force microscopy bio-molecular images. Anas et al [4] provided
a detailed statistical analysis including classification, detection and correction of ring
artifacts in flat panel detectors based micro-CT images. Kim et al [146] suggested to
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reduce ring artifacts in sinogram data by calculating the line-ratio and equalizing detector
element in sinogram space. Chang et al [58] developed a variational destriping model by
combining the unidirectional total variation and framelet regularization. Fitschen et al
[111] proposed similar ideas to remove the curtaining effect and stripes in Ion Beam
nanotomography images. Finally, Sur and Grédicac [221] proposed an automatized
algorithm based on natural image statistics to remove quasi-periodic noise from strain
images.

To finish, let us mention a previous works by one of the authors [I07, 106] (which
played a role in the emergence of subsequent methods such as [58, [IT1], 221]). Therein,
we proposed a generic framework to treat additive structured noise within a variational
framework. The noise was modeled as the convolution of a given filter with a random
vector with i.i.d. components. The motivation behind this modeling is that in many
applications, the noise is stationary: its distribution should be invariant to translations.
The MAP principle then leads to a convex restoration model solved with efficient first
order methods. The proposed methodology was proved to be very useful in different im-
age modalities (SPIM, nanotomography, atomic force microscopy, bathymetry, satellite
imaging...). It is used on a daily basis in the imaging facility of our laboratory. However,
it leads to some artifacts and the restoration is imperfect when images suffer from with
very large or dark stripes.

6.1.2 Our contribution

This work is built upon the previous paper [107]. The first contribution is a phenomeno-
logical model to describe the random patterns that appear in Figure [6.1] The proposed
statistical model reproduces the degradations observed in practice rather faithfully. Its
second important feature, is that the maximum a posteriori principle leads to convex
restoration models. Convexity allows us determining some analytical properties of the
minimizers and to design an efficient minimization procedure. We finally apply the
proposed algorithm to synthetic and real images, to demonstrate the interest of the pro-
posed approach in biological imaging. The proposed algorithm is implemented on GPU,
interfaced with Fiji [205] and distributed freely on our webpage.

6.1.3 Paper structure

We first provide some background information in section [6.2] In section [6.3] we design
a first image formation model. The MAP leads to a convex variational problem that
contains four parameters. In section [6.4] we analyze the proposed model and show that
it can be simplified and contain only one regularization parameter. We then provide
some analytical properties of the simplified model minimizers and design a minimization
algorithm. Finally, we propose some numerical results on synthetic and real images in
section
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6.2 Preliminaries

6.2.1 Notation

Let E denote the vector space of images defined on Q = {1,...,n1} x ... x {1,...,ng}.
The total number of pixels is therefore n = ny- ... -ng. Let E; denote the space of
images on ) with non-negative entries. The pixels of the image are identified by a
multi-index i = (41,...,i7) € Q. For any image u € F and scalar p € [1,+00), we let
lull, = Cica lufi]|P)/? and ||u|so := max;cq [uli]| denote the standard 1P and {*-norm,
respectively. The dot product of u; and uy € F is defined by (uy, u2) := > ;e up[ijuslil.
The symbol 1 stands for the element of E with all values equal to 1. The identity
operator is denoted I. The notation diag(u) indicates a diagonal operator with diagonal
elements equal to the entries of u. Let V = E¢ denote the space of discrete vector fields
on Q. For any q = (q1,...,qq) € V, |q| denotes an element of E with i-th entry defined

by
d
lalli] == | > ali]?. (6.1)
=1

6.2.2 Convex sets and functions

For simplicity, we identify E with its dual E*, the space of linear forms on F. Let
f: E — (—00,+00] be a function. The domain of f is defined by domf := {x € F |
f(x) < 4o00}. Function f is proper if it is not identically equal to +o0o. It is closed if its
epigraph epif := {(x,2) € E xR | f(x) < z} is closed in E' x R. The indicator of a set
D C FE is defined by

0 ifxe D,
Xp(x) = { +o00  otherwise. (6.2)
The proximity operator of the proper convex function f is defined by
. : 1 2
prox; (x) == argmin { f(y) + 3lly ~ x|3}, Vx e B (6.3)
The conjugate of f is the function f*: F — (—o0, +0o0] defined by
[ (y) := sup {{x,y) — f(x)}. (6.4)
xelE

Let D C FE be a convex and closed subset of E. The normal cone to D at point A is
denoted Np(A). Tt is defined for all A € D by:

NpA) ={neE,(n,N —X) <0,v\ € D}. (6.5)
Notice that since Np(A) is a cone:

tNp(A) = Np(A), Vt > 0, VA € E. (6.6)
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6.2.3 Discretization of differential operators

The discrete gradient of u € F is defined by:
Vu= (01u,...,04u) € V. (6.7)

The partial derivatives are defined as in [52] by:

o u[...,il—l—l,...}—u[...,il,...] if 4 < ny,
(O)fi] = { 0 otherwise. (6.8)

The adjoint operator of 9; is the unique operator satisfying:

<8lu7 ql> = <Ll, al*ql>7 Vu,ql € k. (69)
It is easy to establish that:
u[...,il,...]—u[...,il—l,...] if 1< <ny,
Ofq)li] =< ul...,i,...] if 4, =1, (6.10)
—u[...,il—l,...] ifz'l:nl.

The adjoint of the gradient operator is defined by:

T a St @11
Let A : E — V denote a linear operator. Its spectral norm is defined by
[Al=sup [Ax]a. (6.12)
x€E,||x[l2<1
The point-wise product between two elements u and v of E is denoted u ©® v:
(u® v)[i] = uli]v]i]. (6.13)
The point-wise division between two elements u and v of F is denoted u @ v:
(u@ v)[i] = uli]/v]i]. (6.14)
The convolution product w = ux v between u and v is defined by:
wli] = uli - j]v[jl. (6.15)

jeQ

In this definition, we assumed periodic boundary conditions. The discrete Fourier trans-
form operator on E is denoted F. It satisfies the fundamental relationship:

F(u*v) = F(u) ® F(v). (6.16)

The discrete Dirac mass is denoted 8. It satisfies uxd =u for all u € E.
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6.2.4 The (inverse)-gamma distribution

A random variable X that is gamma-distributed is denoted by X ~ Gamma(a,b). Its
probability density function (p.d.f.) is defined by:

b(l
I'(a)
where T'(-) is the gamma function. The parameter a > 0 is called shape parameter,
while b > 0 is called inverse scale parameter. If X ~ Gamma(a,b), then E(X) = a/b

and var(X) = a/(b?). For any ¢ > 0, if X ~ Gamma(a,b), then cX ~ Gammal(a, cb).
Let

201 exp(—bzx), Vx >0,

P(z) =

X; ~ Gamma(a;,b), i€{l,...,n} (6.17)

be independent random variables, then

ZXi ~ Gamma (Z ag, b) . (6.18)
i=1 i=1
A random variable that is inverse-gamma distributed is denoted by X ~ InvGamma(a, b).
Its p.d.f. is:
ba
I'(a)
If X ~ Gamma(a,b) then 1/X ~ InvGamma(a, 1/b).

P(z) = z % Lexp(—b/x), Vx> 0.

6.3 Noise model

6.3.1 Modeling the noise

Designing a precise image formation model in the examples given in Figure is a hard
task. Many different physical phenomena such as diffraction, absorption and scattering
with unknown physical quantities are involved. It is in fact likely that good forward
models of light propagation are too complicated to use in the frame of inverse problems.
This observation leads us to develop a simple phenomenological model. From a practical
point of view, a good model should:

i) Reproduce approximately what is observed in real experiments.

ii) Lead to optimization problems that can be solved with a reasonable complexity.
In this paper, we will be particularly interested in designing convex problems.

Let u denote the ideal image we wish to recover and ug denote the degraded image.
The first observation is that the noise is multiplicative since it is due to attenuation of
the excitation light through the sample: the light emitted by a fluorescent sample is
approximately proportional to the excitation intensity. The standard modeling of such
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noise consists of writing ug = u ® &, where £ is some random vector. This equation
however leads to serious numerical troubles since the maximum a posteriori principle
leads to problems of the form:

fu) +9(8), (6.19)

min
(uvé)EE+ XEy, up=uc§

where functions f and g are priors on the image and the noise respectively. The con-
straint set {(u,€) € E4 x E4, ug = u® £} is nonconvex and - except for specific f and
g - finding the global minimizer of problem (6.19)) is therefore out of reach.

To avoid this pitfall, we instead write that:
U =uon, (6.20)

where 7 is the realization of some random vector. The constraint set obtained by using a
division instead of a multiplication becomes the linear subspace {(u,n) € E4 x E4, n©®
up = u}. The whole minimization problem

min u) + , 6.21
(umeE XEy, ﬂ@uozuf( ) 9(71) ( )

therefore becomes convex as soon as f and g are convex.

The main difficulty is now to construct a probability distribution function for the
random vector 7). Similarly to [107, [I06], we assume that the noise is stationary, meaning
that all translated versions of § have the same likelihood as 1. A simple way to generate
a stationary random vector consists of writing

nN=1pP=*A, (6.22)

where 9 is a convolution filter that depends on the noise structure and A is the realization
of a random vector in E with independent entries.

In order to specify our model completely, we still need to define a distribution for
A. Since fluorescence images have nonnegative values, all components of  need to be
positive. A simple way to ensure this is to set a convolution filter 9 # 0 with nonnegative
entries and to define A as a positive random vector. By doing so, the event n[i] = 0
occurs with null probability. Among the positive, log-concave distributions, the gamma
distribution has two parameters, allowing to control its mean and variance. This is
important to be able varying the attenuation amplitude.

We now specified every piece of our image formation model. Let us recollect every-
thing below.
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Proposed image formation model.
We assume that:
u =u® (PYxA), where: (6.23)

e uy € E, is the observed, noisy image.
e u € E, is the clean image we wish to recover.
e ¢ € E, is a convolution filter.

e )\ € E. is the realization of a random vector with i.i.d. components following
a Gamma(a, b) distribution.

6.3.2 A few noise properties
The case ¥ = 9.

In the specific case ¥ = 8, our model is adapted to i.i.d. multiplicative noise. The
generative model (6.20) can be rewritten as

U =u® o, (624)

where p follows an inverse-gamma distribution of parameters a and b~!. If we follow
a Bayesian point of view, our model is therefore well suited to multiplicative inverse-
gamma noise. This departs from the usual modeling used in SAR imaging [9]. However,
we will see that this model also performs well in the case ug = u ©n, where 7 is a white
gamma noise.

Indicator functions

Let w C Q denote a subset of cardinality |w|. Set

w[i]:{ 1/|w| if i€w, (6.25)

0 otherwise.

Then, a marginal 9[i] is just a sum of i.i.d. random variables with distribution Gamma(a, b/|w|).
Therefore n[i] ~ Gamma(|w|a, b/|w|) and

1/n[i] ~ InvGamma(|w|a, |w|/b). (6.26)
This simple observation allows to evaluate the mean and variance of the marginals.
We get:
1 |w]
E () =— 6.27
af]) = bwla—1) (627
and E
1 ) w
var | —= | = . 6.28
R e e (0:25)



Since we have to set a > 1 in order to preserve convexity, we get that for large |w|,

E (ﬁ) ~ % and var (ﬁ) ~ 0. As a conclusion, the proposed model cannot reproduce
large attenuation dynamics, whenever the patterns have a large support. This is a

limitation of the model.

The generic case.

When 1 is an arbitrary nonnegative filter, studying the statistical properties of 1 @
is significantly more complicated. Let n[i] = > ;cq AljJ#[i — j] be a sum of independent
random variables. Each term A[jj$[i — j] in the sum follows a Gamma(a,b ¥[i — j])
distribution. There is no simple analytical expression for such a sum, see e.g. [177]. We
therefore do not investigate further the statistical properties of our model in the general
case.

6.3.3 Noise simulations

Figure illustrates some realizations of a random vector of type 1@ (¥ x ) for various
% and various a with b = a. As can be seen, the noise amplitude cannot vary too much
for a > 1, when the filter size is large. This property was explained in the previous
section. For 0 < a < 1, the variance of the inverse-gamma distribution is undefined:
the stochastic process A can take isolated high values that dominate all the others. For
instance, the top left realization took a single huge value exceeding the largest value
tolerated by the computer. This explains why it looks completely gray.

Figure [6.3 illustrates different examples of noisy images that can be generated by
model for a > 1. As can be seen, various degradations resembling what is observed
in SPIM imaging can be reproduced.

6.4 Restoration model

6.4.1 MAP based restoration models

In this paragraph, we propose a MAP restoration model. We aim at solving:

max P(u, Auyg). (6.29)

u,

By using Bayes rule, this amounts to:

e P(ug|u, \)P(u, A)

7/\X Plug) . (6.30)

Assuming that u and A are independent, we get that P(u,A) = P(u)P(\). Moreover, by
setting

E={(w,A),®¥*A)©uy=u}, (6.31)
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Figure 6.2 — Examples of a random process of type 1 @ (¢ * ), where
Ali] ~ Gamma(a, a) are independent random variables. First column: filter ).
From the second to the last column: realizations with different values of a :
0.2, 1.1 and 2.
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Figure 6.3 — Examples of noisy images generated by model . For all
images, A[i] ~ Gamma(a, a). Top-Left: original image. Top-Right: ¥ = § and
a = 2. Bottom-Left: 1 is a segment and ¢ = 1.1. Bottom-Right: % is an
indicator function of a 4 x 4 square and a = 1.1.
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we get
0 if (u,\) ¢ E,

1 otherwise. (6.32)

P(uglu,\) = {

By taking the negative log in (6.30]), we therefore get that the minimizers of (6.30)

coincide with the minimizers of:

(urf}\i)relE —log(P(u)) — log(P(A)). (6.33)

In this paper, we use the standard hypothesis that images have a low total variation,
which can be expressed as:

P(u) x exp (—¢|||Vul||1), (6.34)

for some ¢ > 0. Since A follows a gamma distribution, the variational problem we end
with reads:

( rr)l\i)n_c]HVu‘Hl + (bA — (a — 1) log A, 1). (6.35)
u,A)eD

Finally, by expressing u in terms of A, we obtain:

min ¢l [V(uo © (% X)) + (63— (@~ 1) logA,1). (6.36)
+
This functional is convex for b > 0 and a > 1.

6.4.2 Simplifying the model

Model ([6.36)) contains three explicit parameters (a, b, ¢) and one implicit parameter |[9||;:
the ¢*-norm of ¥. Tuning 4 parameters is very hard in practice and we propose to simplify
parameter estimation in this section.

Proposition 6.4.1. Problem (6.36) admits a unique minimizer if ¢ > 0, a > 1 and
b> 0.

Proof. Set
gA) = dl[[V(uo © (¢ x A))|[[1 + (bA — (a — 1) log A, 1). (6.37)

First notice that the set E. is convex closed. Moreover, g(A) is strictly convex and
closed. Indeed, for a > 1, the function defined on F; by A — —(a — 1)(logA, 1) is
strictly convex since its Hessian (a — 1)diag (1 %) ()\2)> is positive definite for all A € F..
Problem consists of minimizing a strictly convex function over a convex closed
set. This is sufficient to ensure uniqueness of a minimizer if it exists. The existence of
a solution is granted by noticing that g(A) is continuous on the interior of its domain
since it is convex. Moreover, it is coercive since the 1D function ¢ — —(a — 1) log(t) + bt
goes to +00 as t — +o00. O
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In order to reduce the number of parameters, it is possible to divide the cost function
in (6.36)) by c|[®]|1. By doing so, it is straightforward to see that the minimizer of ([6.36))
is equal to the minimizer of:

i IV (10 © @ * X))l + (BX — alog A, 1). (6.38)

where ¢ = %, a = (a—1)/(c|¥|l1) and 8 = b/c|¥|1. Model (6.38) still contains
two parameters. The following proposition shows that it can be further reduced to 1
parameter.

Proposition 6.4.2. Let A(«a, 3) denote the minimizer of (6.38). Then, for allt >0

Ata, B) = tA(a, B). (6.39)
Proof. Let A = tA(a, B). The minimizer A(a, 3) of satisfies:
0e A*am . |||1(A/\(Oé,ﬁ)) + ,61 —al® A —|—./V‘EJr (A), (6.40)

where A is the linear operator defined for all A € E by
AX = V(up® (@ x X)) (6.41)
Therefore A obeys:
0€ A%y 1, (AX/t) + B1 — atl O X + N, (V). (6.42)
Since 9|, (AN/t) = 9||- |||1(A/~\), this is still equivalent to:
0€ A%, (AX) + 1 — atl O X + N, (N). (6.43)

This inclusion characterizes the minimizer of problem (6.38)), where « is replaced by
ta. O

Proposition indicates that only § really matters. The value « only allows to
set the amplitude of the solution. In fluorescence microscopy, this amplitude depends
on the excitation intensity which is usually unknown. Fluorescence images are therefore
not used for quantitative measures, and only contrasts matter. As a conclusion, the
model could be further simplified by setting o = 1. We will see in Proposition [6.4.3] that
setting 5 = « allows preserving the harmonic mean of uy and this choice therefore seems
more natural. The following model summarizes the simplifications we have proposed in
this section.

Proposed variational formulation.
The variational problem we study in this paper reads:

S 11V (a0 © (% x M)l + o (A —log(A), 1), (6.44)

where ¥ € E,, |[9]1 =1 and o > 0.
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6.4.3 Duality and mean preservation

In this paragraph, we prove that model (6.44) preserves the harmonic mean of the input
image ug in the specific case ¥ = §. In the generic case, we prove that the weighted
harmonic mean of X is constant.

Proposition 6.4.3. Let A be the solution of (6.44). Assume that ug > 0 and let X be
any vector such that ¥ *A =1 @ ug . Then

> i _ > Al (6.45)

e L et

ped

1

>

In the particular case ¥ = 8§ - thus u = ug © X - this yields:

>

i€

1 1
i =

Wil (6.46)
ieQ

Proof. Let us first use Fenchel-Rockafellar duality [I97], in order to derive the dual
problem of (6.44]). Let A be the linear operator defined, for all A € E, by A\ =
V(ug ® (3 % A)). We have:

min [[[AA[[|1 + a (X —log(A), 1)
A€eE,
= min sup (AN, q) +a (X —log(A),1)
AEEL qeVlalllw<1
= sup inf (AX,q) + a (XA —1log(A),1).
q€Villalflcc <1 AEEH
The minimizer of the inner-problem satisfies:

A'q+al—al @A+ Ng (A)30. (6.47)

Since the logarithm is a barrier function for the set F,, the minimizer belongs to the
interior of F/; and the optimality conditions simplify to:

A'q+al—al oA =0. (6.48)
Therefore, the primal-dual pair (X, q) satisfies:
A=alo (A*q+al). (6.49)
By injecting this result in the inner-problem, we obtain the dual problem:

' s“l‘lp ) (log (a1 4+ A*q),1) + o (1 — (log(al),1)), (6.50)
qlffc<

! A sufficient condition for existence of such a X is that the Fourier transform 1/3 does not vanish.
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which share the minimizers of

sup (log(al+ A*q),1). (6.51)
lalllo<1
Then, remark that:
A*
1oA= aq+1. (6.52)

By construction, A € Ker(A). Since Ker(A) = Im(A*)L, we get that (A*q,\) = 0 for
all g € V. Therefore:
(1oAX) = (1,2). (6.53)

Ifp =6, then A =1 @ ug and A = u @ ug. This yields (6.46). O

6.4.4 Relationships to other models in the white noise regime

When 9 = § is a Dirac mass, our model is adapted to white noise denoising. Problem
(6.44) can be rephrased in terms of u as:

min |[|Vull[1 + o (u @ up — log(u @ ug), 1) . (6.54)
ucky

Comparatively, the convex Shi-Osher or Teuber-Steidl model proposed in [216, 210] is:

Juin [IVullli + a ((u, 1) = (ug, log(u))) . (6.55)

The nonconvex Aubert-Aujol model proposed in [9] is:

min |||Vul||1 + a (ug @ u + log(u),1). (6.56)
ucky

All models are proved to preserve the geometric mean, while our preserves the harmonic
mean. It is unclear to us what property is better. We will however see in the numerical
experiments that our model better preserves contrasts.

6.5 Solvers for the proposed model (6.44))

In this section we provide an algorithm to solve problem (|6.44). A large amount of
numerical approaches were developed recently to solve non-smooth convex problems of
that type. Problem (6.44]) can be rewritten as:

min J(A) = F(AX) + G(A), (6.57)
AEE
where A : E — V defined by AX = V(ug ® (¥ xA)), F : V — R is defined as
F(q) = |/lq|l} and G : E — R U {400} is defined as G(A) = a (A —log A, 1) + xg, (A).
This reformulation perfectly fits the framework of the first-order primal-dual algorithm
proposed in [54]. It is described in Algorithm [9]
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Algorithm 9: First order primal-dual algorithm [54]

Input : €: the desired precision,
(%0,Yp) € B4+ x V : a starting point.
Output: an approximate solution of problem .
Init. : Choose 7, o > 0 such that o7||A||? < 1,
set 6 =1, k=0 and Xg = xy.
while Convergence criterion > ¢ do
Ypy1 = Prox, p« (Y + cAXy)
X1 = Prox,g(xp — TAYy 1)
Xp+1 = Xpp1 + 0(Xp1 — Xg)
k=k+1

Algorithm @] generates a feasible sequence of iterates (xj)ren that converges to the
minimizer x* of (6.57). Moreover the iterates satisfy J(xz) — J(x*) = O (%) which
is arguably optimal. The proximity operators of F* and G have a simple closed form
expression:
qli]

prox,p«(q)li] = ————=5, 6.58
PO = (L. ) (0:5%)
where the division is meant component-wise on each coordinate of q and
1 2
prox, o (x) = 5 (X~ Tal + \/(X —7al)” +4ral ). (6.59)

This algorithm was implemented on a GPU using CUDA. Except convolutions, all
operators appearing in this algorithm are pixel-wise operations which are the perfect
setting for GPU. To implement convolutions we used the cuFFT library. In all experi-
ments, the GPU implementation has been run in double precision on a NVIDIA Tesla
K20c containing 2496 CUDA cores and 5GB internal memory.

6.6 Numerical experiments

In this section, we first provide some numerical results on synthetic images, where
ground-truth is available and then turn to real images.

6.6.1 The case of white noise
In this paragraph, we first generate noisy images by the formula:
u=uomn, (6.60)

wheren € FE is a random vector with i.i.d. components. The distribution of the marginals
n[i] is set as a gamma distribution Gamma(a, b) in Figure and as an inverse-gamma
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a 10 20 50
Degraded | SNRr | 10.6 | 13.2 | 17.1
SSIMr | 0.69 | 0.78 | 0.87
[216, 210] | SNRr | 155 | 16 | 16.6
SSIMr | 0.78 | 0.81 | 0.83
MSNR SNRr | 17.2 | 18.7 | 20.7
SSIMr | 0.79 | 0.85 | 0.90

Table 6.1 — SNRr and SSIMr for image formation model uy = u ® 7, where
7 is a gamma distributed white noise with 9[1] ~ Gamma(a, a)

distribution in Figure Our model is supposed to be well adapted only to the inverse-
gamma distribution. We provide comparisons with the denoising model proposed
in [216, 210]. The minimizer of is referred to as MSNR, for Multiplicative Sta-
tionary Noise Removal.

In order to compare the restoration results, we evaluate the rescaled Signal to Noise
Ratio, denoted SNRr and defined by:

. lau — w3
SNRr(u,ug) = —minlo . 6.61
( 0) acR £10 < HUOH% ( )

The reason to use this image quality measure is that the models only yield results valid
up to a multiplicative constant. We also compute another image quality measure called
SSIMr, defined as the Standard Structural Similarity Index Measure [240] applied to
the rescaled image au where a is optimized in . In all experiments, the model
parameters are set so as to maximize the SNRr.

As can be seen in Figures and and Tables and our model provides
significantly higher rescaled SNRs and SSIMs than model . When having a close
look at the images, it can be seen however that the details are preserved similarly in both
approaches. The main difference lies in the fact that model does not preserve the
contrasts as well as the proposed model. Moreover one can remark that the proposed
restoration model - that is designed for inverse-Gamma distribution - performs well for
Gamma-distributed. An explanation of this phenomenon can be found in [120] 157].
Morally, data-fitting terms derived from noise distributions can be neglected against the
TV regularization term which strongly promotes a very specific type of images.

6.6.2 The case of structured noise

We now investigate the efficiency of the method proposed in this paper versus VSNR
(Variational Stationary Noise Remover) [107, 106]. We use the 256 x 256 drosophila
image see Figure top left, corrupted with noise generated using two different filters
2. The first one is an anisotropic Gaussian and the second one is the indicator of a
square. The data term parameter « is set so as to maximize the SNRr. Results are
displayed Figures [6.6] and [6.7] The proposed method provides higher rescaled SNR and
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(b) Noisy
SNRr = 17.17dB

(c) [216, 210] (d) MSNR
SNRr = 17dB SNRr = 20.8dB

Figure 6.4 — Denoising experiment for image formation model uy = u ®n,
where 7 is a gamma distributed white noise with n[1] ~ Gamma(50,50). The
SNRr for MSNR is stable after 50 iterations. Computing time MATLAB -
CPU: 0.15s.

a 10 20 50

Degraded | SNRr | 9.84 | 12.8 | 16.9
SSIMr | 0.66 | 0.77 | 0.87
[216, 210] | SNRr | 15.2 | 16 | 16.8
SSIMr | 0.79 | 0.81 | 0.85
MSNR SNRr | 17.4 | 18.9 | 20.8
SSIMr | 0.79 | 0.85 | 0.91

Table 6.2 — SNRr and SSIMr for image formation model uy = u @7, where
7 is a gamma distributed white noise with 9[1] ~ Gamma(a, a)
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(a) Original (b) Noisy
SNRr = 12.8dB

(c) [216, 210] (d) MSNR
SNRr = 15.9dB SNRr = 18.9dB

Figure 6.5 — Denoising experiment for image formation model uyp = u @9,
where 7 is a gamma distributed white noise with n[1] ~ Gamma(20,20). The
SNRr for MSNR is stable after 50 iterations. Computing time MATLAB -
CPU: 0.15s.

203



images containing finer details and more natural contrasts. The computing times are
also very appealing.

6.6.3 A few results on real images

To end up with our numerical validation, we perform experiments on real images. We
consider two different images and compare the results on these images obtained with
VSNR and the method proposed in this paper, see Figures [6.8] and [6.10} Following the
previous works [I07, [106], we set 9 as an anisotropic Gaussian filter elongated in the
stripes direction. This choice allows to accurately describe the noise in the frequency
domain. In particular, the filter’s smoothness ensures that only low frequencies will be
changed by the variational model . This is a key feature to preserve fine details in
the image.

The results can only be compared qualitatively since no ground truth is available. A
quick inspection of the results advocates for the method proposed in this paper. Images
restored with VSNR suffer from smear artifacts at the locations of stripes, especially
in dark region. Images proposed by the MSNR do not suffer from these artifacts and
overall have a better contrast see Figure
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(a) Noisy — SNRr = 15.1dB (b) VSNR - SNRr = 19.1dB

(c) MSNR — SNRr = 19.9dB

Figure 6.6 — Denoising simulation with structured noise. The image is cor-
rupted with 9 a segment and a = 1.1 see Figure bottom-left. The SNRr
is stable after 50 iterations. Computing time GPU: 0.03s.
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(a) Noisy — SNRr = 12.5dB (b) VSNR - SNRr = 14.8dB

(c) MSNR — SNRr = 15.4dB

Figure 6.7 — Denoising simulation with structured noise. The image is cor-
rupted with % the indicator function 4 x 4 square and a = 1.1 see Figure
bottom-right. The SNRr is stable after 40 iterations. Computing time GPU:
0.025s.
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(a) Noisy (b) VSNR

(c) MSNR

Figure 6.8 — Denoising experiment on real data: 1040 x 1390. The degraded
image is a XY plane of an skin dermis acquired using a SPIM. The image is
used here by courtesy of Claire Jardet from Genoskin. The iterates stabilize
visually after 300 iterations. Computing time GPU: 3.3s (about 1lms per
iteration)
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(a) Original (b) VSNR (c) MSNR

(d) Original (e) VSNR (f) MSNR

Figure 6.9 — Zoom on Figure Observe in the top figure that VSNR
algorithm smears the black region. In the bottom figure, observe that the
contrasts seem slightly more pronounced in MSNR.
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(c) MSNR

Figure 6.10 — Denoising experiment on real data : 499 x 561. The degraded
image is a XY plane of spheroid acquired using a SPIM. The iterates stabi-
lize visually after 500 iterations. Computing time GPU: 3s (about 6ms per
iteration)
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Contrast Invariant SNR

Résumeé : Ce chapitre est issu de [2{]), en cours de préparation et en collaboration avec Pierre Weiss
et Yigiu Dong. Dans ce chapitre nous concevons une mesure de similarité d’images qui est invariante
auz changements de contrastes locauz, qui constituent un modéle simple de changement d’illumination.
A partir de deuzx images, l'algorithme construit une image qui est la plus proche de la premiére mais qui
partage le méme arbre de composantes que la deuxiéme. Ce probléme peut-étre vu comme un probléme
d’optimisation spécifique appelé régression isotonique. Nous donnons quelques propriétés analytiques de
la solution de ce probleme. Nous avons aussi élaboré une procédure d’optimisation de premier ordre
adaptée ainsi qu’une analyse compleéte de sa complexité. La méthode proposée se montre en pratique plus
efficace et fiable que les méthodes eristantes basées sur la méthode des points intérieurs. L’algorithme a
aussi des applications potentielles en détection de changements, traitement des images couleurs et fusion

d’images.

Abstract: We design an image quality measure independent of local contrast changes, which consti-
tute simple models of illumination changes. Given two images, the algorithm provides the image closest
to the first one that has the component tree of the second. This problem can be cast as a specific convex
program called isotonic regression. We provide a few analytic properties of the solutions to this problem.
We also design a tailored first order optimization procedure together with a full complexity analysis. The
proposed method turns out to be practically more efficient and reliable than the best existing algorithms
based on interior point methods. The algorithm has potential applications in change detection, color

image processing or image fusion.
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7.1 Introduction

Invariance to illumination conditions is often a key element for the success of image
processing algorithms. The whole field of mathematical morphology is based on contrast
invariance [209]. The structural similarity index [240] - one of the most popular image
quality measures - also strongly relies on a partial invariance to illumination changes.

In this paper, we introduce a novel algorithm that allows comparing two images in a
way independent of local contrast changes. Most of the works dedicated to illumination
invariance consist of decomposing the image into patches and to normalize means and
variances on the patches. Here, we follow a different trail and consider that two images
differ by a local contrast change if they share the same component tree |47, 149]. Given
a reference image ug : 2 — R and another image u; : 2 — R, we propose to measure
their similarity by computing the following value:

Aloc(ulvuo) = TI%H%_HUO - T(ul)Hgv (71)

where 7T is the set of local contrast changes. This amounts to finding the best match
with ug among all images that have the same component tree as u;. The locally contrast
invariant signal-to-noise-ratio is defined by:

SN Ryoe(ur,ug) = —101ogo(Asee(u, uo) /|| uo ||§) (7.2)

Let T* denote the optimal contrast change in problem (7.1)). The image u* = T*(uy)
has a geometry identical to u, with the contrast of ug.

We introduce an efficient algorithm based on convex programming to solve and
provide a full analysis of its complexity. The proposed method has potential applications
in different fields such as image quality measure, change detection [245], image fusion or
color image processing [48], 12} [97].

7.2 Existing approaches

Various approaches are commonly used to compare two images ug and u; independently
of illumination variations. We briefly describe a few of them below. A Matlab implemen-
tation of each method is provided here http://www.math.univ-toulouse.fr/~weiss/
PageCodes.htmll.

7.2.1 Contrast equalization

Probably the most common approach consists of equalizing histograms, i.e. to change
the gray-values of u; in such a way that the resulting histogram matches approximately
that of u (see e.g. [83,36]). This approach suffers from the fact that the image geometry
is completely forgotten: histograms only account for gray-level distributions and not
geometrical features such as edges, textures,... An example of two images with identical
histogram and different geometrical contents is provided in Fig.
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(a) (b)

Figure 7.1 — Two images with different geometrical features can have an
identical histogram.

7.2.2 Optimal linear and affine maps

The set T in problem (|7.1)) can be replaced by any class of transformations that describe
changes of illuminations. Probably the simplest classes T are the set of linear maps
T(u) = au or the set of affine maps T(u) = au + b, where a and b are scalars. The
solution of both problems can be computed explicitly in terms of ug and u;. The same
approach can be used locally and the L?-norm can be replaced by a weighted L?-norm.
This idea is the basis of the Structural Similarity Index Measure (SSIM).

7.2.3 Optimal global contrast change

A richer set of transformations 7 is that of global contrast changes. Two images ug and
uy are said to differ by a global contrast change if there exists a non increasing function
T : R — R such that T'(u1) = ug. Finding the best global contrast change amounts to
solving:

1T () = ol (7.3)

Ago(ur, ug) = mi
g O( ’ ) T:R—R, non increasing 2

We let
SN Ryio(u1,up) = —101ogyo(Agio(u1, ug)/|[uol|3)

denote the globally contrast invariant SNR. Problem ([7.3) is a simple case of isotonic
regression [96], 27]. Due to the simple structure of the constraint set, this problem can
be solved in O(n) operations using active sets type methods.

Unfortunately, global contrast changes do not capture all the complexity of illumi-
nation changes: in most applications, the variations are local.
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7.3 Optimal local contrast changes

7.3.1 Topographic maps and local contrast changes

Mathematical morphology emerged with the works of Matheron [166]. Therein, he pro-
posed to analyze an image u by using geometric operations on its (upper)-level sets
XA = {7 € Q,u(z) > A} or its level lines LLy = {z € Q,u(z) = A}[} The level-sets
and level lines are geometrical features invariant to global contrast changes. In order to
obtain a representation invariant to local contrast changes, it is possible to consider the
connected components of these objects. This idea was proposed and detailed thoroughly
in [47, [I76]. The connected components, thanks to the inclusion relationships, can be
encoded in a tree structure called component tree, useful in many applications [49, [181].
This tree structure allows formalizing the notion of local contrast change: two images
differ by a local contrast change if they share the same component tree.

This definition has many assets. In particular, it allows working both in the discrete
and continuous settings. For our purposes however, we will use a simpler definition
valid for discrete images only. Let € denote a discrete set of n vertices (pixels) endowed
with a neighborhood relationship N : Q@ — P(Q), the power set of Q. For each pixel
x € Q, the set N(z) is the set of all neighbors of z. We assume that the number of
elements of N'(z) denoted [N (x)| is bounded independently of z by a constant ¢pax. In
our implementation, we simply use 4-connectivity and therefore cypax = 4. We can now
define local contrast changes.

Definition 7.3.1. Let u and u; denote two images. They are said to differ by a local
contrast change if the order relationship between adjacent pixels is the same for each
image. More precisely, Vz €  and Vy € N (z):

sign(u(z) — u(y)) = sign(u1(x) — ui(y)), (7.4)

with the convention sign(0) = 0.

7.3.2 A compact representation of local contrast changes

Problem ([7.1)) can be rephrased as follows:

min g — ul, (75)
where U, is the set of images satisfying condition . Let (wi)i<i<p denote the con-
nected components of the level lines of u;. These p < n components form a partition
of 2. The first step of our algorithm is to construct the sets (w;)i<i<p and a directed
acyclic graph G = (V, E) from the image u;. The set V' = (v1,...,v,) are the vertices of
this graph and represent the sets (w;)i1<i<p. The set E = (ey,...,ey) are the edges of
the graph. Edge e, € E is an ordered pair of vertices written e, = (1(k), J(k)) going from

We deliberately simplify the definition of level lines here.
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0 01
{ w1 w3
01 1
2 2 0 w2 Wy
(a) Image uy (b) Connected components
1 -3
-1 1 0 0
-1 0 1 0
A=10 1 -1 0
0 1 0 -1
0o 0 1 -1
2 4
(c) Associated graph (d) Transpose of the incidence matrix

Figure 7.2 — Illustration of the graph construction

vertex 1(k) to vertex J(k). Such an edge exists if the sets wy(;) and wy) are connected
via the neighborhood relationship N and if uj(wy)) > wui(wk)). The graph G' can
be encoded through an incidence matrix (or more precisely its transpose) A € R™*P.
Each row of this matrix describes an edge with the convention A(k,1(k)) = —1 and
A(k,3(k)) = 1 and all the other coefficients of row k are null. A simple 3 x 3 image uy,
the associated regions (w;)i1<i<4, graph and incidence matrix are represented in Figure

The list of regions (w;)i<i<p can be constructed in O(n) operations using flood fill
algorithms. The graph or matrix A can be constructed in O(nlog(n)) operations. The
idea is to first scan all edges in A to construct a preliminary matrix A with repetitions.
For instance, region wj is connected three times to ws (see arrows in Figure .
The complexity of this part is O(cmaxn). Then, the repetitions can be suppressed in
O(nlog(n)) operations using a quicksort algorithm.

The set Uy can now be described compactly as follows:
U ={u:Q—Ruly, =a;, 1 <i<p Aa>0}.

This set is convex but not closed. The solution of ([7.5) might therefore not exist. To
ensure existence, we replace (7.5 by

1
min ~|jug — ul|3, where (7.6)
uely 2

U ={u: Q=R ul, =a;, 1<i<p Aa>0}.
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7.3.3 A new convex minimization algorithm

In this section, we concentrate on the numerical resolution of problem (7.6). We first
simplify it as follows

!
min 3 z%(ﬂo(l’) — u(x))?

= min 23" 3 (unle) — )

uelh 4, TEW;

Next, let 8; = ﬁ > zew,; uo(x) denote the mean of ug over region w;. We get:

> (uo(x) — ai)? = (uo(x) — Bi + Bi — w)?

TEW; TEW;

= Z.(UO(JU) — Bi)? + (Bi — i)? + 2(uo(z) — Bi)(Bi — )

= |wi|Var, (uo) + |wil (B — )2,

where Var,, (ug) is the variance ug over region w;. Therefore, the problem reads

L1 2
oin o ; lwi| (B — a)* + | Varg (uo).
By letting w € RP denote the vector with components w; = |w;|, W = diag(w) and by
skipping the constant term |Q2|Varg(ug), problem (7.1]) finally simplifies to:

in 2 (W(a = 8),a - ) (7.7)
Problem is - once again - an isotonic regression problem. It is however much more
complicated than problem , due to the near arbitrary structure of matrix A. In the
rest of the paper, we let o denote the unique minimizer of . Uniqueness is due to
the fact that amounts to projecting a vector onto a closed convex set.

Isotonic regression problems received a considerable attention in the optimization
literature (see e.g. [15) [96] 27, 190] for a few algorithms). To the best of our knowledge,
the best existing complexity estimates to solve them - in the case of an arbitrary directed
acyclic graph - were provided recently in [I51]. Therein, the authors propose an interior
point algorithm [I86] exploiting the special graph structure of matrix A [213]. Let o*
denote the unique solution of problem . Their tailored algorithm provides a feasible
estimate o) of a* satisfying Aa(9) > 0 with ||o{9 — a*||3 < € in no more than

O(m'®log? plog(p/e)) (7.8)

operations. In practice, this algorithm works nicely for small m, but in our experi-
ence, the method fails to converge when dealing with large graphs. In what follows, we
therefore design a simpler first order algorithm.
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The main idea is to exploit strong convexity of the squared [?-norm to design a
first order algorithm on the dual. Nesterov type accelerations [I83] make this method
particularly relevant for large scale problems [243]. Proposition summarizes the
nice properties of the dual problem.

Proposition 7.3.1. The dual problem of (7.7)) reads:

|-
sup D(X) = —o [W2ATXS + (A, 45). (7.9)
A<0

Let a(\) = B — WLAT X, then any primal-dual solution (a*,\*) satisfies a* = a(\*).

Function D is differentiable with L-Lipschitz continuous gradient and L = )\maX(AWAAT).
Finally, the following inequality holds for any A € R™:

le(A) = a3 < 2(D(A") = D()). (7.10)

Proof. We only sketch the proof. The idea is to use Fenchel-Rockafellar duality for
convex optimization:

min (W (o f),a - )

1
= min sup *<W(Oé - B)aa - ﬁ> + <AO[7 )‘>
acR™ A<0 2

= sup min 1(T/V(oz —B),a— B) + (Aa, A).
A<0 @€R™

The primal-dual relationship «(A) is obtained by finding the minimizer of the inner-
problem in the last equation. The dual problem is found by replacing o by a()\) in the
inner-problem.

Function D is obviously differentiable with VD()\) = —AW ~LAT )\ 4+ AB. Therefore,
Y(A1, A2), we get:

IVD(A1) — VD(A2)ll2 = [[AWTAT (A1 — A2) 2
< Amax (AW TEATY | AL = Azl

Inequality (7.10) is a direct consequence of a little known result about the Fenchel-
Rockafellar dual of problems involving a strongly convex function. We refer the reader
to lemma D.1 in [37] for more details. O

Proposition 7.3.2. The Lipschitz constant L satisfies L < 4cmax-

Proof. Notice that Apax (AW 1AT) = o2

max

(AW ~1/2), where gpay stands for the largest
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singular value. Moreover

|AW =120

[\SR\]

m 2
_ Z( gy Q) )
)

where n; denotes the number of edges starting from vertex i (the outdegree). To
conclude, notice that each pixel in region w; has at most cyax neighbors. Therefore
n; < w;cmax and we finally get:

p

AW 203 < degax Y o = ACmax]|a]|2. (7.11)
=1

m

Problem ([7.9) has a simple structure, compatible with the use of accelerated projected
gradient ascents methods [I85] described in Algorithm

Algorithm 10: Accelerated proximal gradient ascent method.
Input : Initial guess u() € R™, 7 = 1/L and Nit
for k=1 to Nit do
AE) = min (p(k) + 7VD(pk), O)
pEFD) = \(k) 4 %(A(k) _ /\(k—l))
k) = q(\R))

Proposition 7.3.3. Algorithm [1( provides the following guarantees:

2L[IA — X3

k
o — aj < =212,

(7.12)

where \* is any solution of the dual problem (7.9). The complexity to obtain an estimate
a®) satisfying ||a®) — oy < € is bounded above by

0] <m||)\(0) — )\*||2) operations. (7.13)
€
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Proof. Standard convergence results [I85] state that:

o LA — \*|2
D()\(k))—D()\)SW-

Combining this result with inequality ([7.10|) directly yields (7.12]).
To obtain bound ([7.13)), first remark that each iteration of Algorithm [10|requires two

matrix-vector products with A and AT of complexity O(m). The bound is then a direct
consequence of bound (7.12)) and Proposition [7.3.2] O

At this point, the convergence analysis is not complete since ||A(®) — \*||5 can be
arbitrarily large. In order to compare the proposed first order method with the interior
point method from [I51], we need to upper-bound this quantity.

7.3.4 Complexity analysis

In this paragraph, we analyze the theoretical efficiency of Algorithm [I0] We consider the

special case W = Id for the ease of exposition. In practice, controlling the absolute error
[a®) —a*|2
[[(®) —a*]|2

setting € = n)|a®) — a*||y in equation (7.13)), where n € [0,1) is a parameter describing
the relative precision of the solution.
Setting A(®) = 0 and noticing that:

[a®) — |5 is probably less relevant than the relative error . This motivates

la®® = a*[l2 = |8 — a|2

= [lATA"]l2,

the complexity in terms of 1 becomes:

Il )
O< . 7.14
7 TATA T (7-14)

A1

AT+ Can behave like m

In what follows, we show that - unfortunately - the ratio

and the complexity therefore becomes O (%2» which is significantly worst than interior
point methods [I51], both in terms of dimension and precision. In all practical examples
that we treated, the ratio ||1!1/>*)\”*2||2
10, explaining the practical success of the proposed method.

however remained bounded by values never exceeding

Example of a hard problem An example of hard graph (a simple line graph) is
provided in Figure For this graph, Algorithm can be interpreted as a diffu-
ston process, which is known to be extremely slow. In particular, Nesterov shows that
diffusions are the worst case problems for first order methods in [I85, p.59].

Proposition 7.3.4. Consider a simple line graph as depicted in Figure[7.3, with p even

and W =1d. Set
)1 dfi<p/2,
Bi = { —1 otherwise. (7.15)
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Then the primal-dual solution (a*,\*) of the isotonic regression problem (7.7) is given

by o =0 and
« ) —k if 1<k<p/2,
)\k_{—n—i—k if p/24+1<k<p. (7.16)

This implies that
A2

TATA, (7-17)

Proof. For this simple graph, m = p — 1. To check that 7.16|i is a solution, it suffices to

verify that the three conditions (7.25)), (7.26) and (7.27)) are satisfied. This is done by
direct inspection, using the fact that for this graph:

—\ if i=1
(ATXN); =4 —XNi+Ny if 2<i<p-—1 (7.18)
)\p—l if 1= p-

Relationship (7.17) is due to the fact that the sum of squares 37, k% = m(m+1)(2m +
1)/6 ~ m? so that |\°[ ~ m® and [|ATX"[3 = |3 = m. .

Figure 7.3 — Worst case graph

—20

—40

0 20 40 60 80 100 0 20 40 60 80 100

—1 .

Figure 7.4 — First 20000 iterations of the primal-dual pair (), \(*¥)). Top: 3
is displayed in red while a¥) varies from green to blue with iterations. Bottom:
A) varies from green to blue with iterations. A new curve is displayed every
1000 iterations. As can be seen, the convergence is very slow.

Example of a nice problem In order to rehabilitate our approach, let us show that
the ratio % can be bounded independently of m for “nice” graphs.
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Proposition 7.3.5. For any X\ < 0 and the graph depicted in Figure satisfies:

L [IATle 1
I T LT 7.19
2 = AT, = V2 (719
Proof. For this graph, we get:
N
AL+ A2
—A2 — A3
(ATN); = , (7.20)
)\n72 + )\nfl
_)\n—l
Therefore:
n—2
JATAIS = AT+ X0t + Y Ok + M)’
k=1
n—1 n—2
=2 A 42> Mt
k=1 k=1
and
2Al13 < [ATAIZ < 4lIAl13- (7.21)
O

In the general case, we conjecture that the method’s complexity depends on the
length of the longest path in the graph.

***** {02 }{n-1 +{n]

Figure 7.5 — A nice graph

7.3.5 Analytical properties of the minimizer

Let us now provide two analytical properties of the minimizer. The following proposition
states that the mean of u* is equal to that of ug.

Proposition 7.3.6. The solution o™ of problem (7.7)) satisfies the following property.

P P
Z wia; = Z w; B (7.22)
i=1 i=1

Proof. Let 1 denote the vector with all components equal to 1. Notice that Ker(A) =
span(1). Therefore, Im(AT) = span(1)* and we get: (1, ATX*) = (1, W(a* — B)) =
0. O
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The second proposition states that u* satisfies the maximum principle in the sense
that:

i < u* < .
min up(x) < u*(y) < maxuo(z) (7.23)
for all y € Q.
Proposition 7.3.7. Let B4 = maxi<;<p 8; and f— = mini<;<, B;, then:
ﬁ, Sa;k §B+a Vi e {L"'»p}' (724)
Proof. The Karush-Kuhn-Tucker optimality conditions for \* read:
ATX =W (B — a*), (7.25)
A* <0, (7.26)
A =0 if (Aa™); > 0. (7.27)

Now, let Egy (i) = 171(i) and Ej,(j) = J71(i) denote the sets of edges that get in
and out of vertex i respectively. With this notation, we get:

(A™Ni= > - Y A (7.28)
kEEout(i) keEzn('L)

Let ¢ denote the index of a region corresponding to a local maximum of u;. This
implies that Eyu(i) = (). Therefore

(ATX) == > A >0, (7.29)
k’eEzn(Z)

by equation . By equation , this implies that o] < ;.

Therefore, for all positions ¢ corresponding to local maxima of «, we get o] < 8; <
B+. The fact that all local maxima of a* are below (B4 implies, in particular, that the
global maximum of a* is below 54, so of < 4 foralli € {1,...,p}.

A similar reasoning shows that aj > S_ for all i. O

7.3.6 Analytic properties of SNRy,.

To finish this theoretical study, let us mention a few properties of the value Ay, (u1,up):
e It is invariant to linear and affine transforms with a coefficient a > 0, i.e.

SN Rjpe(auy + b,up) = SN Rjpe(u1,up), Va > 0. (7.30)

e It is also invariant to global contrast changes, since global contrast changes are

specific instances of local contrast changes. For all non decreasing functions ¢ :

R — R, we get:
SNR[OC(¢(U1),Uo) = SNRloc(ul,u()). (731)

e In general, it is not symmetric: Aye(u1, ug) # Ayoe(up, u1). However, it is possible
to make it symmetric by computing

max(Ajoe(u1,u0), Ajoe (o, u1)) or  min(Ajee(ug, u1), Ajoe(ut, ug)).  (7.32)
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7.4 Robust contrast changes

The proposed methodology has a few properties that may be considered as drawbacks in
applications. First, a constant image differs by a local contrast change from any other
image:

SN Rjpc(constant, u) = +oo, Vu. (7.33)

This is somehow natural: a photograph taken in a lightless environment could possibly
represent any scene. However, it can be a hindrance in some applications.

Another drawback of the proposed approach is illustrated in Fig. [7.7 In this ex-
periment, we compare two images given in Fig. and [7.7D] of different scenes taken
under similar lighting conditions. The minimizer of problem is displayed in Fig.
This image differs from Fig. only by a local contrast change, but is definitely
very different. In addition, a very faint gray level variation in Fig. [7.7D] can result in a
huge distortion, see red arrows.

All these observations come from the same underlying cause: local contrast changes
are a class of transformations that is too wide to correctly model usual lighting variations.
In this section, we propose simple restrictions to avoid the mentioned flaws.

7.4.1 The principle

The idea is to accept only local contrast variations that belong to a range defined from
the contrasts of the input image u1. This leads to the following definition:

Definition 7.4.1. Let § < © denote two constants and v and u; denote two images.
They are said to differ by a robust (6,©) contrast change if the following inequalities
are satisfied for all x € Q and for all y € N (z) such that u(z) > u;(y):

O(ur () — ui(y)) < u(z) —u(y) < O(ui(z) — ur(y)). (7.34)

Notice that # and © are not assumed to be nonnegative, so that this definition also
allows for local contrast inversions.
Similarly to the previous sections, let us now consider the following value:

Ayop(u1, ug) = mi -T 2 7.35
b(u1,u0) TH;H%IIUO (u1)ll2 (7.35)

where T is the set of robust (6, ©) contrast changes and define:

SN Ryop(ur, up) = —1010g10(Apep(u1, uo)/||uo3)- (7.36)

7.4.2 A minimization algorithm

Let us express this problem into a form more suitable for numerical computations. Let

il Z uy () (7.37)



denote the mean of u; over region w;. Define ¢ = A~ and C = ©A~. By construction,
A~ > 0 so that 0 < ¢ < C, where the inequality is meant component-wise. Instead of
looking for the minimizer of (7.7]), we propose to evaluate:

o1

_min_ > (W(a - §).a- ). (7.38)
In general, the solution of ((7.38)) does not satisfy the analytical properties given in Section
but the dual algorithm described in the previous section can be generalized quite
easily. The main algorithmic fact are summarized in Proposition and Algorithm
i

Proposition 7.4.1. The dual problem of (7.38|) reads:

sup D(\) + Z (cg - min(Ag,0) + Ck - max(Ag,0)) . (7.39)
AER™ k=1

Let a(\) = B — WLAT X, then the sequence o®) generated by Algorithm |11] satisfies:

2L[]AO — 33

R

(7.40)

Algorithm 11: Accelerated proximal gradient ascent method.
Input : Initial guess ) € R™, 7 = 1/L and Nit
for k =1 to Nit do
AE) = (k) TVD(M(k))
A& = XK) _ +min (max (;\(k)/r, c) ,C’)
pED = \(k) 4 %()\(k) — )\(k—l))
alk) — Q(A(k))

7.5 Numerical results

7.5.1 Image comparison and change detection

In order to assess the relevance of the proposed approach for image comparison and
change detection, we took pictures of two scenes - denoted F' and G - under different
lighting conditions (window shutter closed or open), see Figures and

As can be seen in Figures and [7.7] the proposed local contrast change algorithm
is able to correctly distinguish changes of illuminations (Fig. is nearly gray) from
changes of scene configuration (Fig. contains only the differences from u to u;).
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(a) Reference ug (b) Ilumination change wu;

(c) Best local contrast v, (d) Best global contrast vy,
SNR[OC(Uo,ul):32.12dB SNRglo(uO,U1)=18.9dB

(e) Difference up — vjoc (f) Difference uy — vgi0

Figure 7.6 — Comparing local and global contrast changes
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(a) Reference ug (b) Scene change u;
SNR(’LL(), U1)=93dB

(c) Local contrast change v;,.  (d) Global contrast change v,
SNR[OC(U(),U1>:16.34(1B SNRglo(uo,ul):10.6dB

(e) Difference up — vjoc (f) Difference uy — vgi0

Figure 7.7 — Comparing local and global contrast changes
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Fy F F3 Fy F5 G Go G Gy G5

Fy | Inf 18.11 | 14.60 | 16.05 | 17.24 | 11.65 | 11.21 | 11.14 | 10.26 | 12.47
Fy | 18.88 | Inf 23.91 | 1847 | 15.52 | 11.51 | 11.32 | 11.26 | 11.00 | 12.79
Fs | 17.05 | 25.54 | Inf 18.45 | 14.74 | 11.56 | 11.40 | 11.33 | 11.12 | 12.87
Fy | 1494 | 17.38 | 16.83 | Inf 18.04 | 11.98 | 11.81 | 11.75 | 11.60 | 13.17
Fy | 17.14 | 15.01 | 13.03 | 18.82 | Inf 12.24 | 11.75 | 11.69 | 10.64 | 12.79
G1 | 10.54 | 9.49 8.57 11.44 | 11.21 | Inf 29.56 | 29.20 | 18.08 | 20.20
Go | 10.58 | 9.68 8.83 11.59 | 11.24 | 29.34 | Inf 36.34 | 19.61 | 21.07
Gs3 | 10.58 | 9.68 8.82 11.60 | 11.24 | 28.81 | 36.28 | Inf 19.76 | 21.12
G4 | 1041 | 10.34 | 9.71 12.46 | 10.97 | 19.51 | 21.59 | 21.63 | Inf 21.49
Gs | 10.06 | 9.48 8.69 11.42 | 10.58 | 18.28 | 19.30 | 19.30 | 19.03 | Inf

Table 7.1 — Results global contrasts

Fy Fy F3 Fy Fs Gq Go G3 Gy Gs

Fy | Inf 32.12 | 26.13 | 25.61 | 24.64 | 18.36 | 18.16 | 18.10 | 18.07 | 19.14
Fy | 33.03 | Inf 39.26 | 26.26 | 23.84 | 18.36 | 18.28 | 18.22 | 18.34 | 19.38
F3 | 31.28 | 43.49 | Inf 25.86 | 23.22 | 17.98 | 17.80 | 17.75 | 17.68 | 18.93
Fy | 23.89 | 26.00 | 26.31 | Inf 31.17 | 18.97 | 18.68 | 18.65 | 18.23 | 19.57
Fs | 25.06 | 25.37 | 23.42 | 31.22 | Inf 18.89 | 18.63 | 18.61 | 18.52 | 19.45
Gq | 1691 | 16.05 | 14.95 | 17.98 | 17.50 | Inf 42.15 | 39.66 | 31.35 | 30.53
Go | 16.99 | 16.36 | 15.32 | 18.26 | 17.65 | 41.19 | Inf 45.04 | 31.77 | 31.93
Gs | 16.69 | 16.19 | 15.20 | 18.09 | 17.27 | 39.07 | 47.71 | Inf 32.56 | 32.41
Gy | 16.10 | 15.86 | 15.13 | 18.01 | 16.68 | 31.85 | 34.76 | 34.83 | Inf 35.04
G5 | 15.85 | 15.45 | 14.48 | 17.49 | 16.33 | 28.32 | 31.57 | 31.67 | 30.10 | Inf

Table 7.2 — Results local contrasts

7.5.2 A large panel of illumination changes

We also evaluated the global and local SNR between all pairs of images in Figure
The results are displayed in Tables [7.1] and [7.2] respectively.

As can be seen in these tables, the SNR between images corresponding to identical
scenes is higher than that of images corresponding to different scenes, both for the local
and global contrast changes. However this experiment shows that the local SNR is much
more discriminative. The mean difference between scenes corresponding to different
scenes is about 5dB for the global SNR, while it is about 10dBs for the local SNR.

This experiment suggests that local contrast changes provide a much more accurate
model of illumination changes than global contrast changes.

7.5.3 Robust contrast change

Finally, we show how the robust contrast change described in Section [7.4] behaves in
Fig. We set # = 0.5 and © = 2. As can be seen on Fig. the robust contrast
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Figure 7.8 — Different images used for comparison
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change provides an image that could really be due to lighting variations: it much better
resembles the original picture than the local contrast change in Fig. [7.9d

(a) Reference ug (b) Ilumination change wu;
SNR(ug,ui)=11.3dB

(c) Best local contrast v, (d) Best global contrast v,.ep
SNR[OC(Uo,Ul):16.34dB SNRTOb(’UJo,’U,l):l?)dB

(e) Difference ug — vjoc (f) Difference ug — vrop

Figure 7.9 — Comparing local and robust contrast changes
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High-resolution in-depth imaging of optically
cleared thick samples using an adaptive SPIM

Durant ma these, j’ai eu le privilege de prendre part a une collaboration avec les équipes
d’imagerie et de biologie de 'ITTAV représentées par Aurore Masson, Corinne Lorenzo;
Céline Frongia et Bernard Ducommun ainsi que la société d’Imagine Optic représentée
par Grégory Clouvel. Cette collaboration a donné lieu a une publication dans la revue
Nature Scientific Report en Novembre 2015 [165].

L’article issu de cette collaboration est étroitement lié aux problématiques évoquées
dans cette these bien que la plupart de son contenu présente des détails techniques
éloignés d’une these de mathématiques appliquées. Ainsi, mes contributions relatives a
cette collaboration sont résumées ici et 'article complet est présenté a titre d’annexe.

La microscopie a feuille de lumiére est une nouvelle technique permettant d’imager
des échantillons sur plusieurs centaines de microns de profondeur. Les images produites
par ce microscope sont dégradées par différents phénomenes :

e la diffusion et ’absorption qui sont intrinseques a 1’échantillon,

e des aberrations optiques produites a la fois par le microscope et ’échantillon. La
contribution de I’échantillon est due a sa complexité structurelle qui conduit a des
variations locales des indices de réfraction dans I’échantillon.

Récemment, des traitements chimiques ont été développés et permettent d’homogénéiser
les indices de réfraction des échantillons pour réduire les dégradations optiques induites.
Toutefois, le traitement crée une discontinuité entre les indices de ’échantillon traité et
le milieu utilisé pour les objectifs. Ce saut d’indice induit une dégradation simplifiée qui
peut étre simulée partiellement.

La publication contient de nombreux détails sur les méthodes de traitements chi-
miques des échantillons et sur le systéeme d’optique adaptative. Mes contributions con-
sistent en deux points :

Définir une mesure de qualité d’image L’optique adaptative est utilisée pour cor-
riger les dégradations liées aux changements des indices de réfraction du milieu.
Pour quantifier 'apport lié a ce systéme, nous avons mis au point une mesure de
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qualité des images. Cette méthode repose sur 1’étude de la décroissance des fré-
quences des images. Les images floues ont une décroissance plus rapide que les
images nettes. La comparaison relative d’un profil radial des coefficients de Fou-
rier a montré que les images corrigées par optique adaptative étaient plus nettes.
Cette indicateur pourrait probablement étre amélioré en exploitant la structure
des phases des images [152].

Proposer un algorithme de déconvolution aveugle J’ai aussi proposé un algorithme
de déconvolution aveugle qui permet de restaurer les images tout en estimant le
noyau de dégradation. La déconvolution a permis d’obtenir des images bien plus
nettes et I’étude des noyaux estimés a confirmé que 'optique adaptative améliorait
nettement la qualité des images. Le couplage d’'un systeme d’optique adaptative
et de cet algorithme offre des images qui deviennent exploitables, voir Figure (8.1

Deblurred
AO-on

Figure 8.1 — Illustration de l'amélioration de la qualité des images obte-
nues grace au couplage optique adaptative/déconvolution aveugle. A gauche :
un plan d’'un modele tumeur imagé sans optique adaptative et sans post-
traitement. A droite : 'image a été acquise apres correction par le systéme
d’optique adaptative et restaurée a ’aide de 'algorithme de déconvolution
aveugle.
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Today, Light Sheet Fluorescence Microscopy (LSFM) makes it possible to image fluorescent samples
through depths of several hundreds of microns. However, LSFM also suffers from scattering,
absorption and optical aberrations. Spatial variations in the refractive index inside the samples cause
major changes to the light path resulting in loss of signal and contrast in the deepest regions, thus
impairing in-depth imaging capability. These effects are particularly marked when inhomogeneous,
complex biological samples are under study. Recently, chemical treatments have been developed

to render a sample transparent by homogenizing its refractive index (RI), consequently enabling a
reduction of scattering phenomena and a simplification of optical aberration patterns. One drawback
of these methods is that the resulting RI of cleared samples does not match the working RI medium
generally used for LSFM lenses. This Rl mismatch leads to the presence of low-order aberrations and
therefore to a significant degradation of image quality. In this paper, we introduce an original optical-
chemical combined method based on an adaptive SPIM and a water-based clearing protocol enabling
compensation for aberrations arising from RI mismatches induced by optical clearing methods and
acquisition of high-resolution in-depth images of optically cleared complex thick samples such as
Multi-Cellular Tumour Spheroids.

Light sheet fluorescence microscopy (LSFM), also known as Selective plane illumination microscopy
(SPIM), represents a universal and versatile technique for three-dimensional (3D) imaging of live tissues
and organisms with subcellular resolution'™ and, undoubtedly, is emerging as a useful tool for perform-
ing 3D imaging of complex thick biological samples®®. Nevertheless, as for all fluorescence microscopes,
it still remains limited for in-depth imaging of scattering and of heterogeneous samples. Indeed, optical
aberrations, absorption and scattering of both excitation and emission result in a loss of signal and
contrast, limiting practical use for imaging up to a few hundred pm deep. In complex thick samples,
scattering and optical aberrations arising from refractive index (RI) discontinuities between and within
cells are the main processes which contribute to degradation of image quality® and which limit the
resolving power of optical imaging techniques. To overcome these obstacles, LSFM can be combined
with an optical clearing method which chemically treats tissues to render them transparent’-'!. Recent
progress in tissue clearing methods has facilitated microscopic analysis of whole embryos, tissues and
intact organisms. These methods work by minimizing RI mismatches in tissues so that photons undergo
less, or almost no, scattering. Furthermore, by homogenizing the RI in fixed samples, optical aberrations
induced by the sample itself are reduced or eliminated.

However, achieving high transparency in the sample is not enough to acquire high-resolution 3D
images. Indeed, a common problem in imaging optically cleared samples is the immersion media of
objectives. The latter are designed to work with a specific RI medium (#;) that often differs from the RI of

lUniversité de Toulouse, ITAV-USR3505, F-31106 Toulouse, France. 2CNRS, ITAV-USR3505, F-31106 Toulouse,
France. 3ISAE, DISC, F-31106 Toulouse, France. “CHU de Toulouse, F-31059 Toulouse, France. *Imagine Optic
Orsay F-91400, France. Correspondence and requests for materials should be addressed to C.L. (email: corinne.
lorenzo@itav.fr)

SCIENTIFIC REPORTS | 5:16898 | DOI: 10.1038/srep16898 1
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the clearing agent (n1,), therefore leading to a mismatch between RI #; and n,. Consequently, strong defo-
cus and spherical aberrations are imparted into the system, causing significant light perturbation such
as defocus and focal elongation, together with a significant decrease in signal-to-noise ratio and resolu-
tion'?. Furthermore, aberration increases in proportion to imaging depth, thus hindering high-resolution
imaging of large volumetric samples. Recently, however, the availability of customised objectives specifi-
cally designed to work with given clearing agents has made it possible to solve this problem'. But since
their development is still in its infancy, few such affordable objectives are on the market. An alternative
solution has been suggested by Silvestri & co-worker!, consisting of correcting aberrations by means of
adaptive optics (AO). A method originally developed for astronomic telescopes, AO measures and cor-
rects aberration, thus restoring optimum performance of the imaging system'. Over the past decade, AO
has been implemented in microscopy'® and has proven to be a valuable tool for correcting aberration and
restoring diffraction-limited resolution in different kinds of fluorescence microscopes'’~2°. Recently, we
successfully applied a Wavefront sensor Adaptive Optics scheme to use with SPIM (y,oSPIM) to correct
complex aberration induced by the sample itself?!. We demonstrated the ability of ,,,SPIM to improve
in-depth imaging of deep complex samples such as Multi Cellular Tumour Spheroids (MCTS). These are
tissue-mimic models that are highly useful in investigating the influence of malignant cell interactions
during cell proliferation®>. Due to their opacity and density, however, they raise significant challenges
for imaging by light microscopy. We have shown that spatial variation of aberrations within such thick,
non-transparent biological samples causes major changes to the light path and limits the quality of AO
correction in an extended field of view?!.

To date, AO has not yet been combined with optical clearing imaging methods. In the current study,
we propose a straightforward method for aberration correction relying on the use of ,oSPIM in an
open-loop mode and on a single set of corrections, enabling us to improve imaging across the entire vol-
ume of cleared samples studied. Furthermore, we demonstrate that this method combined with decon-
volution helps recover more details and suffer less artifacts. This efficient, user-friendly and versatile
strategy which makes it possible to compensate for aberrations arising from RI mismatches induced by
optical clearing methods was applied to 3D imaging of cleared complex thick tissue mimics represented
here by MCTS.

Results

The source of aberration: theoretical analysis. To test the proposed method, MCTS either labelled
with the EdU Click chemistry method (MCTS_EdU) and enabling DNA detection in proliferating cells
or MCTS stably expressing a histone H2B nuclear protein (H2B) fused to the mCherry fluorescent
protein (MCTS_mCherryH2B) were cleared by using the most recently developed method, CUBIC?.
CUBIC is a water-based optical clearing method that works by (1) breaking down lipids in fixed tissues
and (2) replacing the surrounding intracellular media by a higher RI solution. In our system, detection
was performed using water-dipping objective lenses. The sample was embedded in a cylinder with a
mixture of 2% agarose and clearing agent that was immersed in PBS. CUBIC is a reversible method,
which means that after several hours of incubation in PBS/water, cleared MCTS nearly fully recovered
their appearance. Thus, embedding the cleared MCTS in a mixture of agarose and clearing agent ena-
bled us to efficiently clear the sample and to maintain the sample clarity by limiting reversibility in PBS/
water. A schematic illustration of the sample mounting geometry is shown in Fig. 1A. Applying CUBIC
led to a refractive index mismatch between the clearing agent (RI: 1.48-1.49, Fig. 1A) and the objective
immersion medium (herein RI: 1.33, Fig. 1A), thereby introducing defocus and spherical aberration. This
delayed a fraction of ballistic photons and contributed to point spread function (PSF) enlargement and
therefore to resolution degradation.

Defocus and spherical aberrations are well known?*? and can be understood by considering the
shape of the wavefront in the pupil plane (P) of an objective lens with a given RI #,. Since optical clearing
methods result in RI homogenisation within the sample, we assumed the cleared MCTS to be a homo-
geneous medium of uniform RI 7, In a first approximation, we also assumed that the interface between
the mismatched mediums was flat. In this case, the pupil function was modelled by

P(p,d) = e "9 (1)

where p € [0, 1] is the normalized pupil radius and d is the nominal focusing depth in a perfectly
matched system (absence of a RI boundary). In an aberrated system, the pupil function is modified by
the wave aberration function ¥ (or phase error). This function can be decomposed as a weighted sum
of Zernike polynomials (Z) and can be expanded into a series of radially symmetric Zernike polynomials
of zero azimuthal order (Z;;, where j and i are respectively the radial and azimuthal orders) with aberra-
tion coefficients A;,

V(p, d) = Z \I/j(/% d) = dTNA Z Aj,on,o(P)
=2 =2

j even j even (2)
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Figure 1. (A) Schematic drawing (top view and side view) of the SPIM physiological chamber and the
sample-mounting configuration with a zoom view of the geometry of agarose/clearing agent cylinder in
which the MCTS was included. (B) Magnitude of aberration coefficients Eqs (3 and 4) as a function of NA.
(C,D) Aberration function ¥(p,d) as function of d for p=1 (B) or as function of p for d=200pm (D)

Eq (2). Different aberration terms ¥ calculated for an axial distance d=200pum considering only the 1st
spherical order (d, solid line) and composed by the sum of the first three spherical terms (d, dashed line).
(E) Evolution of ¥ for different d values. The edge of MCTS was estimated to be at d=50pm. The red line
corresponds to the compensated optical section (d=200pm), where average amplitude of ¥ is predicted.

Here j represents the orders of defocus (j=2) and all higher order spherical aberrations (j=4, 6, 8, ...),
NA is the numerical aperture, and A the fluorescence emission wavelength. Considering only defocus
and spherical aberrations, the aberration coefficients can be calculated using eqs (3) and (4)
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Ao = B;(n) — B;(n,) (3)
where

j—1 [ asin{NA / m}
tan {—2
X

2G—1)4j+1 (4)

The numerical computation of these equations shows the strong influence of the NA objective, the nom-
inal focusing depth, and the RI mismatch on the extent of defocus and spherical aberration (Fig. 1B-D).
The aberration coefficients A;, were plotted as a function of NA, for j=2, 4, 6 and 8 (Fig. 1B). As shown,
aberration coefficients A;, are dominated by defocus (j=2) and 1** order spherical aberration (j=4)
and drop for high orders of j. High NA objectives are more sensitive to spherical aberrations than low
NA objectives. Considering the detection objective (X20, NA 0.5) and the emission wavelength used in
this study (510nm), we calculated the corresponding aberration function (¥;(p,d)) (Fig. 1C). The latter
rises proportionally to the nominal focusing depth corresponding to the distance between the edge of
the sample and the depth of the focal plane. In this current optical configuration, a nominal focusing
depth of 400 pum, for example, produced a focusing error of 50 um (Supplementary Fig. Sla,b). Second
and 3™ spherical orders for an objective with a NA of 0.5 can be disregarded (respectively 107° and 1077,
Fig. 1B). However, the addition of oscillating terms, even low-amplitude ones such as spherical aberra-
tions, might induce a major wavefront modification. For this reason, it was important to ensure that the
sum of the 1'%, 2°¢ and 3¢ spherical orders gave rise to the same result as when considering only the 1
order spherical aberration (Fig. 1D). We calculated the root mean square error (RMSE) to compare the
difference between the aberration function ¥ corresponding to the sum of the first 3 spherical orders
(j=4,6,8) and the aberration function relative to the 1 spherical order (j=4).

1 —

Bj(ny) =

j—1 tar asin {NA/n;}
i+3 2

2

Zp 22}:4 \Ilj(p7 d) - \114(1)7 d)

j even

RMSE =

Z,p’ 5)

This deviation was estimated at 0.023%, meaning that using a model considering only the 1 spherical
order was well adapted in our case.

From the numerical simulation, we observed that the amplitude of the aberration function increased
proportionally with depth and yielded an intermediate weight contribution at around 200pm deep
within the cleared MCTS (Fig. 1E). This imaging plane, hereafter known as the compensated optical sec-
tion, corresponded to the MCTS centre minus the distance (usually 50-100 pm) between the immersion
medium (#;)/mounting cylinder (n,) interface and the cleared MCTS boundary (Fig. 1A). The distance
variation was essentially due to the sample mounting procedure. The samples were most often found to
be located in one of the cylinder quarters, rarely centered (Fig. 1A). This current depth-dependent spher-
ical aberration model assumes a flat interface between the mismatched mediums. It is well known that
a cylindrical-shaped sample holder (Fig. 1A) introduces new aberrations, which must also be taken into
consideration. As described by Bourgenot and colleagues®, the primary source of aberrations resulting
from the cylindrical interface with a sample holder is astigmatism. In addition, it has been shown by
Turaga and Holy? that the magnitude of aberrations such as astigmatism, coma and trefoil, arising by
imaging at a tilt through a planar surface between mediums of mismatched refractive index, increased
with the tilt angle. In this particular case, the detection axis was not perpendicular to the sample interface
and the rays travelling in the propagation direction were subject to different sample thicknesses. A simi-
lar effect occurs with cylindrical interfaces and lead to the same nature of aberration pattern. However, in
our case the sample position could not be precisely controlled inside the agarose/clearing agent cylinder,
thus leading to—high variability of these aberration magnitudes.

Experimental Results

In order to minimize the aberrations due to sample positioning, it was important to systematically posi-
tion the samples in the same way in the ,oSPIM. Therefore, sample holders were carefully rotated until
the quarter cylinder where the MCTS was closest to the cylinder edge was located in front of the objec-
tive lens (Fig. 1A). After that, the light sheet was refocused manually on the cleared MCTS compensated
optical section. This step, consisting of translating the light sheet in the z axis (approximately 1-2pm)
and in the x axis (approximately 6.5+ 2.5pm, mean =+ SD) until obtaining a clear image, enabled us to
compensate for focus error (Supplementary Fig. Slc). Then, in order to achieve high-resolution images
of cleared MCTS, aberration correction was performed by using an open-loop strategy, which consisted
in first manually adjusting spherical aberration and defocus (residual errors) and then the other modes
of higher amplitude accountable for major phase errors such as astigmatism, coma and trefoil. Prior to
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Haso index Equation Name

3 NEXCT A Focus

4 J6 p* cos 20 Astigmatism 0°
5 J6 p* sin 20 Astigmatism 45°
6 ﬁ(3p2 — 2)pcos B Coma 0°

7 ﬁ(sz — 2)psin O Coma 45°

8 J5 (60" — 697 + 1) 3rd order Spherical
9 J8 p* cos 30 Trefoil 0°

10 J8 p* sin 30 Trefoil 30°

Table 1. List of the Zernike terms with their corresponding equation used in this study.

this step the deformable mirror command matrix was computed during a calibration process based on
the characterisation of each actuator mirror using a reference sample (see Methods). Table 1 gives the list
of Zernike terms with their corresponding equation used for the subsequent experiments (indices given
by the supplier). The first 10 Zernike azimuthal orders were used, excluding the lowest two values cor-
responding to tilts. The latter did not affect the image quality. Overall, the user successively adjusted the
coeflicient value for each Zernike mode with reference to the compensated optical section image output
until a clear image with maximum possible brightness and sharpness levels was obtained. This procedure
can easily be performed in the same way that objective correction collars can be adjusted. Once the set
of Zernike coeflicients was adjusted and applied a z-stack of the entire cleared MCTS was then acquired
either with or without correction (respectively, AO-on or AO-off) and compared. Supplementary Figure
S2 shows the Zernike coefficients of two individual sample corrections and the average magnitude of
Zernike terms corrected for different experiments. As expected, the RI mismatch introduced spheri-
cal aberrations. Results show that predicted values of spherical aberrations (0.18 um) were close to the
experimental data (0.10pm =+ 0.05, mean+ SD) (Supplementary Fig. S2). We also observed that defo-
cus was almost fully compensated for after light sheet refocusing (residual focus error 0.02pm = 0.01,
mean =£ SD). In addition, we also encountered astigmatism, coma and trefoil errors. Although the sam-
ples were carefully positioned in the same way for each experiment, the magnitude of these aberrations
was significantly different from one sample to other (Supplementary Fig. S2) and was thus difficult to
predict. In terms of image quality, the corrected images displayed improved sharpness and attenuated
blur (Fig. 2; Supplementary Movie S1). The gain in information was clearly illustrated by the apparition
of thin structures unresolved without correction. Moreover, improvement was visible throughout all the
optical section images of cleared MCTS (Fig. 2A,B). The apparition of structural details could be seen in
the first planes (30 pm in depth) and beyond 100pum deep to the compensated optical section (190 pm
in depth) (Fig. 2B). In order to qualitatively evaluate improvement in image quality after correction,
fluorescence intensity profiles along different lines were extracted from Fig. 2B and analysed (Fig. 2C).
After correction (AO-on), we could clearly distinguish distinctly separated and higher intensity peaks in
the profiles of both lines (1) and (2) corresponding, respectively, to condensed DNA of a prometaphase
figure and to poorly resolved nuclei distinguishable without correction (AO-off).

Image quality assessment. In addition to fluorescence intensity profiles, improvement of image
quality was then also quantitatively evaluated in terms of local contrast and spatial frequencies. The
former were measured according to Jorand et al.?!, using a gradient intensity map representing the local
total variance computed for square Regions Of Interest (ROIs). Intensity gradient map ratios (1G,,;,) of
different optical sections of cleared MCTS_EdU are shown in Fig. 3. The AO-on images represent those
acquired at different focal depths after performing aberration correction on the compensated optical
section. Local contrast enhancement can be clearly seen for all optical section images of cleared MCTS_
EdU. We measured an average improvement of 10-20%, as high as 40% in some subregions (Fig. 3). Up
to 200pum in depth, correction was uniformly efficient across the field of view. Beyond 250 pm in depth,
contrast improvement was less noticeable than in the first optical section images of cleared MCTS. As
expected, correction was more efficient and uniformly close to the compensated optical section (located
in this case at 150 pm deep), but nonetheless, a significant improvement (approximately 10%) was main-
tained even at a depth of 300 pm.

To get an accurate assessment of the improvement provided by correction, we decided to introduce
a novel metric based on spatial frequencies allowing us to quantify and compare each spatial frequency
component of images which were corrected or not. The aim was to evaluate the gain in spatial resolution
for each object size in the image. Since spatial frequency components carry information about the image
in great detail the more contrasted the latter become after aberration correction, the more the frequency
weight should increase. A ratio factor was calculated corresponding to the relative difference of each
frequency (RD) by comparing each component to the reference measured in the AO-oft image.
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Figure 2. Cleared MCTS labelled with EDU-click Alexa 594 images were acquired with y,oSPIM either
without (AO-off) or with (AO-on) correction at a fixed excitation intensity at 594nm and a 200 ms
exposure time. Light sheet illumination comes from the right. (a) Top: cleared MCTS-EdU images acquired
at a focal depth of 100 pum before (AO-off) and after (AO-on) aberration correction. Bottom: Magnified
views of top inset views (*and **). Scale bar 10pm. (b) Subregions of (AO-off) and (AO-on) images taken at
different focal depths (30, 50, 100, 150, 190 um). Scale Bar 10pm. (c) Intensity profiles along lines 1 (50 pm
in depth) and 2 (100pm in depth) indicated in (b). Scale bar =10 pm.

R M—-IN-1 —2jm %+%‘Icy
A f) = Y Yulxy)e
x=0 y=0 (6)

with (f fy) € [0, M — 1] x [0, N — 1] being the coordinates in the frequency domain. This rep-
resentation enabled us to localize the spatial frequency corresponding to each object with a specific size
defined by d,. The latter was radially spread out around the zero frequency and was distributed in a ring
§2, which comprised |f,| = M/2d, in the x direction and |f,| = N/2d, in the y direction. Spatial frequency
components contained in each ring {2, were summed to create a radial component associated to the
radial frequency (f,). We constructed U (f ), the normalized radial representation of u

St
)= aw, o) )

To evaluate the improvement of images, we then calculated the relative differences (RD) of radial fre-
quency between images acquired before, U, and after, U,,, correction. RD was defined by

I}on (f,) — Yoff (f, )

Uyt (1) (8)
RD values were plotted in function of spatial frequencies (Figs 4 and 5) for different optical section
images of cleared MCTS_EdU (Fig. 4A) and cleared MCTS_mCherryH2B (Figs 4B and 5). The maxi-

mum value of spatial frequencies referred to in x coordinates (1.03um™") corresponds to the frequency
cut-off of our optical system (resolving power limit). Consequently, values above this limit had no

RD(f.) =
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Figure 3. IGyo; Ratio of cleared MCTS_EdU image of subregions taken at different focal depths (50, 100,
150, 200, 250, 300 pm), calculated as IG g Ratio = 1GAS" — 162" where IG A9 is IG y, mapping image

40
163977

calculated from images obtained with correction and IG A0 is IG g, mapping image calculated from

images obtained without correction. The square size of ROI corresponds to a typical diameter of a nucleus
(10pm). Scale bar=25pm.

significance and are not reported. Positive values of RD indicated an effective correction for a given
frequency (f,) thus enabling us to retrieve certain details characterized by specific size, while negative
RD values indicated an inefficient correction leading instead to degradation of information. Regardless
of the imaging depth, we observed a similar distribution of RD with a peak for spatial frequencies
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Figure 4. RD curves corresponding to the relative difference between Fourier contents of AO-on and
AO-off images obtained for different optical section images of cleared MCTS_EdU (a) and cleared
MCTS_mCherryH2B (b) immersed for 5 days in CUBIC reagent 1. Mean curves are estimated from n=4
experiments and error bars represent the standard deviation.

ranging from 0.25 to 0.35pm™" and a full width at half maximum for frequencies ranging from 0.15
to 0.55pm ™" corresponding to object size typically matching that of nuclei and subnuclear structures
(ranging from 6.7 to 1.8 um). Maximal values of RD were found for the optical section images acquired
in the first 100 microns and decreased beyond that up to a factor two. Interestingly, we noted that the
frequency weight varied less (standard deviation) around the compensated optical section (100-150 pm
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Figure 5. RD curves corresponding to the relative difference between Fourier contents of AO-on and
AO-off images obtained for different optical section images of cleared MCTS_mCherryH2B immersed
for 2 days in CUBIC reagent 1. Mean curves are estimated from n=4 experiments, and error bars
represent standard deviation.

in depth), indicating that image quality enhancement was robust around the compensated optical section
and somewhat less beyond. Furthermore, we observed weaker values of RD and greater variability for
cleared MCTS_mCherryH2B (Fig. 4B) than for cleared MCTS_EdU (Fig. 4A). Although the enhance-
ment in image quality was still quantifiable, its efficiency was noticeably lower. Fluorescence preservation
and clearing processes are known to be important trade-offs since the chemical treatments generally used
in clearing methods increase transparency but at the same time degrade fluorescence of proteinaceous
fluorophores such as mCherry. CUBIC is well known for preserving fluorescence in this context, but we
nonetheless observed a drop in mCherry fluorescence levels after 5 days with the first CUBIC reagent
(R1) which led to a low level of fluorescence. This was verified by reducing R1 incubation time to 2 days
in order to better preserve the mCherry fluorescence (Fig. 5). This change, however, was accompanied
by inefficiently cleared processes. Maximum RD values were higher (0.5 vs. 0.3) in this case than for
cleared MCTS_ mCherryH2B incubated for 5 days in R1 and were equivalent to those obtained for
cleared MCTS_EdU. Nevertheless, the correction was less reliable (greater variability), and the improve-
ment in image quality was observable only within a restricted range of frequencies, from 0.1 to 0.3 pm™".
Finally, despite weak signal intensity levels, which could have been a limiting factor for correction, we
were still able to achieve a certain degree of correction and thus significantly improve images of cleared
MCTS_mCherryH2B. The signal intensity level must therefore be recognized as an important factor in
correction ability and, consequently, in achieving high image quality.

AO improve the deconvolution process. To deconvolve the images, we used blind-image decon-
volution making it possible to recover a sharp image by researching the unknown kernel k blur®®
(Supplementary information S1). Figure 6 shows the resulting deconvolved images acquired with (AO-on)
or without (AO-off) correction, which we called respectively “Deblurred AO-on” and “Deblurred AO-oft™.
In the case of an initially sharp image, this algorithm makes it possible to expect an estimated PSF tend-
ing to a Dirac function. We observed that for the uncorrected images, the corresponding deblurred
images were enhanced with artificially added high frequencies. Furthermore, they were associated with
a larger kernel. In contrast, deblurred AO-on images were well defined. As shown in Supplementary
Figure S3 and Movie S2, improvements could be observed in the whole deblurred AO-on z-stack images
compared to deblurred AO-off sample. In conclusion, image correction enabled us to reveal details not
visible without correction and contributed to successful deconvolution since the deconvolution process
was not efficient on uncorrected images. Consequently, this regularisation approach can be effectively
combined with correction in order to obtain a final sharp deblurred image.
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Figure 6. Images of cleared MCTS_EdU images (corresponding to the compensated optical section,
depth =100 pm) acquired with (AO-on) or without (AO-off) correction and obtained after blind
deconvolution. k.4 and k,, represent the PSF function between the deblurred and the raw AO-off and
AO-on images calculated by the deconvolution algorithm. Scale bar = 25 pm.

Versatility of the method. To further demonstrate the versatility of our strategy and its compat-
ibility with any water-based clearing method and any kind of staining, we then used the CLARITY
method®?® with our samples. This method, compatible with immunostaining applications, is based on
transforming tissue to a nanoporous hydrogel and removing lipids with an active or passive diffusion
process based on ionic detergent solubilisation. MCTS were cleared with CLARITY (RI of approximately
1.45) and subsequently immunostained with an antibody directed against the o tubulin protein, a con-
stituent of microtubule structure. We chose this particular structure in order to test correction ability in
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sparsely labelled samples. In contrast to CUBIC, CLARITY is an irreversible method making it possible
to immerse the cleared samples directly in water/PBS while maintaining their transparency. Therefore
the cleared MCTS were embedded in a cylinder of 1% agarose which was then immersed in PBS. In this
case, the RI of sample mounting holders was close to water, which enabled us to disregard aberration
arising from sample positioning. Indeed astigmatism, coma and trefoil terms were not present and only
defocus and spherical aberration had to be compensated for to improve image quality (Supplementary
Fig. S4a). Supplementary Figure S4 shows the resulting images of microtubules, corrected (AO-on) or not
(AO-off), with the corresponding local contrast map (IG) and RD plots. The microtubules were imaged
at a depth of approximately 60 pm. After correction, contrast improvement was significant and enabled
us to clearly distinguish particular fine structures such as the cytokinetic bridge (Supplementary Fig. S4b)
and the mitotic spindle (Supplementary Fig. S4c).

Discussion

SPIM has emerged as a versatile and indispensable instrument for long-term live 3D imaging of organ-
ism models. Furthermore, recent progress in optical clearing methods and their combination with LSFM
have, without any doubt, improved optical in-depth imaging capabilities in large-scale tissue samples. Our
results show that it is indeed possible to simplify the aberration pattern of tissue mimics, such as MCTS,
by optically clearing them. In this context we chose water-based clearing methods such as, for example,
CUBIC or CLARITY for their compatibility with SPIM configuration'®. However, even if these methods
guarantee high transparency and simplify MCTS aberration patterns, it was apparent that even a small RI
mismatch between immersion medium and cleared samples can cause a significant loss of resolution due
to spherical aberrations. RI mismatch is thus a key consideration for high-resolution in-depth imaging of
water-based cleared samples. However, the correction procedure is greatly simplified in this context since
the optical properties of the sample can be approximated, thus enabling predictive correction. This fact
motivated us to exploit the potential of v,oSPIM for correcting this kind of aberration.

To address this issue, we first provided a comprehensive and simple model based on RI mismatch
in wyoSPIM. The numerical simulation study of phase errors showed that low-order aberration correc-
tion driven by the radially symmetric Zernike terms should be sufficient to provide significant image
quality improvement. We then defined a single focal depth, the compensated optical section, where the
contribution weight of phase errors was of an intermediate level, and where we subsequently carried
out the open loop. However, depending on the geometry and nature of the sample mounting holder,
sample-positioning aberrations such as astigmatism, coma and trefoil can be found and must be taken
into consideration. Our results closely reflected the simulation, and it was experimentally demonstrated
that correcting from 4 to 10 Zernike terms provides significant recovery of signal and resolution. In
addition, we showed that even for small initial aberrations, low-order correction is still beneficial. Image
quality improvement was evaluated using two image quality metrics based, respectively, on gradient
intensity and spatial frequency content. In general, the corrected images show considerably improved
quality in terms of peak intensities and contrast. However, we were not able to reveal image quality
improvement for cleared MCTS_mCherryH2B by using the gradient intensity map, whereas the spatial
frequencies content metric did reflect significant enhancement. In other words, the intensity gradient
map does not provide consistently reliable information on images with low signal-to-noise ratio such
as cleared MCTS_mCherryH2B images. In contrast, RD is suitable when signal-to-noise ratio is low.
Overall, our results demonstrate that this “semi-empirical “ strategy is robust with respect to changes in
experimental conditions. In particular, it makes it possible to reach a satisfactory compromise in image
quality improvement over all focal depths and can also be easily used in different kinds of staining and
clearing protocols. Finally, we have shown that this method, when combined with fast space-invariant
deconvolution algorithms, improves the quality of raw corrected images and ensures that the PSF is
closer to the theoretical model.

However, when imaging at different depths, our strategy does not currently provide plane-by-plane
correction. An approach using an image-based sensorless adaptive scheme?®! would merit exploration in
the future on, for example, (i) methods relying on the theoretical model described above (Supplementary
information S2), or (ii) iterative algorithms based on trial-and-error to optimally converge within an
image quality metric.

In conclusion, we propose a simple and user-friendly procedure enabling image quality improve-
ment in light sheet microscopy for cleared samples capable of dealing with all existing and forthcoming
water-based clearing methods. With the rapidly growing list of clearing protocols, there has never been a
greater need for solutions making it possible to compensate for a range of RI for different kinds of cleared
samples. Ongoing advances in the combination of these methods with sophisticated techniques such as
waoSPIM significantly contribute to a better understanding of the practical benefits and the trade-offs
of optical-chemical combined methods, and will undoubtedly open up new experimental avenues for
exploring thick complex samples such as tissue mimics.

Methods
waoSPIM setup. The layout of the set-up is shown in Supplementary Figure S6. The illumination
path (orange and blue lines) is similar to that of a conventional SPIM. The main difference concerns
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the detection path (red and green lines) where an adaptive optic loop has been implemented. For more
details see reference?..

Calibration procedure. The AO loop correction was driven by CASAO™ software (Imagine Optic)
which enables communication with the Hartman Shack Wavefront sensor (HSWF) and the Deformable
Mirror (DM). The calibration procedure began by positioning a fluorescent bead in the field of view.
An interaction matrix was then computed between HSWF and DM. In the algorithm implemented in
the CASAO™ software, information from the HSWF sensor is decomposed into the orthogonal modes
of the DM using a standard algorithm of singular value decomposition. A command matrix was then
calculated making it possible to correct up to 40 modes. Prior to the calibration procedure, the “static”
aberrations due to the non-common path between the HSWF and the camera were measured and were
compensated for. The purpose of this step was to set the DM shape so that it would correct imaging path
aberrations. The corresponding DM shape was referred to as “AO-off " For more details see reference?..

Cellculture. HCT116wildtypeand HCT116-mCherry_H2B cells were culturedin DMEM + GlutaMAX
(Dulbecco's Modified Eagle Medium; Gibco), supplemented with 10% fetal bovine serum and 1% penicil-
lin-streptomycin (Pen Strep; Gibson) and maintained at 37°C with 5% CO, in an incubator.

MCTS production. To produce the MCTS, we used the centrifugation method described in® . MCTS
were prepared in 96-well plates that were coated with 20 mg/ml polyHEMA (Sigma). Cells were plated at
a density of 600 cells/well in 100 pl cell culture medium per well then centrifuged to enable MCTS forma-
tion. After 4-5 days of growth, MCTS of 400 um in diameter were collected, washed three times with PBS
and then fixed with 10% neutral buffered formalin (Sigma-Aldrich) at room temperature over 2 hours.

EdU labelling of MCTS. EdU labelling was performed by using the Click EQU Alexa Fluor imaging
kit (Molecular Probes). Briefly, EdU (5-ethynyl-2"-deoxyuridine) is a thymidine analogue which can be
incorporated into the DNA during the DNA synthesis phase (phase S) in proliferating cells. EAU detec-
tion relies on a simple and quick click reaction, a copper-catalyzed covalent reaction between an azide
and an alkyne, that does not necessitate a DNA denaturation step such asBrdU detection. EAU was added
to the culture medium to obtain a final concentration of 10puM. After 24 hours of incubation at 37°C,
MCTS were washed in PBS and then fixed. EAU detection, based on the click reaction between EdU and
Alexa Fluor 594 dye, was performed following the manufacturer’ instructions.

Immunofluorescence. Following the clearing protocol, immunohistological studies can be success-
fully carried out by allowing for penetration of biomolecules. Cleared-MCTS were washed in PBS/0.5%
BSA/0.1% Triton v/v. Incubation was carried out with antibodies against aTubulin (mouse polyclonal,
Sigma, 1/2000 at 4°C, for 4 days). After being washed in PBS/0.1% Triton v/v, the secondary antibody
was added (anti-mouse conjugated with Alexa594, Molecular Probes, 1/800, at room temperature, over
a 4-day period.

CUBIC protocol. CUBIC (Clear, Unobstructed Brain Imaging Cocktail) is a chemical reversible method
adapted for clearing large structure like mouse organs’. Two main reagents are used: Reagent 1 (R1) was
prepared as a mixture of 25wt% urea (U5378, Sigma Aldrich) 25wt% N,N,N’,N’-tetrakis (2 hydroxypro-
pyl) ethylenediamine (122262, Sigma Aldrich) and 15 wt% polyethylene glycol mono-p-isooctylphenyl
ether/Triton X-100 (2000, EUROMEDEX). Reagent 2 (R2) was prepared with 50 wt% sucrose, 25
wt% urea, 10 wt% 2,2’,2”-nitrilotriethanol (90279, Sigma Aldrich) and 0.1 v/v% Triton X-100 (2000,
EUROMEDEX).

For MCTS clearing, samples were immersed in R1 at 37 °C with gentle shaking for either 2 or 4 days,
after which the solution was changed and the sample immersed in the same volume of fresh R1 for an
additional 3-4 days. Then different washing steps were carried out at room temperature to gently adapt
the refractive index inside the MCTS: 1) with a PBS solution, several times, 2) with a PBS/sucrose 20%
solution for a minimum of 2hours, and 3) with a PBS/glycerol 50% solution for a minimum of 2 hours.
MCTS were then immersed in R2 at 37°C with gentle shaking for 1-2 days. For storage, the samples
were placed in PBS at 4°C after R1 step. Washing and R2 immersion steps were pursued before imaging
experiments. For y,oSPIM imaging, CUBIC-cleared MCTS were embedded in a cylinder made of a mix-
ture of low-melting 2% agarose and clearing R2 agent (usually one third for two thirds of final volume).

CLARITY protocol. CLARITY is an irreversible clearing technology developed around non-reversible
chemical transformation®. This method brings transparency and permeability to macromolecules by
removing lipids. Biological samples are transformed into a stable macromolecule-permeable structure.
MCTS are embedded for 4 days at 4°C in a hydrogel mixture of 3% Acrylamide /BisAcrylamide (A4058,
Sigma Aldrich), 0.15% N,N,N’,N’-Tetramethylethylene-diamine (T9281, Sigma Aldrich), 0.007%
Ammonium persulfate (Sigma Aldrich), 3.6% Formaldehyde (F8775, Sigma Aldrich). The second solu-
tion is the clearing reagent made with 4% SDS (Ambion), boric acid (Sigma Aldrich), with sufficient
H,0, to reach PH 8.5 NaOH (Sigma Aldrich). After a polymerization step of at least 3hours at 43 °C, the
clearing solution was added and maintained for 7 days at 43°C. CLARITY-cleared MCTS can be stored
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at 4°C in PBS. Transparency of the MCTS was sufficiently stable in PBS to either embedded them in a
1% agarose cylinder or to put them into a sample chamber inside a phytagel container filled with PBS
as described in Desmaison & al., 2012.

Imaging processing. Images were processed with the open-source image-processing Fiji package and
with MATLAB. SPIM images were registered with the StackReg plugin available in the Fiji software. For
image quality assessment (spatial frequency comparison and intensity gradient maps), Matlab codes were
developed and are available on request.
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